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Zoltán Szabó Regularized fPCA



One-page summary

Last time:

functional PCA (=:fPCA),
varx 〈w , x〉Ñ maxw :}w}2“1.

Today:

regularized fPCA.
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Regularized fPCA: objective

Idea: modify the fPCA objective with a smoothness term.

Old objective:

J0pwq “ varx 〈w , x〉Ñ max
w :}w}2“1

.

New objective (λ ą 0):

Jpwq “
varx 〈w , x〉

}w}2 ` λPEN2pwq
Ñ max

w
,

PEN2pwq “
›

›D2w
›

›

2
.
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Regularized fPCA

Idea: Apply basis function expansion.

Assumption:

wptq “ bTφptq, xi ptq “ cTi φptq.

Hence the numerator of J:

〈w , xi 〉 “
ż

wptqxi ptqdt “

ż

bTφptqφT ptqcidt

“ bT
„
ż

φptqφT ptqdt



looooooooomooooooooon

“:J

ci ,

varx 〈w , x〉 “
1

n

n
ÿ

i“1

´

bTJci
¯´

cTi Jb
¯

“ bTJ

˜

1

n

n
ÿ

i“1

cic
T
i

¸

looooooomooooooon

“:V

Jb.
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Regularized fPCA: denominator

Using

wptq “ bTφptq “
ÿ

j

bjφjptq,

one gets

}w}2 “

ż

bTφptqφptqTbdt

“ bT
ż

φptqφT ptq
loooooomoooooon

“J

b,

PEN2pwq “
›

›D2w
›

›

2
“

›

›

›

›

›

D2
ÿ

j

bjφj

›

›

›

›

›

2

“

›

›

›

›

›

ÿ

j

bjD
2φj

›

›

›

›

›

2

“

〈
ÿ

i

biD
2φi ,

ÿ

j

bjD
2φj

〉
“

ÿ

i ,j

bibj
〈
D2φi ,D

2φj
〉

loooooomoooooon

“:Kij

“ bTKb.
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Zoltán Szabó Regularized fPCA



Regularized fPCA: denominator

Using

wptq “ bTφptq “
ÿ

j

bjφjptq,

one gets

}w}2 “

ż

bTφptqφptqTbdt “ bT
ż

φptqφT ptq
loooooomoooooon

“J

b,

PEN2pwq “
›

›D2w
›

›

2

“

›

›

›

›

›

D2
ÿ

j

bjφj

›

›

›

›

›

2

“

›

›

›

›

›

ÿ

j

bjD
2φj

›

›

›

›

›

2

“

〈
ÿ

i

biD
2φi ,

ÿ

j

bjD
2φj

〉
“

ÿ

i ,j

bibj
〈
D2φi ,D

2φj
〉

loooooomoooooon

“:Kij

“ bTKb.
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Regularized fPCA: collect the terms

Until now:

var 〈w , x〉 “ bTJVJb,

}w}2 “ bTJb,

PEN2pwq “ bTKb.

Thus

Jpwq “
varx 〈w , x〉

}w}2 ` λPEN2pwq
“

bTJVJb

bTJb` λbTKb
.
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Regularized fPCA: final eigenproblem

The objective function:

Jpwq “
bTJVJb

bTJb` λbTKb
,

which is equivalent to the eigenproblem

JVJb “ λpJ` λKqb.
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Regularized fPCA: Fourier basis

In case of Fourier basis simplifications happen.

J “ r〈φi , φj〉s “ rδij s “ I,

K “ rKij s “
“〈
D2φi ,D

2φj
〉‰
.

Here, with φ2j´1ptq “ sin p2πjtq, φ2jptq “ cos p2πjtq,
a2j´1 :“ a2j “ 2πj

D2φj “ ´a
2
i φi ñ Kij “ δija

4
i ñ K “ diag

`

a4
i

˘

.

and

Jpwq “
bTJVJb

bTJb` λbTKb
“

bTVb

bT
`

I` λdiag
`

a4
i

˘˘

b
.
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λ-estimation

For fixed smoothing parameter (λ):

txiu
n
i“1ztxiu Ñ eigenfunctions: tw i

j pλqu
d
j“1.

residual: e idpλq “ xi ´ projspanpw i
j pλq:j“1,...,dq

cross-validation score for fixed d :

CVdpλq “
n
ÿ

i“1

›

›e idpλq
›

›

2
.

d-independent cross-validation pd ď n ´ 1q:

CV pλq “
ÿ

d

CVdpλq.
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Summary

Functional PCA (pca fd).

Old objective + smoothing term (λ),

Eigenvalue problem.

λ choice: cross-validation.

We covered Chapter 9 in [1], ’fPCA part’ of Chapter 7 in [2].
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