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One-page summary

e Until now:
o Regularized least-squares problems.

n

J(F) =Dy = FOa)P + A |LF]5 — min,
i=1
B

f(x) = Z cjhj(x).

j=1

e Basis expansion (finite).
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One-page summary

e Until now:
o Regularized least-squares problems.

n

J(F) = Y lyi = FO)P + A[LF[5 — min,
i1
B

F(x) = D] Gdi(x).

j=1

e Basis expansion (finite).
o Today:
o kernel — kernel ridge regression, kernel PCA.
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Kernel

Zoltan Szabd Kernelized algorithms



Hilbert space

Definition (Inner product space)

F: vector space over R. (-,-) : F x F — R is an inner product on
F if for Va; e R, f;, f,gedF

Q (a1fi + azh,g) = a1(fi,g) + a2 (f,g) (linearity),
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Hilbert space

Definition (Inner product space)

F: vector space over R. (-,-) : F x F — R is an inner product on
F if for Va; e R, f;, f,gedF

Q (fi + avh,g) = a1 {f,g) + az (f, g) (linearity),
Q (f,g) = (g.f) (symmetry),
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Hilbert space

Definition (Inner product space)

F: vector space over R. (-,-) : F x F — R is an inner product on
F if for Va; e R, f;, f,gedF

o <O[1f]_ + 042f27g> =1 (f;lag> + a2 <f2>g> (Iinearity)'

@ (f.g) = (g,f) (symmetry),

Q@ (f,f)=0; (f,f)=0<f=0.

Zoltan Szabd Kernelized algorithms



Hilbert space

Definition (Inner product space)

F: vector space over R. (-,-) : F x F — R is an inner product on
F if for Va; e R, f;, f,gedF

o <Oé1f]_ + 042f27g> =1 (f;lag> + a2 <f2>g> (Iinearity)'

@ (f,g) = (g,f) (symmetry),

Q@ (f,f)=0; (f,f)=0<f=0.

Notes: 1, 2 = bilinearity.
@ Norm induced by the inner product: |f| = +/(f,f).
o CBS: [(f,g)| < |f] gl = cos(f, g).
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Hilbert space

Definition (Inner product space)

F: vector space over R. (-,-) : F x F — R is an inner product on
F if for Va; e R, f;, f,gedF

o <Oé1f]_ + 042f27g> =1 (f;lag> + a2 <f2>g> (Iinearity)'

@ (f,g) = (g,f) (symmetry),

Q@ (f,f)=0; (f,f)=0<f=0.

Notes: 1, 2 = bilinearity.
@ Norm induced by the inner product: |f| = +/(f,f).
o CBS: [(f,g)| < |f] gl = cos(f, g).

Definition (

Nice (‘complete’) inner product space.
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Kernel: inner product of features

Let X be aset. A k:X x X — R function is called kernel if
@ there exists a Hilbert space HH, and
@ ¢ : X — I feature map such that

k(x,X) = (6(x), (X)) -
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Kernel: examples (X = RY)
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Kernel: examples (X = RY)

o k(x,x') = (¢(x), p(x))gp, d(x) = [¢1(x);-..; PB(x)].

@ Polynomial, Gaussian, Laplacian kernel (§ > 0,d € Z*):

2
o ‘X*Xluz

k(val) = (<X,X/> + Q)d, k(X,X’) =e 202

k(x,x") = e X1,
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Kernel: example domains (X)

e Euclidean space: X = R¢.

o Graphs, texts, time series, dynamical systems, probability
distributions.
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Kernel: properties

Construction from old kernels (¢ = 0):
@ ki, ko, k: kernel on X = ki + ko, ck: kernel on X.
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Kernel: properties

Construction from old kernels (¢ = 0):
@ ki, ko, k: kernel on X = ki + ko, ck: kernel on X.
e Composition: Let k kernel on X, M:X—>X mapping. Then

k(x,x") = k (M(x), M(x"))

is kernel on X.
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Kernel: properties — continued

Product:
@ ki kernel on X; (i = 1,2). Then

(ki x ka) ((x, ), (X', y")) = ki(x, X"V ka(y, y")

is kernel on X1 x Xs.
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Kernel: properties — continued

Product:
@ ki kernel on X; (i = 1,2). Then

(ki x ka) ((x, ), (X', y")) = ki(x, X"V ka(y, y")

is kernel on X1 x Xs.
@ For X := X1 = Xy:

k(x,x") = ki(x,x")ka(x, x")

is kernel on X.
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Kernel: properties — Taylor series construction

o Let
w .
f(z) =) bz (lz|<r)
j=0

with r e (0,00], b; = 0 (V). Then

k(x,x") = f ({x,x"))

is kernel with |x|| < r.
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Kernel: properties — Taylor series construction

o Let
w .
z) =Y bz (z]<r)
j=0

with r e (0,00], b; = 0 (V). Then

k(x,x") = f (<X,X'>)

is kernel with |x|| < r.

e Example (exponential kernel, b; =

i)

k(x,x') = XX,

&‘N.
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Kernel: properties — usage example

© Sum, multiplication with a non-negative scalar, product =
polynomial kernel.
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Kernel: properties — usage example

© Sum, multiplication with a non-negative scalar, product =
polynomial kernel.

@ Gaussian kernel:

k(x,x') = e~ 0I5 = e O0Si(xi—x)" _ He_e(xf—xf)2’

i
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Kernel: properties — usage example

© Sum, multiplication with a non-negative scalar, product =
polynomial kernel.

@ Gaussian kernel:

k(x,x') = e~ 0I5 = e O0Si(xi—x)" _ He_e(xf—xf)2’
i

N2 022Dy 02 _p 2 ’
k<X7X/) _ efe(xfx) —e G(X +x 2XX) _ [e Ox e Ox :|X626XX

by the product rule, composition rule [M(x) = e~%°] and
Taylor-rule the result follows.
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Kernel: reproducing view

Reproducing view = elements, kernel trick. J

@ Let H be a Hilbert space of X — R functions.

@ k: X x X — Ris called a reproducing kernel of H if for
Vxe X

Q k(-,x) € H ('generators’),
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Kernel: reproducing view

Reproducing view = elements, kernel trick. J

@ Let H be a Hilbert space of X — R functions.

@ k: X x X — Ris called a reproducing kernel of H if for
Vxe X, feH

Q k(-,x) e H ('generators’),
Q (f,k(-,x))sc = f(x) (reproducing property).
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Kernel: reproducing view

Reproducing view = elements, kernel trick. J

@ Let H be a Hilbert space of X — R functions.

@ k: X x X — Ris called a reproducing kernel of H if for
Vxe X, feH

Q k(-,x) € H ('generators’),
Q (f,k(-,x))sc = f(x) (reproducing property).
Specifically: Vx,y e X,

k(x,y) = Ck (%) k(5 y)ac
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Kernel: positive-definite view

o Let k: X x X > R be a symmetric function.
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Kernel: positive-definite view

o Let k: X x X > R be a symmetric function.

o G:=[k(x;,x;)]];—1: Gram matrix.
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Kernel: positive-definite view

o Let k: X x X > R be a symmetric function.

o G:=[k(x;,x;)]];—1: Gram matrix.

@ k is called positive definite, if
a’Ga>0

for Vn>1, Yae R", Y(xy,...,x,) € X".
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Kernel: positive-definite view

o Let k: X x X > R be a symmetric function.

o G:=[k(x;,x;)]];—1: Gram matrix.

@ k is called positive definite, if
a’Ga>0

for Vn>1, Yae R", Y(xy,...,x,) € X".

The different views are equivalent!
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Convergence in RKHS norm

Convergence in RKHS = uniform convergence! (k: bounded). |

Indeed:

O] 1 x)oe]  TKC )l [F g

L V) [ Flg
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Convergence in RKHS norm

Convergence in RKHS = uniform convergence! (k: bounded). |

Indeed:

O] 1 x)oe]  TKC )l [F g

Sk X) [ F g
Kernel k is called bounded if

sup k(x, x) < oo.
xeX
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Kernel algorithms
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Kernel ridge regression

e Given: {(xj,yi)}1_q, H = H(k).
e Task (A > 0):

1 _
) =2 Vi = F)I + A1 — min.
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Kernel ridge regression

e Given: {(xj,yi)}1_q, H = H(k).
e Task (A > 0):

J) = Sy FO)P + AL — min.

@ Analytical solution:

f(x) = [k(x1,x), .
G = [k(xi,)]7j=1-
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Kernel ridge regression

e Given: {(xj,yi)}1_q, H = H(k).
e Task (A > 0):

1 _
J(F) =~ 2 vi = FO0IP + A FI5 — min.
i=1

@ Analytical solution:

f(x) = [k(x1,x), .
G = [k(xi,)]7j=1-

How do we get this solution?
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Kernel ridge regression

Assume for a moment (representer theorem):

f(x) = Z aik (-, xi).
i=1

Zoltan Szabd Kernelized algorithms



Kernel ridge regression

Assume for a moment (representer theorem):

f(x) = Zn: aik (-, xi).
i=1
Multiplying the objective by n, using the reproducing property:
90) = Yl (6 k5l + Al
J|; — Gal; + (An)a’ Ga
y'y—2y"Ga+a’[G? + (An)G]a.
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Kernel ridge regression

Assume for a moment (representer theorem):

X) = Z aik (-, xi).
i=1

Multiplying the objective by n, using the reproducing property:

- Xy gl + An 12

Jj=
|

ly — Ga|3 + (An)a’ Ga
y'y—2y"Ga+a’[G? + (An)G]a.

Solving 0 = 22, one gets a* = (G + Anl)~!
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Kernel ridge regression

Assume for a moment (representer theorem):

n
f(x) = Z aik (-, xi).
i=1
Multiplying the objective by n, using the reproducing property:

JHE) = Sy — ok + An £
=1

= |y — Ga|3 + (An)a’ Ga
=y'y—2y"Ga+a’ |G’ + (\n)Gla.

Solving 0 = %, one gets a* = (G + Anl)~ly by

a
0a’Ba \_ oc’a
oa —<B+B)a, oa  ©
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Representer theorem

Let r: [0,00) — R be monotonically increasing. Then 3f € H (k)
minimizer of

J(f) = C(leylv f(Xl)v -« -y Xny Yn, f(Xn)) + I’(”f“:}()

admitting the form

f= Za,-k(~,x,-), a,-eR
i=1
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Representer theorem - proof

Decompose f to span ({k(-,x;)}7_;) and its orthogonal
complement:

f=fp+fl fo= Y aik(:, ).
i=1

Zoltan Szabd Kernelized algorithms



Representer theorem - proof

Decompose f to span ({k(-,x;)}7_;) and its orthogonal
complement:

f=fp+fL fo= > aik(-, xi).
i=1

Objective terms:

f(xi) = (f, k(- xi))gc = (fo + FL, k(- X)) g
= <va k('vxf)>ﬂ-( + <fJ-v k('7Xi)>ﬂ-C’
-0
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Representer theorem - proof

Decompose f to span ({k(-,x;)}7_;) and its orthogonal
complement:

f=fp+fL fo= > aik(-, xi).
i=1

Objective terms:

f(xi) = (f, k(- xi))gc = (fo + FL, k(- X)) g
= <va k('vxf)>ﬂ-( + <fJ-v k('7Xi)>ﬂ-C’
-0
r(Ifllse) = r(Ifo + filly) = r ([fpll3)-
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Kernel principal component analysis
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Kernel PCA

Let H = j{(k)' <'7 > = <'7 >f}{

@ Objective function:

2
1¢ 1
n§<”¢x' ;2 > var(f) = %
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Kernel PCA

Let H = j{(k)' <'7 > = <'7 >f}{

@ Objective function:

max .
i flge<1

@ The solution can be searched in the form (f < a):
n ~
f=> aid(x)
i=1

since component L span ({¢(x;)}"_;) has no contribution.
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Kernel PCA

Let H = j{(k)' <'7 > = <'7 >f}{

@ Objective function:

max .
i flge<1

@ The solution can be searched in the form (f < a):
n ~
f=> aid(x)
i=1

since component L span ({¢(x;)}"_;) has no contribution.

@ We will get an eigenvalue problem for a.
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(Empirical) covariance operator

IR -
- Z d) XI
fl i=1

c ® d is the analogue of cd’:

(c®d)(e) = c(d,e)y

Similarly to the finite-dimensional case:

Challenge
How do we solve this eigenvalue problem?

(@)
<h
Il
>
<h
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Computation of Cf;

Assume j is fixed (Cf = Af):

cf = [1 >, 3lx) ®(Z<x,->] f
i=1

:d % &(X,-) <(E(X,'), Z aJ$(><J)> = % 2 &(Xi) Z aji('(xiﬂxj)
i=1 j i ]

with & = HGH = [k(x,-,xj)]" H=1,-1
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Eigenvalue problem

o We want to solve Cf = \f, Cf = %ZLl QE(X,') Zle ajk(xi, x;).

o Idea: multiple by ¢(x,)

(0000), = (0023 o)) =23 9
H
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Eigenvalue problem

o We want to solve Cf = \f, Cf = %ZLl QE(X,') Zle aj/;(XhXj)-

o Idea: multiple by ¢(x,)

(0000), = (0023 o)) =23 9
H

j=1 j=1
\_?,_/
(Ga),;
. . 1 no n B
(80a).cf), = <¢<xr>, =600 Y, ajk<x,-,xj->>
i=1 j=1 5
1 n ~ n . 1 .
=22 Gi a6y = (Ga),
i=1  j=1
H"/_J
(Ga);;
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Eigenvalue problem

o We want to solve Cf = \f, Cf = %ZLl QE(X,') Zle aj/;(XhXj)-

o Idea: multiple by ¢(x,)

(0000), = (0023 o)) =23 9
H

j=1 j=1
\_?,_/
(Ga),;
. . 1 no n B
(80a).cf), = <¢<xr>, =600 Y, ajk<x,-,xj->>
i=1 j=1 5
1 n ~ n . 1 .
=22 Gi a6y = (Ga),
i=1  j=1
H"/_J
(Ga);;

e Eigenvalue problem: G2a = n\Ga, i.e. Ga = (n)\)a.
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Ortogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

fi = Z a1ip(x;), Ga; = \jay,
i=1

fz = 2 agj<z~5(><j), éag = )\282.
j=1

(i, )90 = <Z a1i$(x), )| 32j¢3(><j)> = a/ Ga, = af ha,.
. P

H
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Orthogonality = projection is easy

Projection of a new x* to the first d-PCs:

N6 = 3 (80).6),
j=1
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Orthogonality = projection is easy

Projection of a new x* to the first d-PCs:
~ d ~
N3 9 = Y (6 (). 6), 6
j=1
For fixed f = f;, using f = 3.1, a;p(x;):

<<;~S (x*), f>g{ f= Z aik (xj,x*) f = Z arajk (xi, x*) d(x).

ij=1
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In denoising application

$(x) — N[ (x*)]

The pre-image problem to solve: x* = arg min, .
H

Gaussian noise

mOI23466

20

[}
..

5

)_l"
(-]
.

o

|
&)
PNONOFINNC e
-d-q

010100 60 60 <10 e e K10Q

[N
Ut
(=2}
P
-
i~
e

A

wwn.ﬁwuu.'

jcccoogccc.
OO OOOBHKACOH

Ll ol T alal ol X5

e
POV L QL DL Qo




@ We covered:

o basic properties of kernels.
o kernel ridge regression, representer theorem.
o kernel PCA.

o References: [4-6].
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