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o functional PCA (=:fPCA),
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One-page summary

o Last time:
o functional PCA (=:fPCA),
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o Today:
e regularized fPCA.

Zoltan Szabd Regularized fPCA



Regularized fPCA

Zoltan Szabd Regularized fPCA



Regularized fPCA: objective

@ Idea: modify the fPCA objective with a smoothness term.

@ Old objective:

Jo(w) = vary (w,x) > max
wiwl,=1

o New objective (A > 0):

J(w) = z\/arx W, x) — max,
[w|* + APEN,(w) w

PEN>(w) = | D? WH
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Regularized fPCA

@ Idea: Apply basis function expansion.

@ Assumption:
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Regularized fPCA

@ Idea: Apply basis function expansion.

@ Assumption:
w(t) = b’ (1), xi(t) = ¢/ o(1).

Hence the numerator of J:

(w, x;) = f w(t)x;(t)dt
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Regularized fPCA

@ Idea: Apply basis function expansion.

@ Assumption:
w(t) = b’ (1), xi(t) = ¢/ o(1).

Hence the numerator of J:

(w,x;) = fw(t)x,-(t)dt = Jde)(t)(bT(t)c,-dt
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Regularized fPCA

@ Idea: Apply basis function expansion.

o Assumption:
w(t) = bT(2), (1) = < (o)
Hence the numerator of J:
(wos) = [w(os(e)de = [T (0087 (0)cide
b7 Ugﬁ(t)ﬂ(t)dt} ¢

=:J
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Regularized fPCA

@ Idea: Apply basis function expansion.

o Assumption:
w(t) = b7 g(2), () = T (2).
Hence the numerator of J:
(wos) = [w(os(e)de = [T (0087 (0)cide
—b7 j¢<t>w<r>dt] i
>

i (bTJc,-> (c,-TJb>

i=1

vary (w, x) =

S|
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Regularized fPCA

@ Idea: Apply basis function expansion.

@ Assumption:
w(t) = b’ ¢(t), xi(t) = ¢/ o(1).

Hence the numerator of J:
(w,x;) = | w(t)x;(t)dt = Jde)(t)(bT(t)c,-dt
=b’ j¢<t>w<r>dr] ¢,

=:J
vary (w, x) = ,172 (bTJc,-> (c,-TJb> —b'J (,17 Z c,-c,-T> Jb.
i=1 l=:].:V
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Regularized fPCA: denominator

Using
w(t) =bTp(t) = Zb,—qﬁj(t),

one gets

Jw|? = besb(t)@(t)det
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Regularized fPCA: denominator

Using
w(t) = bT (1) = 3 bies(t)

one gets

wl? = j bTé(t)6(t) Tbdt = b7 f o867 ()b,
| —

=)
2

PEN,(w HD?WH oy

2
D) byl =
j
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Regularized fPCA: collect the terms

Until now:

var (w,x) = b” JVIJb,
|w|* = b7 Jb,
PEN>(w) = bTKb.
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Regularized fPCA: collect the terms

Until now:
var (w,x) = b” JVIJb,
|w|* = b7 b,
PEN>(w) = bTKb.
Thus
J(w) vary (w, x) b7 JVJb

T | w|Z £ \PEN>(w)  bTJb+ AbTKb'
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Regularized fPCA: final eigenproblem

The objective function:

b7V
" bTJb+ AbTKD’

J(w)
which is equivalent to the eigenproblem

JVIb = A(J + AK)b.
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj

D?gj = —a; ¢
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj

D2¢j = —3%¢,' = K,'J' = 5,_,&17l
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj

Dz‘z’j = —al¢p; = Kj = 0;jaf = K = diag (af-‘) .
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢la¢1>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj

Dz‘z’j = —al¢p; = Kj = 0;jaf = K = diag (af-‘) .
and

Jw) = o DTIVID
~ b7Jb + Ab7Kb
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen. J

J= [<¢Ia¢]>] = [6U] =1,
K = [Kj] = [(D?*¢i, D*¢))] .

Here, with ¢j_1(t) = sin (2mjt), ¢oj(t) = cos (27jt),
agj—1 .= dzj = 27Tj

Dz‘z’j = —al¢p; = Kj = 0;jaf = K = diag (af-‘) .
and

Jw) = b"JVJb b”Vb
~ b7Jb+Ab"Kb b7 (I+ Adiag (af)) b’
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For fixed smoothing parameter (\):

d

o {xj}7_;\{x;} — eigenfunctions: {Wj()\) yur
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For fixed smoothing parameter (\):

d

o {xj}7_;\{x;} — eigenfunctions: {Wj()\) yur

@ residual: eg()\) = X; — projspan(md(/\):jzlrwd)
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For fixed smoothing parameter (\):

o {xj}7_;\{x;} — eigenfunctions: {Wj()\) J‘-":l.

@ residual: eg()\) = X; — projspan(wj@\):j:l,...,d)

@ cross-validation score for fixed d:

CVd Z ‘ed

Zoltan Szabd Regularized fPCA



For fixed smoothing parameter (\):

o {xj}7_;\{x;} — eigenfunctions: {Wj()\) J‘-":l.

@ residual: eg()\) = X; — projspan(wj@\):j:l,...,d)

@ cross-validation score for fixed d:
n
CVd Z ‘ed

@ d-independent cross-validation (d < n—1):

NEDNAZI0N
d
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Functional PCA (pca_fd).
Old objective + smoothing term (),

Eigenvalue problem.

A choice: cross-validation.

We covered Chapter 9 in [1], 'fPCA part’ of Chapter 7 in [2].
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