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One-page summary

Last time:

PCA,
linear dimensionality reduction in Rd ,
principle of maximum variance, minimal approximation error.

Today:
1 functional extension of PCA.
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Functional PCA
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fPCA: Keywords

Preprocessing steps: smoothing, curve registration.

Goal:

find a low-dimensional subspace of curves,
capturing the characteristic patterns.
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PCA

Given: X “ txiu
N
i“1 Ă RD .

Preprocessing: centering, i.e. xi Ñ xi ´ Ex.

Objective: maximize the variance of the projection

max
wPRD :}w}2“1

wTΣw, where Σ “
1

N

N
ÿ

i“1

xix
T
i .

Solution: Σw “ λw, top d-eigenvectors.
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PCA vs. fPCA

Covariance function:

vs,t “
1

N

N
ÿ

i“1

pxi qspxi qt vps, tq “
1

N

N
ÿ

i“1

xi psqxi ptq.

Covariance operator (Σ “ rvps, tqss,t):

pΣwqs “
ÿ

t

vs,twt pΣwqpsq “

ż

vps, tqwptqdt,

Σw Σw “

ż

vp¨, tqwptqdt,

Σw “ λw, Σw “ λw ,

}w}2 “

d

ÿ

i

w2
i “ 1, }w}L2 “

d

ż

w2ptqdt “ 1.
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fPCA: Different, equivalent views

1 Find W “ twiu
d
i“1 ONS in L2 minimizing

Ex }x ´ x̂}L2 , x̂ “
d

ÿ

i“1

〈wi , x〉L2 wi .

2 Maximize the variance of the projections on W :
řd

i“1 varx 〈wi , x〉L2 .
3 Computationally: solve for the top-d eigenvectors (twiu

d
i“1) of

Σw“ λw , Σ “ rvps, tqs, vps, tq “
1

N

N
ÿ

i“1

xi psqxi ptq.

Challenge

How do we solve the Σw “ λw eigenproblem?
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Solution-1: Discretizing the functions

1 Discretize xi -s at a fine grid: tsju
n
j“1, h :“ |sj ´ sk |.

2 X :“ rxi psjqsi“1,...,N;j“1,...,n P RNˆn.

3 Solve the standard eigensystem: Σw “ λw, Σ “ XTX
N

ñ ŵ “ rwpsjqs P Rn.
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Zoltán Szabó Functional Data Analysis (Lecture 5) - Functional PCA



Solution-1: Discretizing the functions

Get functional estimate (w Ñ ŵ):

pΣwqpsjq “

ż

vpsj , sqwpsqds

« h
ÿ

k

vpsj , skqpŵqk ,

Σw “ λw ÞÑ hΣw “ λwô Σw “
λ

h
w,

ż

w2psqds “ 1 ÞÑ h }w}22 “ 1 ô }w}22 “
1

h
.

Transition: λcontinuous :“ hλdiscrete.

Apply w ÞÑ h´
1
2w.

Optional: perform interpolation on tpwqj “ wpsjqu-s.
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Zoltán Szabó Functional Data Analysis (Lecture 5) - Functional PCA



Solution-1: Discretizing the functions

Get functional estimate (w Ñ ŵ):

pΣwqpsjq “

ż

vpsj , sqwpsqds « h
ÿ

k

vpsj , skqpŵqk ,

Σw “ λw ÞÑ hΣw “ λwô Σw “
λ

h
w,

ż

w2psqds “ 1 ÞÑ h }w}22 “ 1 ô }w}22 “
1

h
.

Transition: λcontinuous :“ hλdiscrete.

Apply w ÞÑ h´
1
2w.

Optional: perform interpolation on tpwqj “ wpsjqu-s.
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Solution-2: Basis function expansion

Idea: solve Σw “ λw in span pφ1, . . . , φBq.

Assume

xi“ 〈ci ,φptq〉, i.e., xi ptq “
B

ÿ

k“1

cikφkptq,

wpsq “ 〈b,φpsq〉, wpsq “
B

ÿ

k“1

bkφkpsq.
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Zoltán Szabó Functional Data Analysis (Lecture 5) - Functional PCA



Solution-2: Basis function expansion – continued

Assumption: xi “ 〈ci ,φptq〉, wpsq “ 〈b,φpsq〉. Then

xptq “ rx1ptq; . . . ; xNptqs “ Cφptq, pC P RNˆBq,

vps, tq “
xT psqxptq

N
“
φT psqCTCφptq

N
,

pΣwqpsq “

ż

vps, tqwptqdt “
1

N

ż

φT psqCTCφptqφT ptqbdt

“
1

N
φT psqCTC

ż

φptqφT ptqdt
loooooooomoooooooon

:“W

b.

Thus, pΣwqpsq “ λwpsq takes the form:

1

N
φT psqCTCWb “ λφT psqb, @s.
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Solution-2: Basis function expansion – continued

We need

1

N
CTCWb “ λb (1)

with constraint ’1 “ }w}2L2 ’.

By wptq “ bTφptq

1 “ }w}2L2 “

ż

w2ptqdt “

ż

bTφptqφT ptqbdt “ bT
ż

φptqφT ptqdt
looooooomooooooon

“W

b.

In practise one solves the symmetric eigenvalue task [W
1
2 ˆ (1)]:

1

N
W

1
2CTCW

1
2 W

1
2b

loomoon

“:u

“ λW
1
2b,

and takes b “W´ 1
2u for the u eigenvectors.
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Solution-2: notes/specific cases

Recall: 1
NW

1
2CTCW

1
2W

1
2b “ λW

1
2b. If

1 W “ I, i.e. tφku
B
k“1 is an ONS ñ standard

eigenanalysis of CTC
N .

2 Other extreme: φi :“ xi (@i) ñ C “ I,

eigenanalysis of W
N ,

where W “ rWij s, Wij “
ş

xi ptqxjptqdt Ð quadrature methods.
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Extensions-1: Better discretization strategies

Recall:
ş

vpsj , tqwptqdt « h
řn

k“1 vpsj , skqwpskq, @sj .

Numerical quadrature:

ż

f ptqdt «
n

ÿ

j“1

hj f psjq.

Freedom in:
1 n: number of quadrature points.
2 hj : quadrature weights (previously: hj “ h, @j).
3 sj : quadrature points.

Smart choice of locations (sj) and weights (hj) can help!
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Extensions-1: Better discretization

In this case: Σw « ΣHw, w :“ rwpsjqs, H :“ diagphjq. Thus

ΣHw “ λw. (2)

Symmetric form [H
1
2 ˆ (2)]:

H
1
2ΣH

1
2 H

1
2w

loomoon

“:u

“ λH
1
2w. (3)

Recipe:

1 Solve (3) for u, compute w “ H´
1
2u.

2 Optional: apply interpolation on tpwqj “ wpsjqu
n
j“1.
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Extensions-2

Until now: xi ptq P R.

In practice:

xi ptq P RL can be useful.
Example: handwriting, joint moving of body parts, . . .

With a (re-) definition of the inner product:

〈uptq, vptq〉 :“
L

ÿ

`“1

〈u`, v`〉 “
L

ÿ

`“1

ż

u`ptqv`ptqdt

one can do fPCA similarly.
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Summary

Functional PCA.

Solution: eigenvalue problem in function space.

Techniques:
1 Discretization.
2 Basis function expansion.

Extensions:
1 Better integral approximations: quadrature rules.
2 Vector-valued functions: inner product overloading.

We covered the ’functional part’ of Chapter 8 in [1].
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