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o Examples.

@ Independence measures based on
e copula,

e maximum correlation,

o

)

distance,
kernel.



o X = (X1, Xm) € XmemXm- Xim: mth 'coordinate’ of X. X ~ P.

® (Xm)me[m) are independent iff _



o X = (X1, Xm) € XmemXm- Xim: mth 'coordinate’ of X. X ~ P.
® (Xm)me[m) are independent iff .
@ Copula: X, =R, C = copula of X, 1 = independence copula.



High-level idea

o X = (X1, Xm) € XmemXm. Xm: mth 'coordinate’ of X. X ~ P.
® (Xm)me[m) are independent iff :
@ Copula: X, =R, C = copula of X, Il = independence copula.

||C - n||L2([o,1]M) .
@ Maximum correlation (M = 2):

SUPﬁele,fzesz COTT(ﬁ_(Xl), fz(Xz)) .
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High-level idea

® X =(X1,.... Xm) € XmemXm. Xm: m™ 'coordinate’ of X. X ~ P.
® (Xm)me[m) are independent iff 1P =6 e Pm |-
@ Copula: X, =R, C = copula of X, Il = independence copula.

1€ - HHL2([O,1]’V’) :
@ Maximum correlation (M = 2):
SUPf €36, hiedt, COrT(fL(X1), 2(X2)) -
© Distance: ¢ = characteristic function of X, ¢,, = that of X,,.

||¢ - HmG[M] ¢m||L2(W) .
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High-level idea

o X = (X1, Xm) € XmemXm. Xm: mth 'coordinate’ of X. X ~ P.
® (Xm)me[m) are independent iff 1P =6 e Pm |-
@ Copula: X, =R, C = copula of X, Il = independence copula.

1€ - HHL2([O,1]’V’) :
@ Maximum correlation (M = 2):
SUPf €36, hiedt, COrT(fL(X1), 2(X2)) -
© Distance: ¢ = characteristic function of X, ¢,, = that of X,,.
16 = Tmepm @mll 120y -
@ Kernel: C = covariance of X under some feature ¢.

“CHHS = D(P’ ®me[M]IP)m) .
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@ Validness.

@ (Statistical) properties.
© Estimation.

Q Applications.



Code (Python)

@ Information theoretical estimators (ITE) toolbox:
e 53 entropy, independence, divergence, association measures
and kernels of probability distributions,
o (by at least an order) the largest package in the domain,
e ~ 80 successful projects worldwide.

e https: //_ . org/szzoli/--in-python/
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Code (Python)

@ Information theoretical estimators (ITE) toolbox:

e 53 entropy, independence, divergence, association measures
and kernels of probability distributions,

o (by at least an order) the largest package in the domain,

e ~ 80 successful projects worldwide.

e https: //_ . org/szzoli/-—in—python/

@ Independence testing toolbox:
https:// github .com/wittawatj/ fsic -test
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Examples



Independent subspace analysis [Cardoso, 1998]

Cocktail party problem:
@ independent groups of people / music bands,

@ observation = mixed sources.
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Observation:
x; = Asy, s=[sl;...;sM].

Goal: § from {xi,...,x7}. Assumptions:
@ independent groups: I(sl, e ,sM> =0,
@ s-s: non-Gaussian,

@ A: invertible.



Find W which makes the estimated components independent:

y=Wx= [yl;-..;y"”},

J(W) :I(yl,...,yM> —)rr\lniln.



Qutlier-robust image registration
[Kybic, 2004, Neemuchwala et al., 2007]

Given two images:

Goal: find the transformation which takes the right one to the left.
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Qutlier-robust image registration
[Kybic, 2004, Neemuchwala et al., 2007]

Given two images:

Goal: find the transformation which takes the right one to the left.
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Outlier-robust image registration: equations

o Reference image: Yief,

@ test image: Yiest,

@ possible transformations: ©.
Objective:

J(a) = /(yrefv Ytest(a)) — ?Eag,

similarity

Zoltan Szabé Independence Measures and Testing



Feature selection

e Goal: find

o the feature subset (# of rooms, criminal rate, local taxes)
e most relevant for house price prediction (y).
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e Features: x!,...,xf. Subset: SC {1,...,F}.
e MaxRelevance - MinRedundancy principle [Peng et al., 2005]:

1 i 1 X
58 = 15 521 () = 15 1 (<) =



Independence testing: translation

@ How do we detect dependency? (paired samples)

x1: Honourable senators, | have a question
for the Leader of the Government in the
Senate with regard to the support funding
to farmers that has been announced. Most
farmers have not received any money yet.

x2: No doubt there is great pressure on
provincial and municipal governments in
relation to the issue of child care, but the
reality is that there have been no cuts to
child care funding from the federal
government to the provinces. In fact, we
have increased federal investments for early
childhood development.

Zoltan Szabé

y1: Honorables sénateurs, ma question
s'adresse au leader du gouvernement au
Sénat et concerne I'aide financiére qu'on a
annoncée pour les agriculteurs. La plupart
des agriculteurs n’ont encore rien reu de
cet argent.

y2: Il est évident que les ordres de
gouvernements provinciaux et municipaux
subissent de fortes pressions en ce qui
concerne les services de garde, mais le
gouvernement n’'a pas réduit le
financement qu'il verse aux provinces pour
les services de garde. Au contraire, nous
avons augmenté le financement fédéral
pour le développement des jeunes enfants.
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Independence testing: translation

@ How do we detect dependency? (paired samples)

x1: Honourable senators, | have a question
for the Leader of the Government in the
Senate with regard to the support funding
to farmers that has been announced. Most
farmers have not received any money yet.

x2: No doubt there is great pressure on
provincial and municipal governments in
relation to the issue of child care, but the
reality is that there have been no cuts to
child care funding from the federal
government to the provinces. In fact, we
have increased federal investments for early
childhood development.

y1: Honorables sénateurs, ma question
s'adresse au leader du gouvernement au
Sénat et concerne I'aide financiére qu'on a
annoncée pour les agriculteurs. La plupart
des agriculteurs n’ont encore rien reu de
cet argent.

y2: Il est évident que les ordres de
gouvernements provinciaux et municipaux
subissent de fortes pressions en ce qui
concerne les services de garde, mais le
gouvernement n’'a pas réduit le
financement qu'il verse aux provinces pour
les services de garde. Au contraire, nous
avons augmenté le financement fédéral
pour le développement des jeunes enfants.

Are the French paragraphs translations of the English ones, or have
nothing to do with it, i.e. Pxy = Px ® Py?
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Dependency testing of media annotations

@ We are given paired samples. Task: test independence.
@ Examples:

o (song, year of release) pairs
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Dependency testing of media annotations

@ We are given paired samples. Task: test independence.
@ Examples:

o (song, year of release) pairs

e (video, caption) pairs
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Dependency testing of media annotations

@ We are given paired samples. Task: test independence.
@ Examples:

o (song, year of release) pairs

e (video, caption) pairs

?
® {(Xn, Yn)}nen) = Ho : Pxy = Px @ Py, Hy: Pxy #Px @ Py.
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Copula



Setting, Sklar's theorem [Nelsen, 2006]

o Setting: X = [Xm]meim) € RM.
@ Cdf of X and X,-s:

F(x) = P(X < x), Fn(x) = P(Xm < x).

Assumption: F,,-s are continuous.
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Setting, Sklar's theorem [Nelsen, 2006]

o Setting: X = [Xm]meim) € RM.
@ Cdf of X and X,-s:

F(x) = P(X < x), Fn(x) = P(Xm < x).

Assumption: F,-s are continuous.
@ Sklar's theorem: 3! a function (-) C:[0,1]™ —[0,1] s.t.

F(x) =€ (Fi(x),..., Fmu(xm)) V¥xeRM.
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Setting, Sklar's theorem [Nelsen, 2006]

o Setting: X = [Xm]meim) € RM.
@ Cdf of X and X,-s:

F(x) = P(X < x), Fn(x) = P(Xm < x).

Assumption: F,-s are continuous.
e Sklar's theorem: 3! a function (feopula) C : [0,1] — [0,1] s.t.

F(X) =C (Fl(Xl), ceey F/w(XM)) Vx € RM.
@ C: It represents the joint distribution of Up, = Fp(Xm)

Cu)=PU<u), U=[Fu(Xn)lmem, ue<0,1".
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For any copula C

W(u) < C(u) < M(u), Yue][0,1]M,



For any copula C

W(u) < C(u) < M(u), Yue][0,1]M,

W (u) = max ( Z Um— (M — 1),0) ,

me[M]

@ W: Fréchet-Hoeffding lower bound. Copula for M = 2 only.



Copula bounds

For any copula C

W(u) < C(u) < M(u), Vu €0, 1]M,

W (u —max(z Um — —1),0),

me[M]

M = i m-
(u) = min u

@ W: Fréchet-Hoeffding lower bound. Copula for M = 2 only.
e M:

o Fréchet-Hoeffding upper bound (comonotonicity copula).
o Strictly increasing functional relation between X; and X;.
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® DXolmeyu [depEndent] f.
.=!, M(ui,...,um) = H Um.

product copula me[M]



® DXolmeyu [depEndent] f.
.=., M(ui,...,um) = H Um.
—~

product copula me[M]

@ LP distance of C and I1:

In(C) = [hp(M)ﬁ_, pel,od].

Normalizing constant h,(M): to ensure I,(C) € [0, 1].




e p = 2: Hoeffding's ® [GaiBer et al., 2010, Schmid et al., 2010],

O2(C) = ko) [ 1C(0) M),

(M) = 1M = 11 0



For p € {1,2, ¢}

@ p = 2: Hoeffding's ® [GaiBer et al., 2010, Schmid et al., 2010],
®2(C) = ho(M) [ [Clw) ~ N(u)]du,
[0,1]
[ha(M)] ™ = [IM = 1210, ym)
2 1 M n 1
YY) . M-
(M+1)(M+2)  2Mi, (i44) 3
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For p € {1,2, ¢}

@ p = 2: Hoeffding's ® [GaiBer et al., 2010, Schmid et al., 2010],

®2(C) = ha(M) | [C(u) ~ N(u)ldu,
(0.1]

(M)~ = IV = T )

2 1 M! n 1
T oM =M (. 1) M*
(M+1)(M+2)  2Mi, (i44) 3

@ For p=1 and p = co: Schweizer-Wolff's ¢ and &
[Schweizer and Wolff, 1981] (M = 2).
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@ Normalization:

®3(C) €0,1], VC,

P*(C)=0&C=n,

P(C)=1C=M (M > 3),
s C=Mo C=W (M=2).



@ Normalization:

®3(C) €0,1], VC,

P*(C)=0&C=n,

P(C)=1C=M (M > 3),
s C=Mo C=W (M=2).

@ Invariance w.r.t. permutations: for any m permutation

®2(X) = d2(n(X)).



© Monotonicity: For any C;, G, C3, C4 copula for which

W<G<sGsllsG=sasM,



© Monotonicity: For any C;, G, C3, C4 copula for which

W<G<sGsllsG=sasM,
P2C) > PH(G), PHG) < D3(G).

Approaching I, the value of ®? is decreasing.



Properties — continued

© Monotonicity: For any G, G, C3, (4 copula for which

W<xaGa<xGQxllxG=xG<M,
d2(C) > D3((G), D%(G) < D(G).

Approaching [, the value of ®? is decreasing.
@ Invariance under strictly monotone transformations:

e M > 2: strictly increasing transformation of the coordinates.
e M = 2: strictly decreasing transformation of one/both
coordinates.
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Properties — continued

© Monotonicity: For any G, G, C3, (4 copula for which

W<xaGa<xGQxllxG=xG<M,
d2(C) > D3((G), D%(G) < D(G).

Approaching [, the value of ®? is decreasing.
@ Invariance under strictly monotone transformations:

e M > 2: strictly increasing transformation of the coordinates.
e M = 2: strictly decreasing transformation of one/both
coordinates.

© Continuity:

(Co)nen —=5 C pointwise = d2(C,) =2 d2(C).
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@ Goal: given (X,)ne[n estimate ®2(X).



@ Goal: given (X,)ne[n estimate ®2(X).

o Empirical cdf-s, ranks:

A 1
Fm(x) =< > Iix, <x)s
N ne[N]

N N 1
Unn=Fm(Xmn) = N(rank of Xmnin Xm1,..., Xmn)-



Estimation of ®2

@ Goal: given (X,),c(n) estimate d2(X).

@ Empirical cdf-s, ranks:

. 1
F(x) = 5 Y Lixpa<xts
N ne[N]

A

a 1
Umn.n = Fm(Xm,n) = N(rank of Xm,nin Xm1,..., Xmn)-

@ Empirical copula:

Z H Um,,,gum}7 uc [Ov 1]M'

ne[N] me[M
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@ Recall:

®2(C) = ho(M) | [C(u) — M(u)]*du,
(0.1]

2 1 M! 1

(M+1)(M+2) 2M M (,-+%) T3

[ha(M)] 7 =




Estimation of ®2 — continued

@ Recall:

2 = u) — M(u)]?du
O(C) = ha(m) [ [C(0) M),
2 1 M! 1

N = ) 2, ()
e Estimator:

— N N 2

$2(C) = 0 (&) = ha(M /[0 » [Cu(u) — N(u)] " du
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Estimation of ®2 — continued

@ Recall:
$(C) = ha(M) | [C(u) - N(u)du,
[0,1]
2 1 M 1
ho(M)] 7 = S AL R
[h2(M)] (M+1)(M+2) 2M go(,+;>+3M
e Estimator:
D2(C) — b2 (¢ > - 2
*3(C) =9 (CN) = h(M /[0’1]/\4 [ u I'I(u)} du
=(x)
Good news

(*) can also be computed analytically!
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(i): % ZnG[N] a=a



Computation of (x)

2 2
> 1
/[0 1M lCN(u) -1l um] = /[o 1M lN 2 1% 00,y = 1L um| du

() 1 2
N /[0,1]M [N zn: (1;[ H{Um,ngum} - 13 Um> ] du

bn

2
(i): & Sneny @ = a. (i) (% > nelN] bn) = 77 Ljkeln bibe [ < 2.
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Computation of (k)

N 2 1 2
o 20T 0= L [F 5 Ty T ]

2

() 1
B /[O,l]M [N zn: (1;[ H{Um,nﬁum} - ];_;’[ um> ‘| du
by
(i) 1
= Wj /%[:N] /[O,l]M (g H{Um,jéum} o 1;[ um> (E[H{Um,%um} - g um> du.
b; b

2
(i): & Sneny @ = a. (i) (% > nein] b,,) = P Ssem bibe [ & T
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1
N2 2 /0 B[ (H {Umj<um} Hum) (HH{UMS“"'} a ];[Um>

Jsk€e[N]

(i) (a—b)(c —d) = ac + bd — ad — bc



Computation of (x) — continued

1
Ty /01]M (H (Umy<im} ~ H“m) (H (O} HUm)
J,k€[N]

(M 1
- mi g[:N]/[O,ll [(H {max(Unj Uy )<um} + I o )

mée[M]

_ H UmH{[Jm,jgum} - H umﬂ{ Um_k<um}1 du.
m m

(i) (a—b)(c —d) =ac+ bd — ad — bc
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Joue I
{max(UmJ
mk)<
Um} u )H/
[0,1] {max U
b mk)<u }dum

(i) J,
[0,1]™ Hm f,
m(’-’m)du = H f
m J[0,1] fm(u
m)dum



(i) N
/[o,llM gﬂ{max(am,j’am,k)SUm}du ; 1,:,[ /[0,1] Km0, 0 ) <y Lm

() H [1 - max(lAJmJ, Um,k)] )
m

(i) Joo,gm Im fm(um)du =TT, fio,1) fm(um)dum , (i) Jig 1 Ia<uydu =1 —a



Computation of (x) — continued

/[0’1] H {max s Unm, k <um} du = H/ 1 {max Unj, mk)<u }dum
(II)H [1—max 7J,U k)} ,

1
0 / uy 1
= u du— = —,
/[0,11“”1;,[” H [0.1] i l310 3M

() Jioym i T (um)du = Tl Jio,1) fm(m)dtim , (ii) Jio.1y Ta<ipdu =1 -2

Zoltan Szabé Independence Measures and Testing



Computation of (x) — continued

/[0’1] H {max s Unm, k <um} du = H/ 1 {max Unj, mk)<u }dum
(II)H [1—max 7J,U k)} ,

1

U3 !
du = / u du = _m =
fo T O T aou=TT| %] =55
/[VO,]-]M g umH{U’"sJSU’”}du : E[ /[071] um]I{Um,jSUm}dum

(i) f[o 1M [ fn(t1m)du =TI f[O 1] 'm fm(Um)dum , (i) f[o 1] Ifocydu=1-2a
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Computation of (x) — continued

/[0,1] H {max(Un.j, U k) <um} U—H/ 1 {max Unmjs O ) < tim }dum
(H)H[l—max mjs Um k)}’

1

U3 !
du = / u du = _m =
fo T O T aou=TT| %] =55
/[VO,]-]M g umH{U’"sJSU’”}du : E[ /[071] um]I{Um,jSUm}dum

(i)

( ) f[O 1M Hm (um)du - Hm f[o 1] 'm f ( )dum (ii) f[O 1] ]I{a<u}du =1-—a,
211 2
(i) fjo.y tlgpenydu = fippyudu = [5], =3 =& =3 (1 7).
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Computation of (x) — continued

/[0,1] H {max(Un.j, U k) <um} U—H/ 1 {max Unmjs O ) < tim }dum
(H)H[l—max mjs Um k)}’

ud ! 1
/01]MHU v H 01]u "= [ 10

3 3M’

/[0,1]M 13 u’"H{Um,jSUm}d” s 1;[ /[071] “mH{Um,jgum}dUm

Gi) 1 N
i 2T”Im| (1—U,2,w-).
(D) Jio,uqm [ fn(um)du =TI, Jio.1) fm(u

m)dupm , (i) f[o ylacpydu=1-a,
2 1
(i) Jio,1y ulgp<uydu = Jipy udu = [7} b

2
-5 =011
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(x) = % Z H [1—max(AmJ, Um’k)]

J:ke[N] m
1 21 N
tgm g 2 111 0hy).

JEN] m

f[o,l] Gm(Um)dupm, with quadratic gp,. l
~ ZoltinSzabé  Independence Measures and Testing




(x) = A Z H[l—max( LU k)]

J ke[N] m

Fg w2 I 8.

JEN] m

f[o,l] Gm(Um)dupm, with quadratic gp,. I

application in independence testing.




o Given [Tpmeim Xm 3 (Xn)ne[ny ~ P samples, level a € (0,1).
o [Gaall: to check if

Ho : P = ®mem)Pm, Hi - P # @meimnPm-



o Given [Tpmeim Xm 3 (Xn)ne[ny ~ P samples, level a € (0,1).
o [Gaall: to check if

Ho : P = ®mem)Pm, Hi - P # @meimnPm-

@ Role of a: wanted P(reject Ho|Hp) < a.



Independent testing

o Given [] e Xm D (Xn)neny ~ P samples, level o € (0, 1).
e [Goal : to check if

Ho: P = ®mE[M]]I]>m> Hy: P 7é ®mE[M]Pm-
@ Role of a: wanted P(reject Ho|Hp) < a.
@ Decision:

e compute a test statistic: T(Xy,...,Xpy). Example: &va.
Fr := cdf of T(Xy,...,Xn) under Hy: null distribution.
q := its (1 — a)-quantile.

reject Hy if T(Xl, . 7XN) > q.
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Independent testing

o Given [] e Xm D (Xn)neny ~ P samples, level o € (0, 1).
e [Goal : to check if

Ho: P = ®mE[M]Pm> Hy: P 7é ®mE[M]Pm-
@ Role of a: wanted P(reject Ho|Hp) < a.
@ Decision:

e compute a test statistic: T(Xy,...,Xpy). Example: &va.

Fr := cdf of T(Xy,...,Xn) under Hy: null distribution.

q := its (1 — a)-quantile.

reject Hy if T(Xl, . 7XN) > q.

@ Good to have Fr, and the distribution of T(Xj,...,Xp) under the
alternative (power).
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Warm-up: recall that C € L™ ([0, 1]M>. = Cy: L™ ([O, 1]M>—valued r.v.



Towards the null distribution for ®?2

Warm-up: recall that C € L*® ([0, l]M). = Cy: L™ ([0, l]M)—valued r.v.

Theorem (Asymptotic behaviour of the empirical copula process)

Assume that 0™ C continuous for all m € [M]. Then
VN (En - C) % G,
Ge(u) =Bc(u) - Y 9"C(u)Bc (u™),

me[M]
ulm — 1. um 1.5 1],

where B¢ is a (tight) centered GP on [0, 1]V with covariance
function, N acts coordinate-wise,

E[Bc(u)Be(v)] = C(uAv) — C(u)C(v).

B¢: is the so-called M-dimensional Brownian bridge.
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Using the previus result

o If C#TI (see Hy):
VN (ciﬁv ~ <1>2) LAY (o,a2),
_ 2 ~ N(u
7 =Phf [ ] 6w )
X E[Gc(u)Gc(v)][C(v) — M(v)]dudv.

Note: C # I guarantees that 0 # 0 (non-degenerate normal).
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Using the previus result

o If C#TI (see Hy):
VN (83— 02) 2w (0,02),
_ 2 ~ N(u
7 =Phf [ ] 6w )
X E[Gc(u)Gc(v)][C(v) — M(v)]dudv.

Note: C # I guarantees that 0 # 0 (non-degenerate normal).
o If C =TI (see Hp):

VN(Cy =) % Gn, N&2, = ho(M) /[0 » N[En(u) — N(u)2du
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Using the previus result

o If C#TI (see Hy):
VN (ciﬁv ~ c1>2) LAY (o,a2),
_ 2 ~ N(u
7 =Phf [ ] 6w )
X E[Gc(u)Gc(v)][C(v) — M(v)]dudv.

Note: C # I guarantees that 0 # 0 (non-degenerate normal).
o If C =Tl (see Hp): by the continuous mapping theorem

VN(Cy = M) ™ Gn,  N&% = hy(M) /[O 1

(M) /[‘O’I]M[Gn(u)]Qdu

" N[Cn(u) — N(u)]?du

asymptotic null distribution (simulation)
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Using the previus result

o If C#TI (see Hy):
VN (ciﬁv ~ <1>2) LAY (0,02),
_ 2 ~ N(u
7 =Phf [ ] 6w )
X E[Gc(u)Gc(v)][C(v) — M(v)]dudv.

Note: C # I guarantees that 0 # 0 (non-degenerate normal).
o If C =Tl (see Hp): by the continuous mapping theorem

VN(Cy = M) ™ Gn,  N&% = hy(M) /[O 1

(M) /[‘O’I]M[Gn(u)]zdu

" N[Cn(u) — N(u)]?du

asymptotic null distribution (simulation)

How was the C # I case obtained? ]
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e We know /N[Cy — C] % T :=Ge.



e We know /N[Cy — C] % T :=Ge.
o Let p(C) := ®?(C). One expects that

VN[(Cn) — o(C)] = VNgie(Cy — C)
= e (T).



e We know /N[Cy — C] % T :=Ge.
o Let p(C) := ®?(C). One expects that

VN[(Cn) — o(C)] = VNgie(Cy — C)
= e (T).

This heuristic goes through with the right notion of differentiability
[van der Vaart, 1998, Chapter 18, 20].




The delta method: idea

e We know VN[Cy — C] % T :=Ge.
o Let p(C) := ®2(C). One expects that
VN[p(Cn) — ¢(O)] = VN (Cy — C)
(7).

w
=

Good news

This heuristic goes through with the right notion of differentiability
[van der Vaart, 1998, Chapter 18, 20].

@ p: L™ ([0, I]M) — R. Gateaux (directional) / Hadamard / Fréchet
(classical). On RY: Hadamard = Fréchet.
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Hadamard differentiability

o ¢:1°([0,1") > R

@ Its derivative at copula C € L*® ([0, l]M), shortly ¢/, is a
continuous linear functional for which

“P(C + tnDn) — (P(C)
th

n—00
—0

—¢c(D)

for all ¢, miaN 0, D, 279 D. Note: direction D, might

change with n, but eventually converge.
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P(C + taDp) — p(C) _ h2(M) Jio.yy[C(u) — N(u) + taDp(u)]*du
th ty
(M) Jipam[C () — M(u)]*du
tn

(i) (a+ b)? — 2% = 2ab + b2



Computing the Hadamard derivative

P(C + taDn) = 9(C) _ h2(M) fig ym[C(u) — M(u) + £ Dn(u)]*du

th th
_ h2(M) f[o,l]M[C(“) — MN(u)]*du
th
) 2haM)t, o [C() ~ NI, (w)dn £ iy D ()2
ty th

—0

(i) (a+ b)? — 22 = 2ab + b°.
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Computing the Hadamard derivative

P(C + taDn) = 9(C) _ h2(M) fig ym[C(u) — M(u) + £ Dn(u)]*du

th th
_ h2(M) f[o,l]M[C(”) — MN(u)]*du
th
) 2haM)t, o [C() ~ NI, (w)dn £ iy D ()2
ty th

—0

— /[071],\4 2h2(M)[C(fU) (_)H(U)]D(u) du= (D).

(i) (2 + b)? — 2% = 2ab + b2.
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VN[p(Cn) — 0(C)] % ¢=(Ge)

Using that G¢ is a tight GP, with Lemma 3.9.8
[van der Vaart and Wellner, 2000] implies

oc(Ge)=N (0,0’2) ,
2 _
’ - /[O,I]M /[0,1]M Elfc,cc(u)fecge(v)]dudv

as claimed.



A financial application [GaiBer et al., 2010]

@ We consider 4 global sector indices.

0.4

T T T 0.9 T T T

o 0.8
0.7+
0.6-

0.5
0.4+
— S&P FINANCIAL 0al
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A financial application [GaiBer et al., 2010]

@ We consider 4 global sector indices.

1.2 0.9;

0.8

0.7-

0.6~

0.5

0.4

— S&P FINANCIAL 03

0.4 |--- S&P ENERGY :
S&P INDUSTRIAL 0.2
- S&PIT

251/01/2008 05/19/2008 10/06/2008 02232000 ' 0571972008 10/06/2008 0212372009

@ Sept. 15, 2008: bankrupcy of Lehman Brothers Inc.
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A financial application [GaiBer et al., 2010]

@ We consider 4 global sector indices.

1.2 0.9;

0.8

0.7-

0.6~

0.5

0.4

— S&P FINANCIAL 03

0.4 |--- S&P ENERGY :
S&P INDUSTRIAL 0.2
- S&PIT

251/01/2008 05/19/2008 10/06/2008 02232000 ' 0571972008 10/06/2008 0212372009

@ Sept. 15, 2008: bankrupcy of Lehman Brothers Inc.
o Left: steep decay. Right: high dependency captured by CD%V.
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Hoeffding ®2: summary

o Valid independence measure: X, =R, M > 2.
@ Various favorable properties.

@ Estimator: plug-in, analytic formula.

°

Null distribution: continuous mapping theorem (Brownian
bridge, simulation),

Alternative: normal (delta method, Hadamard derivative).
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Maximum correlation



e Given: random variable (X,Y) e X x Y, (X,Y) ~ Pxy.

@ Goal: measure the dependence of X and Y.



Independence measures

@ Given: random variable (X,Y) e X x Y, (X,Y) ~ Pxy.
@ Goal: measure the dependence of X and Y.
@ Desiderata for a Q(Pxy) independence measure [Rényi, 1959]:

is well-defined,

1. Q(Pxy)

2. Q(]ny) S [0, 1],

3. Q(Pxy)=0iff. X LY.

4. Q(Pxy)=1iff. Y =1(X)or X =g(Y).
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@ He showed:

QPxy)=  sup  corr(f(X),g(Y)),
f,g: measurable
satisfies 1-4.
@ Too ambitious:

e computationally intractable.
e many measurable functions.



@ Cp(X) = {f : X metric — R, bounded continuous} would also
work.

@ Still too large!



Independence measures: measurable — continuous

e Cp(X) ={f: X metric - R, bounded continuous} would also
work.

o Still too large!

o ldea: to take function spaces

e dense in Cp(X),
e computionally tractable.
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@ Cp(X) = {f : X metric - R, bounded continuous} would also
work.

@ Still too large!

o Idea: to take function spaces

e dense in Cp(X),
e computionally tractable.

denseness — universality, computation — RKHS. I




@ Def-1 (feature space):

k(x,y) = (o(x), 0(¥))yc x,y €X.



Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):
k(x,y) = {e(x), o(V))gc x,y €X.
@ Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-, x))s.

Constructively, 3, = {>°71 aik(-, xi)}.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):
k(x,y) = {e(x), o(V))gc x,y €X.
@ Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-, x))s.

Constructively, 3, = {>°7 1 aik(-, x)}.
@ Def-3 (Gram matrix): G = [k(Xi’)g)]7J:1 € R™n = 0.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):
k(x,y) = {e(x), o(V))gc x,y €X.
@ Def-2 (reproducing kernel):

k(-,x) e H, f(x)=(f, k(-,x))g.

Constructively, 3, = {>°7 1 aik(-, x)}.
@ Def-3 (Gram matrix): G = [k(Xi;Xj)]ijl € R™n = 0.

@ Def-4 (evaluation): dx(f) = f(x) is continuous for all x.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (o(x), ()3 x,y €X.

Def-2 (reproducing kernel):

k(-,x) e H, f(x)=(f, k(-,x))g.

Constructively, 3, = {>°7 1 aik(-, x)}.
Def-3 (Gram matrix): G = [k(Xi’)g)]lf’le € RPXn = 0.

Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.

@ All these definitions are - k Q Hy.

Examples on RY (v > 0, p € Z1): ky(x,y) = ({x,y) +7)",
ke(x,y) = e Y3 ko (x,y) = e IxVl,
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Kernels [Steinwart and Christmann, 2008,
Saitoh and Sawano, 2016]: various data types

strings

[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],

time series

[Riping, 2001, Cuturi et al., 2007, Cuturi, 2011, Kiraly and Oberhauser, 2019],
trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],

groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
sets [Haussler, 1999, Gartner et al., 2002],

various [Jaakkola and Haussler, 1999, Tsuda et al., 2002,
Seeger, 2002, Jebara et al., 2004],

fuzzy domains [Guevara et al., 2017], or

graphs [Kondor and Lafferty, 2002, Gartner et al., 2003, Kashima et al., 2003,
Borgwardt and Kriegel, 2005, Shervashidze et al., 2009,

Vishwanathan et al., 2010, Kondor and Pan, 2016, Draief et al., 2018,

Bai et al., 2020, Borgwardt et al., 2020].

Zoltan Szabé Independence Measures and Testing



o Given: k: X xX—R,7/:YxY —R.
@ Associated:

o feature maps o(x) = k(-, x), v(y) = £(-,y),
o RKHS-s J{k, g‘fg.



KCCA: definition

o Given: k : X xX—=R, /:YxY —R.
@ Associated:

e feature maps p(x) = k(-,x), ¥(y) =£(-,y),
e RKHS-s g‘fk, f}({.

@ KCCA measure of (X,Y)eX xY

pKCCA(Xa Y;}fk,ﬂg) = sup Corr(f(X),g(Y)),
feEHk,g€Hy

__eov(f(X).8(Y)
VearlF ()] var[g (V)]

corr(f(X),g(Y))
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Optimization domain: H, x H, > (f, g).

By reproducing property: we will get a finite-D task.

k.0 linear: traditional CCA.

In practice: we have {(x,,ys)}_; samples from (X, Y).



Optimization domain: H, x H, > (f, g).

By reproducing property: we will get a finite-D task.

k.0 linear: traditional CCA.

In practice: we have {(x,,ys)}_; samples from (X, Y).

f(x) = (f, k(-;x))qge, VF €Iy, x €X.




KCCA: empirical estimate

cov(f(X), g

1 1Y
Z{f(x,, —Nz:f(xi)Hg()/n)—NZ:g(yi)}

n=1

= \

<f7¢(xn)*% S e(x) > <g Glyn) =% S v(v) >

He
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KCCA: empirical estimate

==
M=

3
I
N

1Y 1
OV (F(X),8(V)) = 3 2 [ ) = 37 22 F00) | [80m) = 5 - 8()]

<f7¢(xn)*% S e(x) > <g Glyn) =% S v(v) >

He

M=

(F, G036, (8 Fm) g,

1
N

3
Il
—
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KCCA: empirical estimate

1

2\
M=

3
I
N

cov(f(X), &(Y)) =

f (xn) ——fo, yn)—lEN:g()/i)
N=

<f7¢(xn)*% S e(x) > <g Glyn) =% S v(v) >

1Y .
= N Z <fa @(X”»J{k <gﬁ w(yn)>%[7

Similarly:

— A 2
var(f(X)] = 5 ; [f (On) = Z f (x,-)}
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KCCA: empirical estimate

1

2\
M=

3
I
N

cov(f(X), &(Y)) =

f (xn) ——fo, yn)—lEN:g()/i)
N=

<f7¢(xn)*% S e(x) > <g Glyn) =% S v(v) >

1Y .
= N Z <fa @(X”»J{k <gﬁ w(yn)>%[7

Similarly:

_ i 2 1 .
(0] = gy 32 [F0) = 5 o A0] = 5 32 B0
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KCCA: empirical estimate

N N
cov(f(X),g(Y)) = %Z [f Xn —foX: H yn)—%Zg(y;)}
n=1 i=1
(Feotoa— Ty olx)) <gw(yn BEL o)) .
1 N
=N Z (f, @(Xn)>9fk<g U (¥n))
n=1
Similarly:
A = L3 [r LS ol = £ 37, 500))2
(0] = gy 32 [F0) = 5 o A0] = 5 32 B0
1
varlg(Y)] = 5 2 (& ()5
n=1
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o f: appears only as (f, 3(xn))g, [similarly: g in (g,zZ(y,,)>9{Z]. =



KCCA: empirical estimate

o f: appears only as (f, 3(xn))q, [similarly: g in <g,zZN)(y,,)>w]. =
@ V component of f L '

N
span ({SE(XH)}rIY:l) = {Z cnP(xn),€ = [cn] € RN}
n=1

has no affect in the objective.
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o f: appears only as (f, 3(xn))g, [similarly: g in <g,zZ(y,,)>g{Z]. =
@ YV component of £ L

span ({3(xn)}hls) = {z capxn), € = [en] € RN}

n=1

has no affect in the objective.

Enough to consider f = E, —16GP(x), g = Z: =1 dT/’(Y:)




Using that f = Z,Nzl cip(xi), g = Z?Ll d,-zZ(y,-):

N
(F. @0m)ae, = D ci (B(xi), B0xn))se,
i=1



Using that f = Z,Nzl cip(xi), g = Z?Ll d,-zZ(y,-):

< SO(Xn) He — ZCI SO(XI) (P(Xn) ZC,k(X,,X,,



Using that = Y11 ci@(xi), & = XLy did(vi):

< SO(Xn) Hy _ZCI SO(XI) (P(Xn) ZC,k(X,,X,, = C GX)m



KCCA: empirical estimate

Using that £ = S5 ci3(xi), g = S1Lq dith(vi):

N N
(F, @(xa))gg, = D G (B0x0), $0n))ge, = D cik(xi,xn) = (€7 Gx),
i=1

with the centered kernels (k, ) and Gram matrices (Gx, Gy).

Until now

All the objective terms can be expressed by c, d, Gx, Gy.
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N
cov(f(X),g(Y)) Z QD(XH)>J{,<<ga,(Z(yn)>j{£7

1 ’V y 1&
(X)) = 3 3 (F 30, Tle (V)] = 1 - (& G0
n=1 n=1
and we have
(f,3(xn))g0, = (€7 GX)n, (g 0(yn)), = (AT Gy)s.



KCCA: empirical estimate

N
T, 8() = gy 2. (- Ecl (5. T,
N N
var[f(X)] = Z <p(x,, 5¢,» var[g(Y)] =N Z g, (vn))
n=1 n=1
and we have
30 = (€ Gxm (& )y = [Ty ).

Thus,
1 ~ o~
GHF(X),8(Y)) = ¢ GxGrd,

wf(X)] = pe’ (6xPe, varlg(V)] = pd7(Gy)d.
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Empirical estimate of KCCA:

. TGxGyd
preca TP (X, Y Hy, He) = sup Nc = = :
ceRNdeR" | [cT(Gx)2c\/dT(Gy)2d




KCCA: finite-D form

Empirical estimate of KCCA:

Preca P(X, Y H, Hy) = sup ~c X2 = .
cERN deRN \/cT(GX)2c\/dT(Gy)2d

In practice (k > 0):
preca(X, Y) = precal(X, Y H, He, k)
_ sup CTéxéyd
cERM deRV \/cT(éX + I{lN)2C\/dT(Cy +rkly)’d
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Empirical estimate of KCCA:

TGxGyd
PRCAS™ (X, Y H0 H) = sup = XVE
ceRNdeR" | [cT(Gx)2c\/dT(Gy)2d

In practice (k > 0):

PrecA(X, Y) := preca(X, Y Hi, Hy, k)
_ sup CTéxéyd
ceRMdeR" \[cT (Gx + rly) cy/dT (Gy + rly)d

How do we solve it? I




KCCA: solution

Stationary points of pxcca(X, Y):
o OFCEA(X.Y) o OPRCEA(X.Y)
dc ' od ’
which simplifies to

P (CTéxéyd)(éx + H|N)2C (dTéyéxc)(éy + Kl/\/)zd

y éycxc =

GxGyd = = -
x=Y CT(Gx—FK'N)QC dT(Gy+R|N)2d

Zoltan Szabé Independence Measures and Testing



KCCA: solution

Stationary points of pxcca(X, Y):
o OFCEA(X.Y) o OPRCEA(X.Y)
dc ' od ’
which simplifies to

P (CTéxéyd)(éx + H|N)2C (dTéyéxc)(éy + Kl/\/)zd

y éycxc =

GxGyd = = -
x=Y CT(Gx—FK'N)QC dT(Gy+R|N)2d

Normalization:
@ (c,d): solution = (ac, bd): solution a, b € R, # 0.

@ denominators = 1.
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KCCA: final task

Find the maximal eigenvalue, A\ := cTGnyd, of the generalized
eigenvalue problem:

0 chy Cl T4 A
[GYGX 0 ][J = ¢ GxGyd
Az = \Bz.

(éx +/€|N)2 0 (o
0 (Gy + sly)?| |d
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KCCA: final task

Find the maximal eigenvalue, A\ := CTéxéyd, of the generalized
eigenvalue problem:

(GX +/€|N)2 0 (o
0 (Gy + rly)?

Questions
@ Is KCCA an independence measure? (< universality)
@ Meaning/handling of the regularization (k).
© M > 2 components.
@ Computation of Gx, Gy.
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If X LY, then pkcca(X, Y; Hk, Hy, k) = 0. Opposite direction:

@ For 'rich” H,, H,
[Bach and Jordan, 2002, Gretton et al., 2005b].



Q1 (indep. measure) < universal k, ¢

If X LY, then pkcca(X, Y; Hi, He, k) = 0. Opposite direction:

@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005b].

@ Enough: universal kernel on a compact metric domain.
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Q1 (indep. measure) < universal k, ¢

If X LY, then pkcca(X, Y; Hi, He, k) = 0. Opposite direction:
@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005b].
@ Enough: universal kernel on a compact metric domain.
e Example (y > 0):
o Gaussian: k(x,x') = e lx=xII;,

o Laplacian kernel: k(x,x") = e_VH"_X/Hz_
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Assume:
@ X: compact metric space.
@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if H is dense in

(€0, [I - lloo)-




Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if H is dense in

(€, [ - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).

Zoltan Szabé Independence Measures and Testing



Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if H is dense in

(€, [ - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).

@ k: continuous, X: compact = k: bounded.
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Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if H is dense in

(€, [ - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).
@ k: continuous, X: compact = k: bounded.

@ k: continuous, bounded = H; C C(X)
[Steinwart and Christmann, 2008].
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Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if H is dense in

(€, [ - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).
@ k: continuous, X: compact = k: bounded.
@ k: continuous, bounded = H; C C(X)
[Steinwart and Christmann, 2008].

@ Extensions of c-universality to non-compact spaces:

e cp-universality, cc-universality,
... [Carmeli et al., 2010, Sriperumbudur et al., 2010b,
Simon-Gabriel and Schélkopf, 2018].
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If k is universal, then
@ k(x,x) >0 for all x € X.



If k is universal, then
@ k(x,x) >0 for all x € X.

o Every restriction of k to an X’ C X compact set is universal.



Q1: properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 for all x € X.
@ Every restriction of k to an X’ C X compact set is universal.
e o(x) = k(-, x) is injective, i.e.
pr(x,y) = llo(x) — o(¥)llg,

is a metric.
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Q1: properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 for all x € X.
@ Every restriction of k to an X’ C X compact set is universal.

e o(x) = k(-, x) is injective, i.e.
pr(x,y) = [le(x) = (¥4,

is a metric.

@ The normalized kernel (recall: corr)

T e k(va)
Koo) = ok y)

is universal.
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@ Foran C* > f:(—r,r)—R

f(t)= i ant" te(—r,r), re(0,00].
n=0



@ Foran C* > f:(—r,r)—R

f(t)= i ant" te(—r,r), re(0,00].
n=0

o If a, > 0 Vn, then
k(x,y) = f({x,y))

is universal on X := {x eRY: |Ix||, < \/7}



a

o k(x,y) = e*®¥): previous result with f(t) = et = a, = %.



a

o k(x,y) = e*®¥): previous result with f(t) = et = a, = %.

2
o k(x,y) = e~ ®I*=¥l2: exp. kernel & normalization.



Q1: universal kernels on compact subsets of RY, a > 0

o k(x,y) = (1— (x,y))~® binomial kernel

e on X compact C {x € R? : ||x||, < 1}.

o 1= -0 =S () (e <),
———

>0

where (8) = SO, 441
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In fact, we estimated
preea(X, Y Hy, He, k) = sup  corr(f(X), g(Y): k),

feHk,g€H,
cov(f(X), g(Y))

corr(f(X),g(Y); k) = '
& VvarlFOO] + [ £,/ varlg(Y)] + = [l




Q2 (k)

In fact, we estimated
preea(X, Y Hi, He, k) = sup  corr(f(X),g(Y); k),

feHy,geH,
cov(f(X),&(Y))

corr(f(X),g(Y); k) = .
Sl FOOL + 112,y arlg(V)] = gl

For consistent KCCA estimate:

e xy — 0 [Leurgans et al., 1993](spline-RKHS),
[Fukumizu et al., 2007] (general RKHS).
@ analysis: covariance operators.
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Q3 (M > 2): symmetry, other form

For

0 Gxéy Cl T/ A
léyéx 0 ] [d] = ¢ GxGyd 0 (Gy+li|N)2 d

(GX + I<L|/V)2 0 ] [C‘|

([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:

{1, =1, AN, —An )
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Q3 (M > 2): symmetry, other form

For

0 Gxéy Cl T/ A
léyéx 0 ] |f:|] = ¢ GxGyd 0 (éy+li|N)2 d

(GX + I€|N)2 0 ‘| [C‘|

([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:
{)\17 _>‘17 cee )\Nv _)‘N}
Adding the r.h.s. to both sides:

Extrln)?  BxBy [c]
G8x (v + JN)J H =42

(f';x—{—l-{l/\/)2 0 (o}
0 (Gx + rly)?||d

with eigenvalues {1+ A1;,1— Aq,..., 14+ Ay, 1 — Ay}
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2-variables [(X, Y)]:

(Gx + kly)? GxG cl (Gx + Kly)? 0 c
l &,6x (GvifleN)ZHd]‘““)l T (¢x+r~'~)2“d]



Q3 (M > 2)

2-variables [(X, Y)]:

(Gx +kly)?  GxG c| (Gx + kln)? 0 c
)E;YGXN (Gy i KSI/N)2‘| [d] =1+ A)l ’ 0 ' (Gx + KIN)Z] [d]

For M-variables (pairwise dependence):

(G1~+ i‘le)2 _ GG, c:';lc:';M c1
G>G; (G2 + Hl/\/)2 ... GGy Co B
GMél CMGQ . (CM + H'N)z Cvm
(él + H|N)2 . 0 . 0 C1
0 (G2 + Iﬁl[\/)2 . 0 C>
v . . .
0 0 . (Gm+EIN?| |em
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Gx = HGxH with H =1y — &4, H;Ey € RVXV,

(Gx)i = k(xi,5) = (B(x:), 3()))5¢,



Gx = HGxH with H =1y — &4, H;Ey € RVXV,

(Gx)j = k(xi, ) = (@(XI) B(%i)) g,

= {e00) = Zso xn), (%)) — N Z 0 (xm)) s



Gx = HGxH with H = 1y — &¥; H;Ey € RVXV,

(Gx)j = k(xi, %) = <95(x,) B09))ge,

= {e00) = Zso xn), (%)) — N Z 0 (xm)) s

N
= (GX)IJ I]\-/ Z(GX Y Z(GX)HI - 2 Z_ (GX



Centered Gram matrix

In short
Gx = HGxH with H = Iy — &4 H; Ey € RVXV,

= (p(x) = 5 22 0m),0(09) = 5 D #lxm))gy,
n=1 m=1
Y. 1N Y.
- (GX)U - N mZ:1(GX)/m - N ;(Gx)m - W n’mZ:1(GX)nm
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Centered Gram matrix

In short
Gx = HGxH with H = Iy — &4 H; Ey € RVXV,

= (p(x) = 5 22 0m),0(09) = 5 D #lxm))gy,
n=1 m=1
yRL 1 R
- (GX)U - N Z(GX)/m - N Z(Gx)n/ - W Z (GX)nm
m=1 n=1 n,m=1
B Ev Ev. En. En
= (Gx GXW WGX NGXN>U’
= (HGXH),-J-,

H: symmetric (H=HT), idempotent (H? = H).
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Maximal correlation: summary

Independence measure (M = 2): with universal kernels.

M > 2: pairwise independence.

Universal kernels: various examples & constructions.

Consistent estimation: v/

Computation: generalized eigenvalue task (almost closed-form).
Image registration: it was KCCA.
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Maximal correlation: summary

Independence measure (M = 2): with universal kernels.

M > 2: pairwise independence.

Universal kernels: various examples & constructions.

Consistent estimation: v/

Computation: generalized eigenvalue task (almost closed-form).
Image registration: it was KCCA.

Questions
© Analytic estimators (distance / kernel evaluations)?

@ Other usage of covariance?
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Distances



e In this part: X €¢ R%, Y € R (M =2).
e Characteristic function (3, X RN ox):
ox(t) = E[0], dy(s) =E [¢=7],
oxy(t,s) =E [ei(<t’x>+<s’y>)] :



e In this part: X €¢ R%, Y € R (M =2).

e Characteristic function (3, X 11, dx):

¢x(t) =E [ef(t,X)] , by(s) = E [e,-<s,y>] ,
dxv(t,5) = E [/X0+EYD]

@ X and Y are independent iff.



@ l|dea:
dCov?(X, Y) = [léxy — dxdv 72w
= [, 6xv(s.t) — ox(s)ov (O wis.t)dsdt,



dCov [Székely et al., 2007, Székely and Rizzo, 2009]

@ ldea:

dCov?(X, Y) = [loxy — ¢X¢YH%2
- / [0xv(5,t) = ox(8)y (P w(s, t)dsdt,

w(t,s) = ;
c(ch)c( 2)||t||‘2’1“ Is|52 "
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dCov [Székely et al., 2007, Székely and Rizzo, 2009]

@ ldea:

dCov?(X, Y) = [léxy — x6v [|2(w)
= [6xv (s, t) — dx(s)¢y (V)] w(s, t)dsdt,

Rd1+d2
(t.5) :
wit.s) = 1 o(datl’
c(di)c(da) [Iel|5 ™ [Is)1 52"
1+d
2
c(d) = —

()
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dCov [Székely et al., 2007, Székely and Rizzo, 2009]

o Idea:
dCov?(X, Y) = |loxy — ¢X¢YH%2(W)
- /Rdﬁdz [¢xy (s, t) — dx(s)py (t)]*w(s, t)dsdt,

1
w(t,s) = a1l dat 1’
c(di)c(da) [Iel|5 ™ [Is)1 52"
1+d
T 2

c(d) = - <¥)

e Enough for its finiteness: E || X||, < oo, E || Y|, < co (finite 1st moments).
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dCov [Székely et al., 2007, Székely and Rizzo, 2009]

@ ldea:
dCov?(X, Y) = [léxy — x6v [|2(w)
- / [0xv(5,t) = ox(8)y (P w(s, t)dsdt,

w(t,s) =

A1 | o a1
c( 1)C(sz)||t||21+ Isllz*"

T2

c(d) = - (1%1>

e Enough for its finiteness: E || X||, < oo, E || Y|, < co (finite 1st moments).

X and Y are independent iff. _

Zoltan Szabé Independence Measures and Testing
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o Given: {(Xp, Yu)}nen) samples.



o Given: {(Xp, Yu)}nen) samples.
@ Empirical characteristic functions:

1 i 1 i
ox(t) = D ¢, ov(s) =g 2 €,
ne[N] ne[N]
1 )
N 1 7Xn ,Yn
My(ts) = 5 3 el
ne[N]



Estimator

o Given: {(Xn, Yn)}nen) samples.
@ Empirical characteristic functions:

1 i 1 i
oqw) =y 3 & Ve = e
ne[N] ne[N]
1 .
N 1 ,Xn 7Yn
Ry (ts) = 5 3 eEXrem),
ne[N]

e Estimator (plug-in):

dCOVN (X,Y) H<Z5XY ¢X¢Y
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Estimator — continued

H¢XY ¢X¢Y‘

2(w) — > AuBu,
® JEN]

ak = HXk = Xilly

. = Z ak, a. = Z axl,

Ie[N ke[N]

Z akl,

kle[N]
A = ay — ag. — a; + a.,

By is defined similarly from by = || Yk — Yil|,.

The careful choice of w results in a pairwise distance based
estimator.
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° @/N(X, Y) Noveo, dCov(X, Y) almost surely.



Properties

e dCovn(X, Y) 222 dCov(X, Y) almost surely.
@ Alternative form (& explanation for the magic):
dCov?(X, Y) = ExyExry || X — X|,| Y = Y|,
+Exx [ X = X Eyye [|Y = Yl
= 2Exy [Ex: X = X[, By [Y = Y'[,] .
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Properties

e dCovn(X, Y) 222 dCov(X, Y) almost surely.

@ Alternative form (& explanation for the magic):
dCov?(X, Y) = ExyExry || X — X|,| Y = Y|,
+Exx [ X = X Eyye [|Y = Yl
= 2Exy [Ex: X = X[, By [Y = Y'[,] .
e Extension [Lyons, 2013|:
dCov?(X, Y) = ExyExryrp1 (X, X")pa2 (Y, Y)
+ Exx (X,X’) Evyy: (Y, Y/)
- 2EXY [Exlpl (X,X/) Ey/pz (Y, Y/)] .

Zoltan Szabé Independence Measures and Testing



Properties

e dCovn(X, Y) 222 dCov(X, Y) almost surely.

@ Alternative form (& explanation for the magic):
dCov?(X, Y) = ExyExry || X — X|,| Y = Y|,
+Exx [|X = X[y Byy || Y = Y
= 2Exy [Ex: X = X[, By [Y = Y'[,] .
e Extension [Lyons, 2013|:
dCov?(X, Y) = ExyExyrp1 (X, X')p2 (Y, Y)

+ Exx (X,X,) Evyy: (Y, Y,)
— 2Exy [Ex:p1 (X, X")Eyip2 (Y, Y')].

Questions (answer € next section)
Asymptotic null distribution? Valid choices of (p1, p2)? M > 27 J
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Summary: dCov

e Formulation: factorization of the joint characteristic function.
e dCov: L?(w)-distance.

@ Smart choice of w = pairwise distance based estimator.

@ Almost sure convergence of the plug-in estimator.

°

Extendable to metric spaces.
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o In this part:
e X = (Xm)me[M] S xme[M]x,,,, km : Xm X Xy — R kernel.



o In this part:
e X = (Xm)me[M] S xme[M]DC,,,, km : X X Xy — R kernel.
@ Common trick: feature of P,

]P’I—)u[p:/x glx)  dP(x).

example: ]I(_oov.)(x),e"("x>,e<‘vx> in R4



Setting, mean embedding

@ In this part:
o X = (Xmn)mem] € XmeMXm: km : Xm X Xm — R kernel.
@ Common trick: feature of P,

Pr—>mp:/x glx) (),

example: ]I(,OQ.)(X),e"<‘vX>,e<'*X> in R4

° _ [Berlinet and Thomas-Agnan, 2004],
[Smola et al., 2007]: ¢(x) := k(-, x).
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o |Characteristic k [Fukumizu et al., 2008, Sriperumbudur et al., 2010a]:

if P — pk(P) is injective.



Characteristic property, universality

o |Characteristic k [Fukumizu et al., 2008, Sriperumbudur et al., 2010a]:

if P — pk(P) is injective.
° _: same but on finite signed measures (F = c;P1 — e,
c1, ¢ € RZ0). Recall:

o denseness in Cp(X),
e Taylor construction.
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Characteristic property, universality

o |Characteristic k [Fukumizu et al., 2008, Sriperumbudur et al., 2010a]:

if P — pk(P) is injective.
° _: same but on finite signed measures (F = c;P1 — e,
c1, ¢ € RZ0). Recall:

o denseness in Cp(X),
e Taylor construction.

Universal = characteristic. J
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IM! MD [Gretton et al., 2012]:

MMD(P, Q) := [|k(P) — ik (Q)]l5¢,

*

= BupreEy (f)rk(P) — Q) -
Ex-pf(X) ~ Ex~gf(X)

—
~




Maximum mean discrepancy

IM! MD [Gretton et al., 2012]:

MMD (P, Q) := ||k (P) — 1k (Q) I,

*

= BuprEEl (f: 1k(P) — 11(Q))ge,

Expf(X) — Exqf(X)

—
~

@ MMDy is metric < k: characteristic.
@ (x): MMDy € IPM (supscg Pf — Qf)

[Zolotarev, 1983, Miiller, 1997], an _ one!

® Mean trick: (uk(P), 1k(Q))s¢, = Ex~px~gk(X, X').
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Mk

, MMD

Applications:

two-sample testing
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005,
Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012, Jitkrittum et al., 2016],
and its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2018, Jitkrittum et al., 2017a] and goodness-of-fit
testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2021], causal discovery
[Mooij et al., 2016, Pfister et al., 2018],
domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2017],

[Harchaoui and Cappé, 2007], post selection inference
[Yamada et al., 2018],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schélkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],

[Kusano et al., 2016],

distribution classification
[Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], distribution regression
[Szabé et al., 2016, Law et al., 2018],
generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2018, Klus et al., 2019], ...
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Hilbert-Schmidt independence criterion
[Gretton et al., 20054]

M > 2: [Quadrianto et al., 2009, Sejdinovic et al., 2013a,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018]):

HSIC (P) := MMD,, (B, &)1 Pp) ,
M
k(x,x") == H km (Xms Xm) ;X = Xmem)Xm-
m=1

Shorthand: kK = @mkm.
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Hilbert-Schmidt independence criterion
[Gretton et al., 20054]

M > 2: [Quadrianto et al., 2009, Sejdinovic et al., 2013a,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018]):

HSIC (P) := MMD,, (B, &)1 Pp) ,
M
k(x,x") == H km (Xms Xm) ;X = Xmem)Xm-
m=1

Shorthand: kK = @mkm.
Alternative view of HSIC (naming from M = 2)

HSIC, (P) = || Cllns »
C=E {@me[M](Pm(Xm)} - ®me[M]E[‘Pm(Xm)]'

Note: ab” < a® b.
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e Ifac R, becR®, then ab” € RHx%,



e Ifac R, becR®, then ab” € RHx%,
e For g € R®

()5 =2(s7s)



e Ifac R, becR®, then ab” € RHx%,
e For g € R®

(abT) g=a (ng) = a(b,g) € R",

abT : R% — R linear mapping.



Intuition of a® b, goal: a := p(x) € Hy, b :=u(y) € H,

o If ac R peR®, then ab” € RH*%,
e For g € R®

(abT) g=a (ng) =a(b,g) € R%,

abT : R% — R linear mapping.

o Alternatively
R 7 (ab7) g = (73) (b74)

abT i R% x R% — R bilinear form.
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Intuition of a ® b, goal: a:= p(x) € Hy, b:=U(y) € Hy

o If ac R peR®, then ab” € RH*%,
e For g € R®

(abT) g=a (ng> =a(b,g) € R%,

abT : R% — R linear mapping.

o Alternatively
R> 7 (ab7)g=(fTa) (b7g) = (f, ) (g, b)

abT i R% x R% — R bilinear form.
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o Given: Hj, H, Hilbert spaces.
@ a®b:(f,g) € Hi x Hy — R is the bilinear form:

(a@b)(f,8) := (f, a)s, (g: by, -



Definition of a® b, H; ® Ho

e Given: Hy, H, Hilbert spaces.
@ a®b:(f,g) € Hi x Hy — R is the bilinear form:

(a & b)(fag) = <f7 a>ﬂ{1 <g7 b>ﬂ-f2 :

@ Finite linear combinations of a ® b-s:

L= {Z ci(ai @ bi),ci € R,aj € Hy,bj € Ho,n € Z+} :
i=1
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Definition of a® b, H; ® Ho

Given: Hq, H, Hilbert spaces.
a®b:(f,g) € Hy x Hy — Ris the bilinear form:

(a & b)(fag) = <f7 a>ﬂ{1 <g7 b>ﬂ-f2 :

@ Finite linear combinations of a ® b-s:

n
L= {Z C,'(a,' ® b,‘), i €R,a € Hqy,bj e Hoyn € Z+} .
i=1

@ Define inner product on £, and extend by linearity

(a1 ® b1, a2 ® by) := (a1, a2)gq, (b1, b2)yy, -
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Definition of a® b, H; ® Ho

Given: Hq, H, Hilbert spaces.
a®b:(f,g) € Hy x Hy — Ris the bilinear form:

(a & b)(fag) = <f7 a>ﬂ{1 <g7 b>3{2 :

@ Finite linear combinations of a ® b-s:

n
L= {Z C,'(a,' & b,‘), ¢ €R, a € J‘fl, b€ Hyo,ne Z+} .
i=1

@ Define inner product on £, and extend by linearity
(a1 ® b1, 2 ® by) := (a1, @) ¢, (b1, b2)g, -

o Hi ® Hy: completion of L.
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Tensor product of M Hilbert spaces:

(a1®...®aM)(h1,...,hM): H (am,hm)}fm,



a®...0ay, Hi®...® Hy would work similarly

Tensor product of M Hilbert spaces:

[
Mz

(a1 ®...®aum)(h1,...,hm) <am,hm>g{m,
m=1
M

<®l\n/’:13mv ®n,\gl:1hm> = H (am, hm>9{m )
m=1

= HSIC for M-variables: v
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Tensor product of M Hilbert spaces:

I
Mz

(a1®...®aM) (hl,...,hM) (am,hm)}fm,

3
I
-

[
=z

<®Am/’=13m, ®M=1hm> (am7 hm>ﬂ{m .

3
Il
—

= HSIC for M-variables: v/

Hie = @memHin, k = Omeimkm- I




Tensor product of M Hilbert spaces:

I
Mz

(a1®...®aM) (hl,...,hM) (am,hm)%m,

3
I
-

[
=z

<®Am/’=13m, ®M=1hm> (am7 hm>ﬂ{m .

3
Il
—

= HSIC for M-variables: v/

Hie = @memHin, k = Omeimkm-

h1 ® hy € HS(3H2,31), (a1 ® b1, a2 ® bo) s = (a1, a2) g, (b1, b2) g, -




Let k: X xX —>Rand/l:YxY =R, feH, ge H,.

C =E[k(-, X) @ (-, V)] = E[k(-, X)| @ E[¢(-, V)],

=X =y



Let k: X xX —>Rand/l:YxY =R, feH, ge H,.

C =E[k(-, X) @ (-, V)] = E[k(-, X)| @ E[¢(-, V)],

=X =py

(F,E[k(-, X) ® £(-, Y)]g>ﬂ-fk —(f, (px ® ,UJY)g>9{k

—
—~.
~

(i): E < (f, )y,



How the covariance operator represents covariance?

Let k: X xX —>Rand/l:YxY =R, feH, ge H,.

C=E[k(, X) ® (-, V)] ~ Ek(. X)| © EI(, )],
=X =Ky
NEIGEIR = (1 ELk (. X) @ ((. V)lgdag, — (. (1x @ ) 8o,

(_L) E<f, [k(-, X)@€(-,Y)]g >9'fk — <f, (x ® ,UY)g>J-Ck
—

KC XY L8 5, x iy &),

(0): E < (f, )9, (i) (2@ b)c = a(b,c)
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How the covariance operator represents covariance?

Let k: X xX —>Rand/l:YxY =R, feH, ge H,.

C = Elk(- X) @ (-, Y)] ~ Bk, X)] © B, V)],
=ipx =ipy
NEIGEIR = (1 ELk (. X) @ ((. V)lgdag, — (. (1x @ ) 8o,
DB k(- X) © €0, V)]g ), — (F-(10x @ 7)€ )5,
N—————’

KC XY L8 5, x iy &),

" EFC0g(Y)] - B O]

(0): E < (f, )9, (ii) (a® b)c = a(b, c),(iii) (mean) reproducing property.

—
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How the covariance operator represents covariance?

Let k: X xX —>Rand/l:YxY =R, feH, ge H,.

C = Elk(- X) @ (-, Y)] ~ Bk, X)] © B, V)],
=X =py
NEIGEIR = (1 ELk (. X) @ ((. V)lgdag, — (. (1x @ ) 8o,

DE(F, k(. X) @ U0, V)1g gg, — (F (ix © i) € Doy,
—_—

KC XY L8 5, x iy &),

" EFC0g(Y)] - B O]

(0): E < (f, )9, (ii) (a® b)c = a(b, c),(iii) (mean) reproducing property.

—

Basis of the KCCA consistency proof [Fukumizu et al., 2007]. |
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Questions

@ Meaning of j(P) = [ k(-,x) dP(x)?
f(X) € Hy

@ Easy-to-check descriptions of being characteristic?
© HSIC demo: cocktail party.

@ HSIC estimation.

© HSIC vs distance covariance?

@ When is HSIC a valid independence measure?

@ Application in hypothesis testing.
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o Given:

o (X, A, n): o-finite measure space,
e f:(X,.A) — H-valued function.



Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

o Given:

o (X, A, pn): o-finite measure space,
o f:(X,A) — H-valued function.

e For f =3 cixa, (Ai € A, ci € H) step functions

/ fdp = Z C,'[L(A,‘) e H.
X i=1
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Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

o Given:

o (X, A, pn): o-finite measure space,
o f:(X,A) — H-valued function.

e For f =3 cixa, (Ai € A, ci € H) step functions

/ fdp = Z C,'[L(A,‘) e H.
X i=1

@ f measurable function is Bochner p-integrable if
o 3 (fa)nen step functions: lim,_,o [ [|f — foll5c dpe = 0.
e In this case lim,_ fx fdp exists, =: fx fdu.
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o f: X — H is Bochner integrable < [y [|f||5 dp < oco.



o f: X — H is Bochner integrable < [y [|f||5 dp < oco.
o In this case || [y fdull4 < [y [[fllgcdpe. ("Jensen inequality’)



Bochner integral: properties

o f: X — H is Bochner integrable < [ ||f||5 dp < oco.
e In this case || [y fdullq; < [y [|fll5 dua- ("Jensen inequality’)
o :

puk(P) exists iff. [y [[k(-, x)|l5¢, dP(x) < oo.
—_————
\ k(x,x)

Specifically: for bounded kernel (sup, ,cx k(x,x") < o0) v .
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o f: X — H is Bochner integrable < [y [|f||5 dp < oco.
o In this case || [y fdull4 < [y [[fllgcdpe. ("Jensen inequality’)

o .
() exists. . [ |[K(-,x)|3c, AP(x) < oo,
N————’
\ k(x,x)
Specifically: for bounded kernel (sup,cx k(x,x') < 00) V' .

When is k characteristic (i.e. MMDy metric)? I




Polynomial kernels [Sriperumbudur et al., 2010a]:
e k(x,y) = (x,y): linear kernel (L =1).

MMDE(P, Q) = [[me — mall},  me = [ xdP(x)



Non -characteristic kernel examples

Polynomial kernels [Sriperumbudur et al., 2010a]:
@ k(x,y) = (x,y): linear kernel (L =1).

MMDZ(P, Q) = |/mp — mo|?2, mp — /xxdp(x).

o k(x,y)=({x,y) +1)* (L=2):
MMDZ(P, Q) = 2 [|me — mg||3 +||%z — Zq + memf — mgm{ |

where ||-||: Frobenius norm; ¥p: cov. matrix w.r.t. P.

Zoltan Szabé Independence Measures and Testing
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We focus on continuous bounded [shift=invariant kernels : J

K(x.y) = ko BREERI) = [ | &' dAw)

where A is a finite Borel measure (w.l.0.g. probability).

We expect it to be encoded in A! First, examples. J




Shift-invariant kernels on R [Sriperumbudur et al., 2010a]

For Poisson kernel: o € (0,1).

kernel name kg ko(w)
. 7& o202
Gaussian e 252 oe” 2
. —olx| 2_o
Laplacian e \/:J2+w2
22042 w
3 2n+2 4n+l sin (7
Bap11-spline * X[f%’%](x) N A
. sin(ox) ™
Sinc v \/%X[fa,o'](w)

Poisson #;’:(X)H V2r 32 olilé(w —J)
cin ( @+
S<in(i)) V2r Sl 6(w — )

Sinz (n+1)x n i .
Fejér L ) Varsh (1 i ) 5w —J)
Cosine cos(ox) V50w —0)+d(w+0)]

Dirichlet
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Shift-invariant kernels on R [Sriperumbudur et al., 2010a]

For Poisson kernel: o € (0,1).

kernel name kg ko(w)
. 7& o202
Gaussian e 252 oe” 2
. —olx| 2_o
Laplacian e \/:J2+w2
22042 w
3 2n+2 4n+l sin (7
Bap11-spline * X[f%’%](x) N A
. sin(ox) ™
Sinc v \/%X[fa,o'](w)

Poisson W%’:(X)H \/EZFE,OO allo(w - j)
. 2n+1)x
Dirichlet M Vor Yl 6w — )

sm(%)

sin2 (n+1)x n . i
Fejér ,,.}.1 sinz(g) \/ﬂzg_n (1 - nﬂl) 6(‘*} *J)
Cosine cos(ox) \/§ [0(w — o) + d(w+ )]
For x € RY: ko(x) = dezl ko(x;), E(w) 1 kg(wj)
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MMD3 (P, Q) = [|1(P) — 1 (Q) 13,

_ H /x k(- x)dP(x) — /x k(- y)dQ(y)

2
H



MMD3 (P, Q) = [|(P) — ju(Q)|I3,

_ H /x (-, x)dP(x) — /x k(- y)dQ(y)
=(a—b,a— by,

2
H



MMDZ(P, Q) = [|u(P) — 1(Q)ll3,
_ H /x (-, x)dP(x) — /x k(- y)dQ(y)

= (a—b,a— by,
= (k(P), 1k (P)) g, + (1k(Q), ik (Q)) g, — 2 (ke (P), 114 (Q)) 5,

2
Hy



MMD in terms of kernel evaluations

MMD3(P, Q) = ||k (P) — uk(Q)]1%,

2
- [ kC.vaaw)
X
= (a —b,a— by,

(P), 1 (P))ge, + (1k(Q), pac(Q@))g¢, — 2 (ke (P), 1 (Q@)) ¢,

—// (x, x")dP(x)dP(x +// (v,y)dQ(y)dQ(y")
_Q/x/xkx,yd]P’ x)dQ(y
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MMD in terms of kernel evaluations

MMD3 (P, Q) = [|(P) — ju(Q)|I3,

/9C k(-, x)dP(x) — /x k(- y)dQ(y)

:(a—b,a—b>g{k

= (e (P), 1k (B))ge, + (i Q). 1 (@), — 2 (1 (P), 14c(Q@))se,

— /x /x k(x, x')AP(x)dP(x') + /x /x k(y,y")dQ(y)dQ(y’)
2 [ [ K(xy)dB()a0()

2

Hy
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Using Bochner's theorem (X = RY):

MMDF(2.Q) = [ [ K(x.y)d(P - Q)x)d(P - Q)(y)



MMD in terms of characteristic functions

Using Bochner's theorem (X = RY):

MMDZ (P, Q) = /Rd /Rd k(x,y)d(P — Q)(x)d(P — Q)(y)
- / . / y / L YL ANw)d(P ~ Q)(x)d(P — Q)(y)
R9 JRY JR
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MMD in terms of characteristic functions

Using Bochner's theorem (X = RY):

MMD? (P, Q) = /Rd /Rd k(x, y)d(P — Q)(x)d(P — Q)(y)
_ /R d /R d /R e anw)d(P - Q)(x)d(P - Q)(y)
= [ L e @ -] | [ ¢rae - o) anw)

cp(w)—co(w) ap(w)—co(w)
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MMD in terms of characteristic functions

Using Bochner's theorem (X = RY):

MMD2 (P, Q) :/ / k(x, y)d(P — Q)(x)d(P — Q)(y)

_/Rd/Rd/Rd bY@ A (w)d(P — Q) (x)d(P — Q)(y)
= [ L e @ -] | [ ¢rae - o) anw)
) @) cr(w)~co ()

= /Rd |ep(w) — cp(w)]? dA(w)
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MMD in terms of characteristic functions

Using Bochner's theorem (X = RY):

MMD2 (P, Q) :/ / k(x, y)d(P — Q)(x)d(P — Q)(y)

_/Rd/Rd/Rd Y@ A (w)d(P — Q)(x)d(P — Q)(y)
= [ L e @ -] | [ ¢rae - o) anw)
) @) cr(w)~co ()

= [ ler(e) — co(@)?dAw) = e ~ collfy
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k is characteristic iff. supp(N\) = RY. I




Simple description for shift-invariant kernels on R¢

Theorem ([Sriperumbudur et al., 2010a])

k is characteristic iff. supp(\) = R9.

Example on R:

kernel name kg ko(w) supp (ko)
. — x2 o'zwz
Gaussian e 2.2 e 2 R
i —olx| 2_o _
Laplacian e e R
2042w
; 2n+2 gri1 sin2(
- *
Bap11-spline X[_%é](x) o R

sin(ox)

Sinc -

\/?X[—U,U](w) [—o,0]

or the Matérn kernel (next slide).

Zoltan Szabé

Independence Measures and Testing



k(x,y) = ko(x —y) = 2 (\/E”x - Y||2>v K, <M) ’

F(v) o

where K,: modified Bessel function of the second kind of order v



Matérn kernel

k(x,y) = ko(x —y) =

_ 2 <v2VHX—yH2>VK <\/2V\|X—yllz>
o Y

r(v) o
—~ 24V i (v + d/2)vY (2v ~(v+d/2)
ko(w) = F(\(/)a2" /2) ((72 + 472 ||w||§> >0 VYweRY,

where K,: modified Bessel function of the second kind of order v, I':
Gamma function.
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Matérn kernel

k(x,y) = ko(x —y) =

_ 2 <v2VHX—yH2>VK <\/2V\|X—yllz>
o Y

r(v) o
- 24V ST (v + d/2)vY [ 2v —(v+d/2)
ko(w) = F(\(/)a2" /2) ((72 + 472 ||w||§> >0 YweRY,

where K,: modified Bessel function of the second kind of order v, I':
Gamma function.

[Ix=yll2
1. o
@ For v = 7: one gets k(x,y) =e™ " =
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Matérn kernel

1-v vix — v ik —
k(x,y) = ko(x —y) = 2F(V) <ﬁ”0 YH2> K, <\EHJYH2>’

24+ ST (v + d/2)v (2\/

ko(w) = v)o® P 472 |wl|3 >0 VYweRY,

>—(v+d/2)

where K,: modified Bessel function of the second kind of order v, I':
Gamma function.
1. Iyl
@ For v =3: one gets k(x,y) =e~ -

@ Gaussian kernel: v — oo.
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@ B-spline kernel type kernels on R¥:

e k: still continuous, bounded, shift-invariant.
o B-spline kernel: supp(ko) is compact < practically relevant.



@ B-spline kernel type kernels on R¥:

e k: still continuous, bounded, shift-invariant.
o B-spline kernel: supp(ko) is compact < practically relevant.

supp(ko): compact = k is characteristic.




@ B-spline kernel type kernels on R¥:

e k: still continuous, bounded, shift-invariant.
o B-spline kernel: supp(ko) is compact < practically relevant.

supp(ko): compact = k is characteristic. I

(2] - bounded, continuous kernels on R¢:

k(x,y) = ko(IRENIRD,  ko(2) = /[Ooo) P du(t).

)



@ B-spline kernel type kernels on R¥:

e k: still continuous, bounded, shift-invariant.
o B-spline kernel: supp(ko) is compact < practically relevant.

supp(ko): compact = k is characteristic. l

(2] - bounded, continuous kernels on R¢:

k(x,y) = ko(IRENIRD,  ko(2) = /[Ooo) P du(t).

)

k is characteristic < supp(v) # {0}.




Characteristic kernel: 2 notes

@ B-spline kernel type kernels on RY:

e k: still continuous, bounded, shift-invariant.
e B-spline kernel: supp(ko) is compact < practically relevant.

Theorem ([Sriperumbudur et al., 2010a])

supp(ko): compact = k is characteristic.

@ [Radial , bounded, continuous kernels on R¢:

Koy) = (ISR kole) = [ e an(e)

Theorem ([Sriperumbudur et al., 2010a])
k is characteristic < supp(v) # {0}.

We are switching to HSIC, demo first.

Zoltan Szabé Independence Measures and Testing



Cocktail party: HSIC demo
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x = As, s=[sl;...;sM],

where s™-s are non-Gaussian & independent.
e Goal: {x¢;}; > W=A"1{s;}],,



x = As, s=[sl;...;sM],

where s™-s are non-Gaussian & independent.
e Goal: {x¢;}; > W=A"1{s;}],,

@ Objective function:

§ = Wx,
JW) =1 (8,...,8") = min.



ISA: source, observation

@ Hidden sources (s

A%CDEF
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ISA: source, observation

@ Hidden sources (

@ Observation (x):

Ve
et . el e,
PR VIR, 1Y, -~
Y . Y x‘

‘-. s o P
g% “. 2 ., .7 xd
i“ ‘“ :"-: ’ R " * -

.

,..s-. .

b
Bt
2 e,

2
v
KB
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ISA: estimated sources using HSIC, ambiguity

e Estimated sources (

BEHOADNY
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ISA: estimated sources using HSIC, ambiguity

e Estimated sources (

BEOADWY

o Performance (WA ambiguity:
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o ISA = ICA + permutation.



Conjecture: ISA separation t_

@ ISA = ICA + permutation. I-|/SI\C(§,-,§J-),




Conjecture: ISA separation theorem [Cardos_

@ ISA = ICA + permutation. I-|/SI\C(§,-,§J-),




Conjecture: ISA separation theorem [Cardoso, ]-

@ ISA = ICA + permutation. I-|/SI\C(§,-,§J-),

@ Basis of the state-of-the-art ISA solvers.



Conjecture: ISA separation theorem [Cardoso, 1998]

o ISA = ICA + permutation.

@ Basis of the state-of-the-art ISA solvers.
e Sufficient conditions [Szabé et al., 2012]:
e s™: spherical [Fang et al., 1990].
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UL 9@
. eé

Invariance to

@ 90° rotation: f(u1,up) = f(—up, 1) = f(—uw1, —w2) = f(u2, —u1).




ISA separation theorem — for dim(s™) = 2 less is enough.

1
@ . @ ° / - .
/
!
1 o / 1 r
S
0 <
i ~~x
/
" I } t
08 /
- / ) - -
1 05 0 05 1

@ 90° rotation: f(u1,up) = f(—up, 1) = f(—uw1, —w2) = f(u2, —u1).
@ permutation and sign: f(fuy, up) = f(Fuo, +uq).

Invariance to
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ISA separation theorem — for dim(s™) = 2 less is enough.

.06 . 9w

Invariance to
@ 90° rotation: f(u1,up) = f(—up, 1) = f(—uw1, —w2) = f(u2, —u1).
@ permutation and sign: f(tuy, +uwp) = f(+ 2,iu1).
(p>

@ [P-spherical: f(u1,u) = h(X;|uilP) 0).

Intuition of HSIC estimator follows. )
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HSIC: intuition. X: images, Y: descriptions.

an interesting scent. They need plenty of
exercise, about an hour a day if possible.

.
" Their noses guide them through life, and
” they're never happier than when following

A large animal who slings slobber, exudes a
distinctive houndy odor, and wants nothing more
than to follow his nose. They need a significant
amount of exercise and mental stimulation.

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Text from dogtime.com and petfinder.com
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HSIC intuition: Gram matrices

v

" J —~ Their noses guide them through life, and ~

d G they're never happier than when following G
X an interesting scent. They need plenty of y

exercise, about an hour a day if possible.

A large animal who slings slol
distinctive houndy odor, and
than to follow his nose. They
amount of exercise and ment;

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.
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HSIC intuition: Gram matrices

v
Their noses guide them through life, and ~

» :
they're never happier than when following
GX an interesting scent. They need plenty of Gy

exercise, about an hour a day if possible.

A large animal who slings slol
distinctive houndy odor, and
than to follow his nose. They
amount of exercise and ment;

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Empirical estimate': easy, KCCA alternative,
— 1 . .
2 _
HSIC2(X, ) = 125 <GX,GY>F.

T lllustration credit (Arthur Gretton).
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2
HSIC?(X, Y) = || Cy lliis = ICy — ix ® v s



2
HSIC2(X, Y) = [|Ciy IFis = | Cy — iix ® iy lliys
= ||C)‘év||i/s + [[ux ® NY“%-IS —2(Cxy ix @ fy) ys -



HSIC in terms of kernel evaluations

2 2
HSIC?(X, Y) = [|Cxy llfis = IICRy — kix @ py |liys
2 2
= ICxy s + lx @ pyllys — 2(Cxys ix @ py) s -

First term:

1Ckv liEis = (Exy [p(X) @ $(YV)], Exryr [0(X) @ $(Y)]) s
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HSIC in terms of kernel evaluations

2 2

HSIC*(X, Y) = [|Cxyllis = ICXy — ix ® py llis
2 2

= ICxyllys + lux @ pyllys — 2(Cxys ix @ py) s

First term:

(V)] Exryr [p(X) @ ¥ (Y)]) s
) @(Y),0o(X") @ Y(Y')) s

(P(X)p (XN ac, Y)Y ))ge,

Iy lIzis = (Exy [p(X) @
=ExyEx/y (o(X

<el ® ﬂa e® f2>HS(9{2,f}C1) = <ela eZ)}ﬁ <f1a f2>g{2
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HSIC in terms of kernel evaluations

HSIC(X, Y) = | Ciy IFis = IICy — i1x ® py s
= [ICy s + ll1ex @ my s — 2 (Cky s ix ® by s
First term:
( )] Exrys [ (X/) ®¢(Y/)]>H5
) @Y(Y), o(X") @Y(Y")) ys
(P(X)p (XN ac, Y)Y ))ge,
= Exy]EX/yzk(X,X’)E(Y, Y’).

ICy s = (Exy [p(X) @
=ExyEx/y (o(X

<el ®fh,e2® f2>Hs(g{2’g-(1) = <e].7 e2>g{1 <f1a f2>}(2
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HSIC3(X, Y) = [|Ciy | 7is + lix ® iy lis — 20Cly i @ 11y) s,
1Cky s = ExyExryrk(X, Y)Y, Y),
liex @ 1oy lI3is = Exxrk(X, X )Eyy £(Y, Y'),
(Cy o ix @ py) s = Exy [Ex k(X, X )Ey (Y, Y")].



HSIC in term of kernel evaluations — continued

HS|C2(X7 Y) = HCféYHi/s + llux @ MYH?—IS — 2(Cxy, 1ix @ 1y ) s
1C%y IFis = ExyExryrk(X, Y)Y, Y'),
liux @ wyllfis = Exxx (X, XEyy (Y, Y'),
<C)Léy,/l,x & /1Y>H5 = Exy [Exlk(X,X/)Ey/f(Y, Y,)] .
Idea: given {(Xn, ¥n)}ne[n] hid Pxy,
@ Let us estimate Cgy, ux, py empirically & a bit of linalg.
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HSIC?(X, Y) = [|Ciy I 5is + lux ® pylis = 2(Cy ix @ 11y ) s,
1Cey I5is = ExyExry k(X, Y)Y, Y'),
lx @ pyllfis = Exx k(X X )Eyyrl(Y, V'),
(Clyopix @ py) s = Exy [Ex k(X, X )Ey (Y, Y")].

Idea: given {(Xn,Yn)}ne[N] e Pxy,

@ Let us estimate Cgy,, px, py empirically & a bit of linalg.

HSIC2(X, Y) = -: see the intuition.




HSICA(X, Y) = ||Ciy I Fis + lix @ py llfss — 20Cly - 1ix © 11y s
HC)LéY“%-IS = IE)<YI[4:X'Y’k()<’ YI)Z( Y? YI)?
liex ® py s = Exxrk(X, X )Eyy £(Y, V'),
(Cy o ix @ py) s = Exy [Ex k(X, X )Ey (Y, Y")].

Idea: given {(Xn,Yn)}ne[N] e Pxy,

@ Let us estimate Cgy,, px, py empirically & a bit of linalg.

HSIC2(X, Y) = -: see the intuition.
Distance covariance vs. HSIC. '




Using metric pyx and py:
dCov?(X, Y) = ExyExiypx (X, X") py (Y, Y)

+ Exx'px (X, X") Eyyipy (Y, Y’)
—2Exy [Expx (X, X")Eyipy (Y, Y')].



Using metric pyx and py:
dCov?(X, Y) = ExyExiypx (X, X") py (Y, Y)
+ Exxrpx (X, X') Eyyrpy (Y, Y)
- Z]EXY []Exlpx (X, X’) EYlpld (Y, Y/)] .
Using kernel ky and ky:

HSIC?(X, Y) = ExyExry ke (X, X Yky(Y, Y')
+ Exx kx (X, X' )Eyyky(Y, YY)
— 2[E xy [EXIkx(X, X/)Ey/ky(y, Y,)] .



Using metric pyx and py:

dCov?(X, Y) = ExyExiypx (X, X") py (Y, Y)
+ Exx'px (X, X") Eyyipy (Y, Y’)
— 2Exy [Ex/px (X, X ) Eyipy (Y, Y')].
Using kernel ky and ky:

HSIC?(X, Y) = ExyExry ke (X, X Yky(Y, Y')
+ Exx kx (X, X' )Eyyky(Y, YY)
— 2[E xy [EXIkx(X, X/)Ey/ky(y, Y,)] .

This suggests some relation: kx <> px, ky <> py? J




HSIC vs dCov [Sejdinovic et al., 2013b]

High-level preview
@ Distance and kernel techniques can be related:

(set of ) kernel(s) <« semi-metric of negative type > ||-||,,
characteristic kernel < semi-metric of strong negative type.

o Consequence:

energy distance < MMD, _
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p X x X —[0,400) is a [metric on X if
° p(x,y)=0&x=y.




p:X x X —[0,400) is a [metric| on X if
° p(x,y)=0&x=y.
e Symmetry: p(x,y) = p(y, x) for Vx,y € X.




p:X x X —[0,400) is a [metric| on X if
° p(x,y)=0&x=y.
e Symmetry: p(x,y) = p(y, x) for Vx,y € X.

e Triangle inequality: p(x,z) < p(x,y) + p(y, z) for
Vx,y,z € X.




p X x X —[0,400) is a [metric on X if
° p(x,y)=0&x=y.

e Symmetry: p(x,y) = p(y, x) for Vx,y € X.

@ Triangle inequality: p(x,z) < p(x,y) + p(y, z) for
Vx,y,z € X.

o [semismetric : triange inequality is dropped.

> aiajp(xi,x) <0
ij€[N]

for VN > 2, V(Xn)ne[N] C X and V(a,,),,e[N] C R with
Ene[N] ap =0.



[Berg et al., 1984]:
@ p:v = p?:V forVae(0,1).



[Berg et al., 1984]:
@ p:v = p?:V forVae(0,1).
@ & description: Im : X — 3 (ilbert) injective mapping such
that

p(x,y) = [Im(x) — m(y)|3.-



Semi-metric space of negative type

[Berg et al., 1984]:
@ p:v = p?: v forVae (0,1).
e < description: Im : X — 3 (ilbert) injective mapping such
that

p(x,y) = [Im(x) — m(y)|3-

Thus,
@ 2nd part = (Rd, H”§> v
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Semi-metric space of negative type

[Berg et al., 1984]:
@ p:v = p?: v forVae (0,1).
e < description: Im : X — 3 (ilbert) injective mapping such
that

p(x,y) = [Im(x) — m(y)|3-
Thus,

@ 2nd part = (Rd, H”§> v
o +1st part = p(x,y) = |x —y||3 v with g € (0,2].
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Semi-metric space of negative type

[Berg et al., 1984]:
@ p:v = p?: v forVae (0,1).
e < description: Im : X — 3 (ilbert) injective mapping such
that

p(x,y) = Im(x) — m(y)|3.
Thus,
@ 2nd part = (Rd, H”§) v

o +1st part = p(x,y) = |x —y||3 v with g € (0,2].
e Specifically: p(x,y) =[x —y|, is OK.
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Semi-metric space of negative type

[Berg et al., 1984]:
@ p:v = p?: v forVae (0,1).
@ & description: dm : X — X (ilbert) injective mapping such
that

p(x,y) = Im(x) — m(y)Il3; -

Thus,
@ 2nd part = <Rd7 HH%) v
o +1st part = p(x,y) = |x —y||3 v with g € (0,2].
e Specifically: p(x,y) =[x —y||, is OK.

@ Other example (metric space of negative type): LP[0,1]
(p € [1,2]), hyperbolic space [Meckes, 2013].
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(Z, p): semi-metric space, zp € Z. Let

k(z,Z') = p(z,20) + p(Z, 20) — p(z, 2).

The function k is kernel iff. p is of negative type.




(Z, p): semi-metric space, zp € Z. Let

k(z,Z') = p(z,20) + p(Z, 20) — p(z, 2).
The function k is kernel iff. p is of negative type.

_ induced by such p-s, scaled by 2, with zy varying:

X, = {k  k(z,Z) = % [p(z,20) + p(2',20) — p(2,2')] , 20 € Z} .




Q For ke K,
® Jzp € Zs.t. k(z0,20) =0. Note: # k(z,2') = =1L



Q For ke K,
;112
® Jzp € Zs.t. k(z0,20) =0. Note: # k(z,2') = =71,

® z+— ¢(z) := k(-,z) is injective (=:non-degenerate kernel), and
@ k generates p:

o2,2') = llp(2) = 9(2)l3g, = k(z,2) + k(2. 2) = 2k(z, 2.



Properties

Q For ke K,

12
® Jzp € Zs.t. k(z,20) =0. Note: 7 k(z,2') = e l===1l;.

® z+— p(z):= k(-, z) is injective (=:non-degenerate kernel), and
© k generates p:

p(z.2) = p(z) — (2 )ll5¢, = k(z,2) + k(2. 2') — 2k(z,2').

@ Flipping the roles: if a kernel k : Z x Z — R is non-generate, then

generates a semi-metric of negative type. In addition, k € X, iff.
k(zo,2p) = 0 for some zy € Z.
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Let pg(z,2') = ||z — 2'||3, g € (0,2]. Then the generated distance
kernel

ko(z,2) = lIz13 + |2l = 2 = 212

is the [fractional Brownian motion| kernel.



Examples — continued

7112 .
For the Gaussian kernel k(z,2') = e=?l7=7I2, the induced
semimetric is

p(z,2) =2 {1 _ e—a||z—z/||§} .
But the p-induced kernel (centered at zero)
/}(Z,Z/) — e*UHZfz’Hg +1— efcerHg . e,O”Z/”;

also generates p.
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Examples — continued

7112 .
For the Gaussian kernel k(z,2') = e=l2=7I2, the induced
semimetric is

p(z,2) =2 [1 . e—anz—z’né} _
But the p-induced kernel (centered at zero)

/ 1 1 /
k(z’ z/) — e_Ullz_Z ||§ + 5 — e_a||Z||§ _.I_ 5 _ e_UHZ Hg .

f(2) f(2')

also generates p.
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Examples — continued

7112 .
For the Gaussian kernel k(z,z') = e~?I7=7ll2, the induced
semimetric is

p(z,2) =2 [1 . e—anz—z’né} _
But the p-induced kernel (centered at zero)

_ 2 1 _ 2 1 _ /112
k(z’ z/) — e U”Z z ”2 + — — e O'||Z||2 _.I_f — e 0'||Z H2 .

f(2) f(z')
also generates p.

There can be a lot of k-s generating p, but

k and k generates p iff. k(z,2') = k(z,2) + f(z) + f(2') for some
shift function.
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Equivalence

e Let (X, px) and (Y, py) be semi-metric spaces of negative type,
(X,Y)eX xY. Pxe M3 Pye /\/lf,y (2nd moments < c0).
@ Let the corresponding distance covariance

dCOVpx,p‘j (X, Y) = ExyEX/y/px (X,X’) Py (Y, Y/)
+ Exx'px (X, X") Eyyipy (Y, Y’)
— 2Exy [Exlpx (X,X’) Ey/py (Y, Y/)] .
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Equivalence

e Let (X, px) and (Y, py) be semi-metric spaces of negative type,
(X,Y)eX xY. Pxe M3 Pye M%%} (2nd moments < c0).
@ Let the corresponding distance covariance

dCOVpx,p‘j (X, Y) = ExyEX/y/px (X,X’) Py (Y, Y/)
+ Exx'px (X, X") Eyyipy (Y, Y’)
— 2Exy [Exlpx (X,X’) Ey/py (Y, Y/)] .

@ Let kx and ky be any 2 kernels generating py and py.
o Let k := ky ® ky.
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Equivalence

e Let (X, px) and (Y, py) be semi-metric spaces of negative type,
(X,Y)eX xY. Pxe M3 Pye /\/lf,y (2nd moments < c0).
@ Let the corresponding distance covariance

dCOVpx,p‘j (X, Y) = ExyEX/y/px (X,X’) Py (Y, Y/)
+ Exx'px (X, X") Eyyipy (Y, Y’)
— 2Exy [Exlpx (X,X’) Ey/py (Y, Y/)] .

@ Let kx and ky be any 2 kernels generating py and py.
o Let k := ky ® ky.

Then dCov> (X, Y) = 4HSICE(X, Y).
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Let v = Pxy — Py ® Py. Notice: (X xY)=1-1=0.

dCov2, . (X, Y) = ExyExryipx (X, X) py (Y, Y)

+ EXX/Px (X,X’) ]Eyy/py (Y, YI) - 2Exy [Exlpx (X,X’) Ey/py (Y, YI)]



Let v = Pxy — Py ® Py. Notice: (X xY)=1-1=0.

dCov2, . (X, Y) = ExyExryipx (X, X) py (Y, Y)

+ Exxrpx (X, X') Eyyrpy (Y, Y') = 2Exy [Exrpx (X, X)) Eyrpy (Y, V)]
= [ el Xy vl y)dv(x )
XxY JXxY



Indeed

Let v = Pxy — Py ® Py. Notice: I/(:X: X ‘3) =1—-1=0.

dCOVpx oy (X, Y) = EXYEX’Y’pDC (X,X/) Py (Y, Y/)

—|— Exxlpx (X,X’) Eyy/pté (Y, Y,) — 2EXY [Ex/px (X,X/) Ey/pté (Y, YI)]

=[] b Y ()
AxY JAXY

/xxy/xxy ko (x, x) + ky(x', x") -]
x [ky(v,y) + ky (/') — [N | dv(x, y)dv(x',y')

—
*
~

(): [ J&(x,y,x",y")dv(x,y)dv(x',y') = 0 when g does not depend on
> 1 of its args, since v also has zero marginal measures.
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Indeed

Let v = Pxy — Py ® Py. Notice: I/(:X:X ‘3) =1—-1=0.

dCov2, . (X, Y) = ExyExryipx (X, X) py (Y, Y)

—|— Exxlpx (X,X’) Eyy/pté (Y, Y,) — 2EXY [Ex/px (X,X/) Ey/pté (Y, YI)]

=[] b Y ()
AxY JAXY

- /xxy /f)ny {kx(x,x) + ke (x', x') = -]
x [ky(v,y) + ky (/') — [N | dv(x, y)dv(x',y')

(;) 4/ / kx(x,x’)ky(y,y')dV(X,y)dV(X,»y/)
XxY JXAxY

(): [ J&(x,y,x",y")dv(x,y)dv(x',y') = 0 when g does not depend on
> 1 of its args, since v also has zero marginal measures.
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Indeed

Let v = Pxy — Py ® Py. Notice: I/(:X:X 13) =1—-1=0.

dCov2, . (X, Y) = ExyExryipx (X, X) py (Y, Y)

—|— Exxlpx (X,X’) Eyy/pté (Y, Y,) — 2EXY [Ex/px (X,X/) Ey/pté (Y, YI)]

=[] b Y ()
AxY JAXY

= ko (x, x) + kx(x', x") —
/xxy /DCXH [ X(X X) X(X X) -]
x [ky(v,y) + ky (/') — [N | dv(x, y)dv(x',y')
Da [ | klxok(yy ) )dnKy)
XxY JXAxY
= 4HSIC3(X, Y).

(): [ J&(x,y,x",y")dv(x,y)dv(x',y') = 0 when g does not depend on
> 1 of its args, since v also has zero marginal measures.
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Energy distance

[Baringhaus and Franz, 2004, Székely and Rizzo, 2004,
Székely and Rizzo, 2005, Sejdinovic et al., 2013b] or
N-distance [Zinger et al., 1992, Klebanov, 2005]

e (X, p): semi-metric space of negative type.
o Kernel k: X x X — R.
e Finite a-moment w.r.t. p and k (a > 0):

M3(X) = {IP’ € Mp(X) : Ix € X s.t. /xpa(x,xo)dP(x) < oo} ,

M3(X) = {IP’ € My(X) - /xka(x,x)d]P’(x) < oo}.
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Energy distance

[Baringhaus and Franz, 2004, Székely and Rizzo, 2004,
Székely and Rizzo, 2005, Sejdinovic et al., 2013b] or
N-distance [Zinger et al., 1992, Klebanov, 2005]

e (X, p): semi-metric space of negative type.
o Kernel k: X x X — R.
e Finite a-moment w.r.t. p and k (a > 0):

M3(X) = {IP’ € Mp(X) : Ix € X s.t. /xpa(x,xo)dP(x) < oo} ,
M3(X) = {IP’ € Mp(X) - /xka(x,x)d]P’(x) < oo}.

1
@ Recall: 3k (P) & P € M (X).
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Energy distance
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004,
Székely and Rizzo, 2005, Sejdinovic et al., 2013b] or
N-distance [Zinger et al., 1992, Klebanov, 2005]

e (X, p): semi-metric space of negative type.

o Kernel k: X x X — R.
e Finite a-moment w.r.t. p and k (a > 0):

M3(X) = {IP’ € Mp(X) : Ix € X s.t. /D.Cpa(x,xo)dP(x) < oo} ,

2(X) = {IP’ € Mp(X) * /xka(x,x)d]P’(x) < oo}.

1
Recall: 3, (P) & P € M (X).
Moments comparison J

Let k generate p and n € N. Then J\/[pg(f)C) — ME(DC)

Zoltan Szab6 Independence Measures and Testing



Energy distance — continued

Let P,Q € M})(DC) X, X" ~Pand Y,Y ~ Q. Energy distance of
[P and Q [Sejdinovic et al., 2013b]:

DZ ,(P,Q) = 2Ex,yp(X, Y) = Ex xp(X, X') = Ey,yp(Y, Y').
@ p: negative type = Dg ,(P,Q) > 0.
@ p: strong negative type if for VP, Q € M*(X):

P+ Q = Dg,(P,Q) #0.
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Energy distance — continued

Let P,Q € M})(DC) X, X" ~Pand Y,Y ~ Q. Energy distance of
[P and Q [Sejdinovic et al., 2013b]:

DZ ,(P,Q) = 2Ex,yp(X, Y) = Ex xp(X, X') = Ey,yp(Y, Y').
@ p: negative type = Dg ,(P,Q) > 0.
@ p: strong negative type if for VP, Q € M*(X):

P+ Q = Dg,(P,Q) #0.

Notes:
e = Dg , can distinguish probability measures.
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Energy distance — continued

Let P,Q € M})(DC) X, X" ~Pand Y,Y ~ Q. Energy distance of
[P and Q [Sejdinovic et al., 2013b]:

D% ,(P,Q) = 2Ex,yp(X,Y) — Ex x'p(X,X) = Ey yp(Y,Y’).

@ p: negative type = Dg ,(P,Q) > 0.
@ p: strong negative type if for VP, Q € M*(X):

P # Q = Dg (P, Q) # 0.

Notes:

e = Dg , can distinguish probability measures.
o Example [Lyons, 2013]: every separable Hilbert space.
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Energy distance — continued

Let P,Q € M})(DC) X, X" ~Pand Y,Y ~ Q. Energy distance of
[P and Q [Sejdinovic et al., 2013b]:

D% ,(P,Q) = 2Ex,yp(X,Y) — Ex x'p(X,X) = Ey yp(Y,Y’).

@ p: negative type = Dg ,(P,Q) > 0.
@ p: strong negative type if for VP, Q € M*(X):

P # Q = Dg (P, Q) # 0.

Notes:

e = Dg , can distinguish probability measures.

o Example [Lyons, 2013]: every separable Hilbert space.

e dCov,. ,, is a valid independence measure < px and py:
metric of negative type [Lyons, 2013].
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Let (X, p) be a semi-metric space of negative type, k : X x X — R
any kernel that generates p, and P,Q € M},(DC) Then

D% ,(P,Q) = 2MMDZ(P, Q).




Let (X, p) be a semi-metric space of negative type, k : X x X — R

any kernel that generates p, and P,Q € M,l,(f)C) Then

D% ,(P,Q) = 2MMDZ(P, Q).

Let k any kernel that generates p. Then

(X, ) is of [EROREMBERANE]type <  is ERBFRERGRBHE on 73(2).




_Energydistance o MMD____
Let (X, p) be a semi-metric space of negative type, k: X x X — R

any kernel that generates p, and P,Q € M,l,(f)C). Then

D% ,(P,Q) = 2MMDZ(P, Q).

Let k any kernel that generates p. Then

(X, ) is of [EROREMBERANE]type <  is ERBFRERGRBHE on 73(2).

Validness of HSIC and MMD follow.

—




characteristic / Z-characteristic property! l

e HSIC: k = ®M_, k,, will be called Z-characteristic if

HSIC,(P) =0 & P =M P,



characteristic / Z-characteristic property! I

e HSIC: k = ®M_, k,, will be called Z-characteristic if

HSIC,(P) =0 & P =M P,

° ®f\n”:1km: universal = characteristic = Z-characteristic.



characteristic / Z-characteristic property! l

e HSIC: k = ®M_, k,, will be called Z-characteristic if

HSIC,(P) =0 & P =M P,

° ®M":i km: universal = characteristic = Z-characteristic.

° © Characteristic properties of @M_, kp, _!



Validness of HSIC and MMD (product space)

Central in applications

characteristic / Z-characteristic property!

o HSIC: k = ®M_, k., will be called Z-characteristic if
HSIC,(P) =0 & P = @M_ P,

o ®M . kny: universal = characteristic = Z-characteristic.

° -: Characteristic properties of @M, k,

e Known (M = 2, [Blanchard et al., 2011, Lyons, 2013]):

k1& ks : universal = ki ® ky : universal (= Z-characteristic).
k1& ko : characteristic & k1 ® ko : Z-characteristic.
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o Characteristic property:

Py — P # 0 = p(Pr —P2) # 0.



Discrete case: - e.g. ki, ko: char % k; ® ky: char.

@ Characteristic property:
Pl —IP)Q #Oiﬂk(Pl —Pz) 750
@ Observation [Sriperumbudur et al., 2010a]: k is characteristic iff.

VE € Mp(X) \{0} & F(X) =0=  [ju(E)|I5,> 0.
finite signed measures on X f f
thite st u v Iy k(x,x")dF(x)dF(x")
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Discrete case: - e.g. ki, ko: char % k; ® ky: char.

@ Characteristic property:
IP)l —IP)Q 750:>uk(P1—P2) 750
@ Observation [Sriperumbudur et al., 2010a]: k is characteristic iff.

VE € Mp(X) \{0} & F(X) =0=  [ju(E)|I5,> 0.
finite signed measures on X f f
thite si u v Iy k(x,x")dF(x)dF(x")

IF € Mp(X)\{0} & F(X) = 0 for which || (F)||%, = 0.
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Discrete case: - e.g. ki, ko: char % k; ® ky: char.

@ Characteristic property:
P, — Py #O#Mk(Pl —P2) #0.
@ Observation [Sriperumbudur et al., 2010a]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) =0=  [lui(F)[5,> 0.
—— —_——
finite signed measures on X fx fx k(x,x")dF(x)dF(x")

3F € Mp(X) \{0} & F(X) =0 for which [|x]%, = 0.
v - N— N S
A:=(aj) eq1(A)=0 eqa(A)=0
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Discrete case: - e.g. ki, ko: char % k; ® ky: char.

o Characteristic property:
IP)l —IP)Q #Oiuk(Pl—Pz) 750
@ Observation [Sriperumbudur et al., 2010a]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) = 0= [lu(B)]l5,> 0.
—— ——
finite signed measures on X fx fx k(x,x")dF(x)dF(x")

o Witness construction :
IF € Mp(X) \{0} & F(X) =0 for which |3, = 0.
g — — NS N
A::(a,j) eql(A):O eqz(A):O

Example: X = {1,2}, km(x,x) = 20, — 1 (solvable for A # 0).
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o @M ki characteristic = (km)M_, are characteristic.
° Bl | Xn| =2, km(x,x") = 20 v — 1]




Results [Szabé and Sriperumbudur, 2018]

Theorem (characteristic property)

o @M . km: characteristic = (km)M_, are characteristic.
° ZE | Xm| = 2, km(x,x) = 205 — 1]

Theorem (Z-characteristic property)
@ ki, ky: characteristic = ki ® kp: I-characteristic.
<: forVM > 2.
ki, ko, k3: characteristic |8 ®3,_,km: I-characteristic [Ex].

ki, ko: universal, k3: char g ®3,_,km: I-characteristic [Ex].
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The followings are equivalent:
(i) (km)M_,-s are characteristic.
(i) ®M_, ky: I-characteristic.

(i) ®M_,km: characteristic.




The followings are equivalent:
(i) (km)M_,-s are characteristic.
(i) ®M_, ky: I-characteristic.

(i) ®M_,km: characteristic.

®M_ km: universal < (km)M_, are universal. I




Results — continued

Theorem (X, = R k..: continuous, bounded, shift-invariant)
The followings are equivalent:

(i) (km)M_,-s are characteristic.

(i) ®M_, ky: T-characteristic.

(ii) ®M_,ky: characteristic.

Theorem (Universality)

@M km: universal < (kn)M_, are universal.

These results settle MMD and HSIC. Now: hypothesis testing.
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@ Domain: X = X e Xm-



e Domain: X = X pmemXm-
@ hy: core function of the V-statistic based HSIC estimator.
Associated estimator: HSICy (we saw it for M = 2).



_ distribution (M > 2 [Pfister et al., 2018])

@ Domain: X = X peipXm.

@ hy: core function of the/\kstatistic based HSIC estimator.
Associated estimator: HSICy (we saw it for M = 2).

@ Tp,: integral operator associated to ho

(Thf) / ho(x, y)F(y)dP(y), € L3(P).
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_ distribution (M > 2 [Pfister et al., 2018])

@ Domain: X = X peipXm.

@ hy: core function of the/\kstatistic based HSIC estimator.
Associated estimator: HSICy (we saw it for M = 2).

@ Tp,: integral operator associated to ho

(Th,f) /h2 x,y)f(y)dP(y), f e L[3(P).

® (An)nen: eigenvalues of Tp,.
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_ distribution (M > 2 [Pfister et al., 2018])

@ Domain: X = X peipXm.

@ hy: core function of the/\kstatistic based HSIC estimator.
Associated estimator: HSICy (we saw it for M = 2).

@ Tp,: integral operator associated to ho

(Th,f) /h2 x,y)f(y)dP(y), f e L[3(P).

® (An)nen: eigenvalues of Tp,.

@ (Z,)nen: sequence of independent N(0,1) variables.
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- Asymptotic null distribution (M > 2 [Pfister et al., 2018])

@ Domain: X = X peipXm.

@ hy: core function of the/\kstatistic based HSIC estimator.
Associated estimator: HSICy (we saw it for M = 2).

@ Tp,: integral operator associated to ho

(Th,f) /h2 x,y)f(y)dP(y), f e L[3(P).

® (An)nen: eigenvalues of Tp,.

@ (Z,)nen: sequence of independent N(0,1) variables.
Then
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@ Permutation.

© Bootstrap.
@ Gamma:

e motivated by the form of the asymptotic null.
o fast, but no guarantee.

S permutation, bootstrap. I




Accept/reject the null

@ Observation: {xn}neqn " P. Null and alternative:

Ho: P = ®mE[M]]Pm> Hy P # ®mE[M]]PJm-

@ Decision function: reject the null if

pnxi, - xn) = H{NH/STCN(Xl7~--,XN)>CN(X1,~~,XN)}'
@ Threshold cy(x1,...,xy): to be specified (later).
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Desired guarantees

o Level: let a € (0, 1) fixed.

o Ideally: the test has (valid) [levell@!, i.e. for all P € Hy and
NeZ*

]P(go(Xl, ey XN) = 1) S Q.

P(reject Ho | Ho)

e 'OK': the test respects the level asymptotically (it has

_ level), i.e. for every IP € Hj

limsupP(o(Xq,...,Xny) =1) < a.

N— oo

lim P(@(Xl, e ,XN) = 1) =1.
N—oo
P(reject Ho | H1)
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@ Goal: approximate the

using the available data {x,}nc[n]-



@ Goal: approximate the

using the available data {x,}nc[n]-
@ Resampling trick:
e 'shuffling’ functions: ¥, € By := {[N] — [N] functions},
m € [M].
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using the available data {x,}nc[n]-
@ Resampling trick:
e 'shuffling’ functions: ¥, € By := {[N] — [N] functions},
m € [M]. Effect of i,
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@ Goal: approximate the

using the available data {x,}nc[n]-
@ Resampling trick:
e 'shuffling’ functions: ¥, € By := {[N] — [N] functions},
m € [M]. Effect of i,

’d)m
Xm 1y oo s XmN 7 Xmoapp(1)s+ + + s Xm,ahm(N) -

o shuffled samples: gy y(x1,...,Xn), ¥ = (Vm)me[m)-



Resampling schemes

@ Goal: approximate the

using the available data {x,}nec[n-
@ Resampling trick:

o 'shuffling’ functions: ¥, € By := {[N] — [N] functions},
m € [M]. Effect of i,

wm
Xm,1s -+ s XmN — Xmﬂllm(l)’ ce ?Xm,wm(N)'

o shuffled samples: gy (X1, .., Xn), ¥ = (Vm)me[m)-
o Resampling method: g := (gn.y)peay, An C BN
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e Permutation: Ay = (Sy)M, Sy = permutations of [N],
|An| = (N)M.
e Bootstrap: Ay = B, |Ay| = NNM.



Permutation and bootstrap

o Permutation: Ay = (Sy)M, Sy = permutations of [N],
|[An| = (N)M.
e Bootstrap: Ay = BN,
@ In both cases:
o estimated cdf

Ay| = NNM,

A

1
Rn(x1, ..., xn)(t) == [An] > L NS (e o (0, ) <t}
PEAN
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Permutation and bootstrap

o Permutation: Ay = (Sy)M, Sy = permutations of [N],
|An| = (NDM.
e Bootstrap: Ay = B, |Ay| = NNM.
@ In both cases:
o estimated cdf

A

1
Rn(x1, ..., xn)(t) == 1A Z H{NH’STCN(gN,w(xl ..... xn)) <t}
PEAN

o estimated threshold: (1 — a)-quantile of Ry, i.e.

lenbar x| = Ru(xa, . oxn) 7L - ).
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Results [Pfister et al., 2018, Rindt et al., 2021]

Level & consistency:

Independence test level

consistency

permutation valid

pointwise
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Results [Pfister et al., 2018, Rindt et al., 2021]

Level & consistency:

Independence test level consistency
permutation valid pointwise
bootstrap pointwise asymptotic pointwise
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Results [Pfister et al., 2018, Rindt et al., 2021]

Level & consistency:

Independence test level consistency
permutation valid pointwise
bootstrap pointwise asymptotic pointwise
Gamma no guarantee no guarantee
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Results [Pfister et al., 2018, Rindt et al., 2021]

Level & consistency:

Independence test level consistency
permutation valid pointwise
bootstrap pointwise asymptotic pointwise
Gamma no guarantee no guarantee

Notes (in practice): as |Ay| can be large
@ B shuffling are generated instead of |Ay|. Optimal B: open.
@ permutation test: still has valid level.
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@ Focus: independence measures & testing.

@ Applications.
@ Techniques:
e copula,
e maximum correlation,
e distance,
o kernel.



Thank you for the attention!

~
~

=/
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