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Motivating examples



e Given: {(x;,yi)}i—qy, yvi € {-1,1}.
@ Goal: find an f classifier such that f(x) ~ y.




e Given: {(x;,yi)}i—qy, yvi € {-1,1}.
@ Goal: find an f classifier such that f(x) ~ y.
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Example-1: non-linear (large-margin) classification

e Given: {(x;j,yi)}_q, vi € {-1,1}.
@ Goal: find an f classifier such that f(x) ~ y.

Input Space Feature Space

Kernel Methods
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Decision surface:
{x:(w,x) =0} =
classes:

{x:(w,x) >0} {x:(w,x) <0}



Example-1: continued — non-linear separability

Idealized situation Real world
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Decision surface (left):
{x:{w,x) =0} =
classes:
{x:(w,x) >0} {x:(w,x) < 0}.

Kernel Methods



On the ellipse




On the ellipse, outside

{X o -a) e @l _ 1},

a2 b2

{x : (x1—a)? . (2 — @)? - 1}

a2 b2




On the ellipse, outside, inside:

{X o -a) e @l _ 1},

a2 b2
(a—a) | (e-a)
{x : P + % >1,,
(a-a) | (e-c)
{x : > + b2 <1l5p.



On the ellipse, outside, inside:

{X:(><1—C1)ZJr X2—C2 .
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With polynomial feature: _:

@ Decision surface: {x: (w,¢(x)) = 0}.



On the ellipse, outside, inside:

{x_ (x1—a)? . X2—C2
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{x a— a)’ (Xz - C2)2
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With polynomial feature: _:

@ Decision surface: {x: (w,¢(x)) = 0}.
@ Classes: {x: (w,p(x)) >0}, {x: (w,p(x)) < 0}.



Still in R2:

p(x) = (X12 V2x1x0, 53 ) :



Still in R2:
o(x) = (x, V2xax, 3),

(o0, 0 = <{fxx] , {f%x;( )]>

2 (Xz)



Still in R2:
o(x) = (xlz, \/§x1x2,x22)
x{ (x1)
(0900 - <{m] , Mxl;%)b
X2 X2

= x?(x1)? + V2V2 x10(x]) (33) + x5 (x5)?

2



Still in R2:

o(x) = (xlz, \/§X1X2,X22)
X (x1)
(0000 - <{m] , Mxl;%)b
X2 X2
= x{(x])? + V2V2 x10(x) (4) + x5 (x4)?
2
= (axg + xzxé)2



Still in R2:

o(x) = (xlz, \/§X1X2,X22)
X (x1)
(0000 - <{m] , W?‘X”D
X2 X2
= x{(x])? + V2V2 x10(x) (4) + x5 (x4)?
2
= (axg + xzxé)2
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Example-1: quadratic & polynomial features

Still in R2:
o(x) = (4. V2ax.3)
3 (x1)?
st < {w] [l
x5

x1) +f\/§x1xz(x x4) + x2(x)?2
= (x| + X2X2)22
(] ) - - e
= (p(x), p(X')): ¢(x) = d-order polynomial. =

Kernel Methods



Example-1: quadratic & polynomial features

Still in R2:

o(x) = (xlz, V2x1%0, x22)

2 (X/ 2

1)
N - (|| 2
X2
= x7(x])* + f\@xm(x )(x5) + %5 (x5)°
— (x1x1 —I-X2X2)2

(] ) -

(x,X)% = (p(x), o(X')): p(x) = d-order polynomial. = Explicit
computation would be heavy!

Kernel Methods



e Given: random variable (X, Y) € X x Y, (X,Y) ~ Pxy.

@ Goal: to measure the dependence of X and Y.



Example-2: [characterizing distributions / lindependence

@ Given: random variable (X,Y) e X x Y, (X,Y) ~ Pxy.
@ Goal: to measure the dependence of X and Y.
@ Desiderata for a Q(Pxy) independence measure [Rényi, 1959]:

Q(Pxy) is well-defined,

Q(Pxy) € [0,1],

QPxy)=0iff. X LY.

Q(Pxy) = 1iff. Y =f(X) or X = g(Y).

Kernel Methods



@ He showed:

QPxy)=  sup  corr(f(X),g(Y)),
f,g: measurable
satisfies 1-4.
@ Too ambitious:

e computationally intractable.
e many measurable functions.



@ Cp(X) = {f : X metric — R, bounded continuous} would also work.
@ Still too large!



Example-2: continued; measurable — continuous

o Cp(X) ={f: X metric — R, bounded continuous} would also work.

@ Still too large!
@ ldea: to take function spaces

e dense in Cp(X),
e computionally tractable.

Kernel Methods



Example-2: continued; measurable — continuous

o Cp(X) ={f: X metric — R, bounded continuous} would also work.
@ Still too large!
@ ldea: to take function spaces

e dense in Cp(X),

e computionally tractable.

Key: balance
denseness — universality, computation — RKHS. J

Kernel Methods



Motivation : kernels = generalized inner product

@ Various data types.

@ RKHS: flexible (<ﬂ> probability measures).

© Still computationally tractable: enough k(x;, x;) € R.

@ RKHS: Hilbert = statistical analysis.

@ Vv-RKHS [k(x,x") € L(Y)]: dependency among output coordinates.

Kernel Methods



Kernel, RKHS: definition, kernel factory

Kernel Methods



o Def-1 (feature space):

k(X’y) = <<P(X)7<P(y)>f]{ X,y € X.



o Def-1 (feature space):
k(x,y) = (p(x)s p(W))g Xy €X.
@ Def-2 (reproducing kernel):

k(-,x) € K, f(x)=(f, k(-,x))g.

Constructively, Hy = {311 aik(-, xi)}.



_: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (p(x); p(¥))3e  xy €X.

@ Def-2 (reproducing kernel):

k(-,x) e H, f(x)=(f, k(-,x))s.

Constructively, 3, = {>°7 1 aik(-, x;)}.
@ Def-3 (Gram matrix): G = [k(Xi’Xj)];’,jzl € RPXn = 0.

Kernel Methods



_: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (p(x); p(¥))3e  xy €X.

@ Def-2 (reproducing kernel):

k(-,x) e H, f(x)=(f, k(-,x))g.

Constructively, 3, = {>°7 1 aik(-, x;)}.
@ Def-3 (Gram matrix): G = [k(Xi’Xj)];’,jzl € RPXn = 0.

@ Def-4 (evaluation): dx(f) = f(x) is continuous for all x.

Kernel Methods



_: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (p(x); p(¥))3e  xy €X.

Def-2 (reproducing kernel):

k(-,x) e H, f(x)=(f, k(-,x))g.

Constructively, 3, = {>°7 1 aik(-, x;)}.
Def-3 (Gram matrix): G = [k(X“XJ')]Zjﬂ € RPXn = 0.

Def-4 (evaluation): éx(f) = f(x) is continuous for all x.

All these definitions are - Kk Hy.

Examples on RY (v > 0, p € Z1): ky(x,y) = ({x,y) +7)?,
ke(x,y) = e Y3k (x,y) = e IxVl,

Kernel Methods



Some

kernel-enriched domains: (X, k)

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],

time series [Riiping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Kiraly and Oberhauser, 2019],

@ trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],

groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],

@ sets [Haussler, 1999, Géartner et al., 2002, Balanca and Herbin, 2012,

Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010a],

various [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],
fuzzy domains [Guevara et al., 2017], or

graphs [Kondor and Lafferty, 2002, Gartner et al., 2003,
Kashima et al., 2003, Borgwardt and Kriegel, 2005,
Shervashidze et al., 2009, Vishwanathan et al., 2010,

Kondor and Pan, 2016, Bai et al., 2020, Borgwardt et al., 2020,
Schulz et al., 2022, Nikolentzos and Vazirgiannis, 2023].

Kernel Methods



o We know: k(x,y) =x'y is a kernel.



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why?



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why? < Gram.



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why? < Gram.
@ Cone. If kyy : X x X — R kernel, a, >0 (m=1,..., M), then

M
Z CmGm(xay) =7
m=1



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why? < Gram.
@ Cone. If kyy : X x X — R kernel, a, >0 (m=1,..., M), then

M
D Amkm(x,y) = Zam em(x)som(¥))ac,,
m=1



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why? < Gram.
@ Cone. If kyy : X x X — R kernel, a, >0 (m=1,..., M), then

M
D Amkm(x,y) = Zam em(x)som(¥))ac,,
m=1

= <p(><), o)) ac
o(x) = (Vorpi(x), ..., vVamem(x)) € H = BY_; Hom.



o We know: k(x,y) =x'y is a kernel.

o A few [usefullrules|

@ Non-negative shift. k: kernel = k +~: kernel (y € RZ%). Why? < Gram.
@ Cone. If kyy : X x X — R kernel, a, >0 (m=1,..., M), then

M
D Amkm(x,y) = Zam em(x)som(¥))ac,,
m=1

= <p(><), o)) ac
o(x) = (Vorpi(x), ..., vVamem(x)) € H = BY_; Hom.

Example: ®¥_ R = RM.



@ Product. If (kp M are kernels on X,,, then

m=1
M
(@M km) (X1, -y Xm) , (X1, Xhy)) = 11 km (xms x0n) -
m=1



@ Product. If (kp M are kernels on X,,, then

m=1
M
(@M km) (X1, -y Xm) , (X1, Xhy)) = 11 km (xms x0n) -
m=1

o Thus, (km)M_; : X x X — R kernels = [TY_, kn(x,x): kernel on X.



@ Product. If (kp M are kernels on X,,, then

m=1
M
(®:\n/’:1km) ((Xla cee ’XM) ) (X{7 s 7XI/\/I)) = H km (Xm’Xrln) :
m=1

o Thus, (km)M_; : X x X — R kernels = [TY_, kn(x,x): kernel on X.
o Consequence (y >0, pe Z*):

k(% y)= ((x,¥); +7)°

is a kernel.



Let M = 2 and assume that @,(x) € R%:

(ki ® k) ((x, ), (x's¥")) = ka(x, X"V k2 (v, ¥')



Let M = 2 and assume that @,(x) € R%:

(k1 ® k2) ((x,¥), (X', ¥")) = ki(x, x"Yka(y, ¥')
= (01(x), 1 (x)gq, (P2(¥), 02(¥'))ge,



Let M = 2 and assume that @,(x) € R9m:
(k1 ® k2) ((x,¥), (X', ¥")) = ki(x, x"Yka(y, ¥')
= (p1(x), 01(x))gq, (02(y), 02(¥)ge,
= 01(x) "1 )2 (v) " 2(y)



Let M = 2 and assume that @,(x) € R9m:
(k1 ® ko) ((Xay)’ (Xlay/)) = kl(val)k2(y’y/)
= (p1(x), 01(x))gq, (02(y), 02(¥)ge,
= o1() "1 ()2 (V) pa(y)
= tr (9100 01 ()2 (v) " 2(y))



Let M = 2 and assume that @,(x) € R%:
(ki ® ko) ((x,y), (X', ")) = ki(x, x")ka(y, ")
= (21(x); 21(x')) ¢, (2(¥), 02(¥))sq,
= 01(3) 1 ()2 (v') " aly)
= tr (2100 21 ()2 (V)" 2(v))
= tr (@2(0)1() 91 )2(y) ")



-: product indeed

Let M = 2 and assume that @,(x) € R9m:
(k1 @ ko) ((x,¥), (X', ¥")) = ka(x, X" )ka(y, ¥")
= (p1(x), 991(X/)>g{1 (p2(y), 802(y/)>9{2
= 0100 o122 (v) " ea(y)
= tr (9100 ()2 (v) " 2(y)
= tr (p2(0)e1(x) o1 (< )2(y") ")
= <<P1(X)902(Y)T»991(X/)<P2()")T> )

ERdl X do GRdl X do F

where (A,B)p = tr (ATB) = \/2_;j AijBjj is the Frobenius inner

product.

Kernel Methods



O Limit. If (kn)nen are kernels on X, then
N . — |; !
k(x,x") :== Jim kn(x,x")

is a kernel. Why?



O Limit. If (kn)nen are kernels on X, then
N . — |; !
k(x,x") :== Jim kn(x,x")

is a kernel. Why? < Gram.



O Limit. If (kn)nen are kernels on X, then
N . — |; !
k(x,x") :== Jim kn(x,x")

is a kernel. Why? < Gram.
Example (y > 0):

(v (x,¥)2)"
n!

k(X, y) — e7<xay>2 — Z

neN



O Limit. If (kn)nen are kernels on X, then
N . — |; !
k(x,x") :== Jim kn(x,x")

is a kernel. Why? < Gram.
Example (y > 0):

(v (x,¥)2)"
n!

k(X, y) — e’y<xay>2 — Z

neN

Reason: polynomial kernel & limit rule.



@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = F()k(x, y)f(y)

is a kernel. Check (feature view):

k(x,y) = fOOk(x, y)F(y)



@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = F()k(x, y)f(y)

is a kernel. Check (feature view):

k(x,y) = FOOK(, ) F(y) = FO){p(x), 0 (0)) 5 ()



@ Pre-post multiplication. k kernel on X, f : X — R, then
k(x,y) = F(x)k(x, y)f(y)
is a kernel. Check (feature view):

K(x.y) = FOKC ) F(y) = F () 2(0))acF ()
= (F(ex), F)en)), -

—:3(x)



@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = F()k(x, y)f(y)

is a kernel. Check (feature view):

K(x,y) = FOOK( ) F(y) = F) (), () F(y)
= (FO)e(), F)e(y), -

—:3(x)

Example (Gaussian kernel, v > 0): previous example & new rule

. 2 2 2
by using [[x —yll5 = [Ix[[5 + [yl =2 (x,y).

Kernel Methods



@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = F()k(x, y)f(y)

is a kernel. Check (feature view):

K(x,y) = FOOK( ) F(y) = F) (), () F(y)
= (FO)e(), F)e(y), -

=:¢(x)
Example (Gaussian kernel, v > 0): previous example & new rule

k(x,y) = e Yyl = e lIxl2 g2 (xy)z o =vIvIl2
. 2 2 2
by using [|x —yl|5 = [[x[|3 + [ly[l2 — 2 (x,y).

Kernel Methods



Properties of JH,, computational tractability

Kernel Methods



[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ey k(x,y) < C] = Vf € Hy is bounded



[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
()] = <

<f7 k("X»}Ck
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V k(x,x)



[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
()] = <

<f7 k("X»}Ck

[1Fllsc, [T C5x)llse, -
—_—
V k(x,x)

@ k: continuous = FHy: separable [¢?(N)].



- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,ex k(x,y) < C] = Vf € H is bounded:

o)l =

CBS
(Fok (XN ae | < Ifllge, [TRCo X, -
—_——

Vv k(x,x)

e k: continuous = Hy: separable [(*(N)].

@ k: bounded and continuous = Vf € Hj is bounded &
continuous.

Kernel Methods



- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,ex k(x,y) < C] = Vf € H is bounded:

o)l =

CBS
(Fok (XN ae | < Ifllge, [TRCo X, -
—_——

Vv k(x,x)

e k: continuous = Hy: separable [(*(N)].

@ k: bounded and continuous = Vf € Hj is bounded &
continuous.

@ ke C™ = Vf € Hy is m-times continuously differentiable.

Kernel Methods



- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,ex k(x,y) < C] = Vf € H is bounded:

o)l =

CBS
(Fok (XN ae | < Ifllge, [TRCo X, -
—_——

Vv k(x,x)

k: continuous = Hy: separable [¢2(N)].

k: bounded and continuous = Vf € H, is bounded &
continuous.

k € C™ = Vf € Hy is m-times continuously differentiable.

k: analytic = Vf € H is analytic.

Kernel Methods



e Given: {(x;,yi)}",, say classification/regression.

o Goal:

JH)=V f(x1),... f f||2 i
( ) (X17y17 (X1)7 > Xns Yn, (Xn))+r(“ ”f}{k) _>f.r2|}?k7

r : monotonically increasing.



e Given: {(x;,yi)}",, say classification/regression.

e Goal:
J(f) = V(X17y17 f(X1)7 -~y Xny Yn, f(Xn)) +r <||f||§{k> — fr2i9?k7
r : monotonically increasing.

o Example:

1 n
V(...)= - Z max(1 — yif(x;),0) (soft classification),
i=1

V()= %Z [F0q) — yil? (regression).
i=1



...then

° _ in the form:

@ r: strictly increasing = V solution is of this form.
e Example: r(z) = Az, A > 0.



Objective
J(F) = V(x1,y1, F(x1), - s Xny Yo F(Xn)) + 1 (||f||§{k) — frg_rgk.

Decompose & Pythagorean theorem:

S = span (k(-,x;) : i € [n]),
f="fs+f,
113, = Ifsl3e, + 1Ll > Ifsl, -
N—_——

>0



Representer theorem — proof

Objective
— 2 .
J(F) = VOa,y1, £(x1), - %oy £ () + 7 (113, ) = min .
Decompose & Pythagorean theorem:
S =span (k(-,x;) : i € [n]),
f=fs+ f.
1156 = s, + 7, > s, -
——
>0
In J
@ 1st term: depends on fs only, f(x;) = (f, k(-, xi))q¢, -

k

Kernel Methods



Representer theorem — proof

Objective
. 2 .
J(F) = VOa,y1, £(x1), - %oy £ () + 7 (113, ) = min .
Decompose & Pythagorean theorem:
S =span (k(-,x;) : i € [n]),
f=fst 1L,
113, = I Fsl3e, + 17115, = I1fs3, -
>0

In J
o Ist term: depends on fs only, f(x;) = (f, k(-, X)) ¢, -
@ 2nd term: can only decrease by neglecting f| (r 7).

Kernel Methods



Classification: SVMC



Support vector machine for classification: SVMC

Which separating line is the 'best’?

A

Kernel Methods



Answer / intuition: the one with the largest margin.




e Hyperplane: fy ,(x) = (w,x) + b,
e w: normal vector, b: offset.



SVM formulation: 'hard classification

e Hyperplane: f ,(x) = (w,x) + b,
e w: normal vector, b: offset.

e Goal:

<W,X,‘>+b21 |fyI:1?

2
max —— < min [|wlj3, s.t. _
w (w,x;) + b < —1 otherwise.

wb [wi, wb
——

margin correction classification

Kernel Methods



SVM formulation: 'hard classification

e Hyperplane: f ,(x) = (w,x) + b,
e w: normal vector, b: offset.

e Goal:

<W,X,‘>+b21 |fyI:1?

2
max —— < min [|wlj3, s.t. _
w (w,x;) + b < —1 otherwise.

wb [wi, wb
——

margin correction classification

@ Shortly,

min wlj3, s.t. yi ((w,x;) + b) > 1,Vi.
w,

Kernel Methods



SVM formulation: 'hard classification

Hyperplane: fy ,(x) = (w,x) + b,

e w: normal vector, b: offset.

e Goal:

2 N+b>1 ify,=1
max —— < min [|wlj3, s.t. {(w,x,) th= nYi=
w

wb [|wl, b (w,x;) + b < —1 otherwise.
Wf/
margin correction classification
@ Shortly,
min wlj3, s.t. yi ((w,x;) + b) > 1,Vi.
w,
e Decision: y(x) = sign ({w,x) + b).

Kernel Methods



@ Hard classification objective:

min w3 st. yi ((w,x;) + b) > 1,Vi.
W7

There might not be solution! (non-linearly separable case)



SVM formulation: 'soft classification

@ Hard classification objective:

min w5 s.t. y; ((w,x;) + b) > 1,Vi.
W7

There might not be solution! (non-linearly separable case)

@ Soft classification objective (C > 0):

1
5ku2+CZ§, sty ((w,x;) +b) >1—¢&,& >0, Vi
i=1

Linear penalty on misclassification.

Kernel Methods



1 4 )
min 3 Iwll3+ C> & st yi((w,x;) +b) >1—¢, & >0, Vi
7 i=1



1 2 ,
mti7n§§ [wlf3 + CZ&; st. yi((w,xj)) +b)>1-¢,§>0,Vi. <
w5, i=1

I .
min I + €3 max (1 -y ((w.x) +6).0)



Note on the soft objective of SVMC

1
= >1-— >
W7l|),n£2 ||w||2+C;§, st. yi((w,x;)) +b)>1-¢,&>0,Vi. &
L C 1 b),0
min 5wl + Z;max( ~ il (w.xi) +5),0),
' =f(x;)
=h(if(x)

where h(u) = max(1 — u,0) is the -

Kernel Methods



z(u) = <oy, u = yif(x),
h(u) = max(1 — u,0).




Note on the soft objective of SVMC — continued

z(u) = Iyy<oy, u = y;f(x;),
h(u) = max(1 — u,0).

3 ;
= zero-one loss
==hinge loss

2 L

1

0

-2 -1 0 1 2

Kernel Methods



Soft classification — back to optimization

Soft classification objective:

ml;n—IIW||2+CZ€,, sty ((w,x;) +b) >1—-¢, & >0 (Vi)
i=1

Lagrangian function: with «; > 0, 5; > 0 (Vi)

L(w, b,&; o, B) = objective - Lagrangian multipliers x conditions

=%HW||§+CZ€: Za, [yi ((w X>+b)_1+€]—25:f:-
i=1

i=1

oL

Solving for Bprimal =

=0, we get .

Kernel Methods



SVM formulation: 'soft classification

Liw. b, . B) =
= D IWIB Do E =S by (w4 b) 14 6]~ D B
i=1 i=1

i=1

Optimality equations:
oL u
0= W ;:1 ajyixi (W< a),

oL u
0= % = ;aiyia

oL
O—B—&—C—a,-—ﬁ,-.

Plugging these equations back to L, we have ...

Kernel Methods



Dual form:

n n
1 n
max E Qj — 5 E ajajyiyj(xi, Xj), s.t. 0<a; <C, E a;yi =0.
i=1 ;

ij=1 i=1
Vv - vV
quadratic in « linear in «



SVM formulation: 'soft classification

Dual form:

n 1 n n
mo:?xZa,- -5 > aioyyiyi(xi %)), st. 0< o < C,Y ajy; =0.
i=1 ij=1 i=1

quadratic in « linear in

e b < yi({w,x;) + b) =1 < «; > 0 [complementary slackness].

Kernel Methods



SVM formulation: 'soft classification

Dual form:

n 1 n n
mnga,- -5 > aioyyiyi(xi %)), st. 0< o < C,Y ajy; =0.
i=1 ij=1 i=1

quadratic in « linear in

e b < yi({w,x;) + b) =1 < «; > 0 [complementary slackness].
@ QP: solvers are available.

Kernel Methods



@ Until this point:
o (almost) linearly separable case.



If linear separability does not hold

@ Until this point:
o (almost) linearly separable case.

e Now:
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Input Space Feature Space




e Linear SVM (dual):

maxZa,—— Zaajy,yj(x,,xj s.t. Zla,y,—O 0 <a; < C(Vi).
i=1 ij=1 i



e Linear SVM (dual):

maxZa,——Zany,yj(x,,xj s.t. Za,y,—O 0 <a; < C(Vi).
i=1 ij=1 i=1
e Nonlinear SVM (dual):

n
mnga,- Zaajy,yjk(x,,xj s.t. Za,y,—O 0 <a; < C(Vi).
i= I,J 1 i=1



e Linear SVM (dual):

I~ A [ I t. (P4 0 < i S C
max;a 21’12104 ioyiyj(Xi. Xj), s. ;ay 0<aq (Vi).
e Nonlinear SVM (dual):
n
mjx;a; Zaajy,yjk(x,,xj s.t. Za,y,_O 0 <a; < C(Vi).

l,_/l i=1

@ Nonlinear SVM (primal):

_f 1y I I>1_I7 IZ
(min S ”%k+C’Z;§ st yif(x) &, & 20, Vi.
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Break down the problem to multiple binary classification problems. |

@ one-to-one approach:
M(M—1 . Ce
° % SVMC-s, i vs. j (i #j),
@ on new input x: the class with the most votes is predicted.

X1




~ Multiclass (say M) classification with SVM

Idea
Break down the problem to multiple binary classification probIems.J

@ one-to-one approach:
o MM1) SYMC-s, i vs. j (i # j),
@ on new input x: the class with the most votes is predicted.
© one-to-rest approach:
e M SVMC-s, each predicts one class.
o Classifiers give real-valued confidence scores: f,(x), m € [M].
o Decision: f = arg max ¢y fm(X)-

X1




M-fold |erossvalidation] (6 := (C.,o)]:
@ Split data:
e training set (Xir, Yer): Xval,m, Yoal,m, m € [M].
o test set: Xie, Yie.



M-fold [eress-validation| [0 := (C, o)]:
Q@ Split data:
e training set (Xir, Yer): Xval,m, Yoal,m, m € [M].
o test set: Xie, Yie.
@ For fixed : evaluate the average error (m € [M]) while

o trained on: Xi\Xuai,m, Yir\ Yeal,m,
o tested on: Xua,m, Yval,m-



'Parameter selection — cost: C, kernel parameter:

M-fold [Eress-validation| [0 := (C,0)):
@ Split data:
e training set (Xth Ytr): Xoal,ms Yval,m, M € [M]
o test set: Xie, Yie.

@ For fixed : evaluate the average error (m € [M]) while

o trained on: Xy \ Xal,m, Yir\ Yval,m:
o tested on: Xyaim, Yval,m-

© 0" := minimizer of CV error.

Kernel Methods



'Parameter selection — cost: C, kernel parameter:

M-fold [Eress-validation| [0 := (C,0)):
@ Split data:
e training set (th Ytr): Xoal,ms Yval,m, M € [M]
o test set: Xie, Yie.

@ For fixed : evaluate the average error (m € [M]) while

o trained on: Xy \ Xal,m, Yir\ Yval,m:
o tested on: Xyaim, Yval,m-

© 0" := minimizer of CV error.

@ Report: performance of 6* on Xie, Yie.

Kernel Methods



Regression: kernel ridge regression

Kernel Methods



e Given: {(xi,yi)}iq, H :=Hy, yi € R.
e Task (A > 0):

1 )
J(f) = = E [vi — f(Xi)]2+>\||f||§{ — min.
i=1



e Given: {(xi,yi)}iq, H :=Hy, yi € R.
e Task (A > 0):

1 )
J(f) = = E [vi — f(Xi)]2+)\||f||§{ — min.
i=1

@ Analytical solution:

G = [k(xi, )] =y -



e Given: {(xi,yi)}iq, H :=Hy, yi € R.
e Task (A > 0):

1 )
J(f) = = E [vi — f(Xi)]2+)\||f||§{ — min.
i=1

@ Analytical solution:

F(x) = [k(x1, %), ... k(Xn, X)] (G 4+ Xnl) L ya; .. vl
G= [k(xiv)ﬁ)],f:jzl .

How do we get this solution? l
- KemelMethods




By the representer theorem

f=> aik(-.x), (a€R).
i=1



By the representer theorem
n
f=> aik(-.x), (a€R).
i=1
Multiplying the objective by n, using the reproducing property:

J(f) = Z[yj (F, k(%)) 5] + An [IF115

~y— Gall (\n)a"Ga
—y'y—2y'Ga+a' [Gz + (An)G]a.



By the representer theorem
n
f=> aik(-.x), (a€R).
i=1
Multiplying the objective by n, using the reproducing property:

J(f) = Z[yj (F, k(%)) 5] + An [IF115

= ||y — Gal3 + (An)a'Ga
—y'y—2y'Ga+a' [Gz + (An)G]a.

Solving 0 = a , one gets a* = (G + Anl,) "ty



By the representer theorem
f= Z aik(-,xi), (ai €R).
Multiplying the objective by n, using the reproducing property:

Z[yj (F, k(%)) 5] + An [IF115

= Hy - Ga||2 + (\n)a' Ga
—y'y—2y'Ga+a' {G2 + ()\n)G} a.

Solving 0 = 27 one gets a* = (G + Anl,) "ty by

da'Ba dc'a
—(B+BT' —
Oa ( + ) 2 Oa
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Empirical regularized risk:

min J(F) = Zf(f(x,) v+ S IFB, (A 0).



Empirical regularized risk:

min J(f) = Zf(f(x,) vi)+ 5 ||f\|g{k (A > 0).

Instantaneous regularized risk:

Jinst (£, (%, ¥)) = L(F(x), ) + 5 ”f“}ck



Kernel machines: a simple algorithm = SGD
[Kivinen et al., 2004]

Empirical regularized risk:

f .
min J(f) Z€ H 5, (A>0)

Instantaneous regularized risk:

A
dnst(F, (5, ) = £(F (), y) + 5 IFll5g, -
Update (learning rate: 7, > 0):

a_/inst(f7 (Xt7yt))
of f—fe

fryr="f —n:

04(z,y)
9z lz=f(xt),y=yt

k('zxt)+)\ﬁ.“

Note: if £ is non-differentiable, subgradient is taken.
Kernel Methods



@ Initialization: f; = 0.
@ By the representer theorem:

t—1
ftZZOéik(-,Xi), OéiER.
i=1



@ Initialization: f; = 0.

@ By the representer theorem:
t—1
ftZZOéik(-,Xi), OéiER.
i=1

© Update (from the previous slide):

ft+1 - ft — Nt [ﬂl(ﬂ“(xt)ﬂyt)k('vxt) + )‘ff]
=(1- 77t>\)ﬂ—77t£,(ft(xt);}’t)k(',xt)-



SGD implementation

@ Initialization: f; = 0.

@ By the representer theorem:
t—1
ft = Za;k(-,x,-), Qf € R.
i=1

© Update (from the previous slide):

fer1 = fe — ne [0 (f(Xe), ye) k(- xe) + A fe]
= (1 — e\ o=l (fe(xe), ye ) k(- Xt )-

Q < Update (in terms of coefficients): For i € [t],

o Ll (felx), ) ifi= g,
B (C N o7 if i < t.

Kernel Methods



© Recall the dual problem:

maxZa, Zaajy,yjk(x,,xj s.t. Za,y, 0,0 < a; < C(Vi).
I,J 1 i=1

This is well-adapted to CD methods («;; [Hsieh et al., 2008]).



Optimizers+

@ Recall the dual problem:

n 1 n n )
mngoz,- ~3 Z ajajyiyik(xi, xj), s.t. Za,-y,- =0,0<a; < C(Vi).
i=1 ij=1 i=1

This is well-adapted to CD methods («;; [Hsieh et al., 2008]).
@ For KRR:

e scaling to billions of points [Meanti et al., 2020],
e idea: Nystrdom method + pre-conditioned conjugate gradient solver + GPU.

Kernel Methods



Optimizers+

@ Recall the dual problem:

n 1 n n )
mngoz,- ~3 Z ajagyiyik(xi, xj), s.t. Za,-y,- =0,0<a; < C(Vi).
i=1 ij=1 i=1

This is well-adapted to CD methods («;; [Hsieh et al., 2008]).
@ For KRR:

e scaling to billions of points [Meanti et al., 2020],
e idea: Nystrdom method + pre-conditioned conjugate gradient solver + GPU.

© For large-scale classification (+recent survey), see [Tanji et al., 2023]:
e Nystrom technique + accelerated stochastic subgradient descent.

Kernel Methods



Maximal correlation: KCCA



o Given: k: XxX—=R,7/:YxY —R.
@ Associated:

o feature maps p(x) = k(-,x), ¥(y) = ¢(-,y),
o RKHS-s Hy, H,.



KCCA: definition

o Given: k : X xX—=R, /:YxY —R.
@ Associated:

e feature maps p(x) = k(-,x), ¥(y) =£(-,y),
o RKHS-S g{k, J‘fk.

@ KCCA measure of (X,Y)e X xY

PKCCA(Xa Y;J‘fk,}fg) = sup COI“I‘(f(X),g(Y)),
feH,g€H,

_cov(f(X).8(Y))
Vel varlg (V)]

corr(f(X),g(Y))

Kernel Methods



e Optimization domain: H, x 3, > (f, g).

o By reproducing property: we will get a finite-D task.

@ k.l linear: traditional CCA.

o In practice: we have {(xn, yn)}N_; samples from (X, Y).



e Optimization domain: H, x 3, > (f, g).

o By reproducing property: we will get a finite-D task.

@ k.l linear: traditional CCA.

o In practice: we have {(xn, yn)}N_; samples from (X, Y).

f(x) = (f, k(-;x))qge, VF €Iy, x €X.




1y 1 Y 1 Y
cov(F(X).g(Y)) = 1 2 [ Flm) = 5 D2 F0x) | [ 80m) = 7 D 8(0)]
i=1 i=1

n=1

~ 2

(oot {:,.”:1 so(x,-)>ﬂ k<g,w(yn>—% i,.”:l )

He



KCCA: empirical estimate

N

__ 1 & 1 1Y
v(F(X),8(Y) = 1 2 | Flm) = 5 2 Fx) | [ gra) = 5 D80
n=1 i=1

i=1

Frplm) =% S0 o)) {glyn)—% SN, v()
Ty H

e

N
Z g? 7/)(Yn)>

n:l
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KCCA: empirical estimate

1 N 1 N 1 N
v (F(X),g(Y)) = 5 2 [ Flm) = = > F0a) | [g0m) = = > 8(n)]
n=1 /:1 i=1
(Feotn— Ty etx)) Sg,w(yn)—ﬁ S et))
N
Z qu/)(yn)>

3
[

Similarly:

N 1 2
()] = > [Flm) = > F0)]

Kernel Methods

e



KCCA: empirical estimate

1Y 1Y 1Y
v (F(X),g(Y)) = 5 2 [ Flm) = = > F0a) | [g0m) = = > 8(n)]
n=1 /:1 i=1
(reta)-4 X o)) Sg,w(yn)—ﬁ Y w(y,-)>w
N
Z 56, (& D (Vn)) gy,

3
[

Similarly:

N
w@rf(X)] = 5 > [F(xn) — %Z f(x,-)]2 = %Z (F, 3 (xn))3e,

Kernel Methods



KCCA: empirical estimate

1Y 1 1
v (F(X),g(Y)) = 5 2 [ Flm) = = > F0a) | [g0m) = = > 8(n)]
n=1 /:1 i=1
(Fueln)—% ._lsa(x,-)>%k<g,w(yn)—ﬁ Y w(y,-)>w
N
Z 56, (& D (Vn)) gy,
n:l
Similarly:
A0 = =3 [ LS~ 6’ = LS (£ 500))2
) = gy 32 [F0) = 5 A0 = 5 3 B0

wrlg(V)] = 5 O (6 002
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o f: appears only as (f, 3(xn))q, [similarly: g in (g,zﬁ(yn)>w]. =



o f: appears only as (f, 3(xn))q, [similarly: g in (g,zZ(y,,))D{Z]. =
@ YV component of £ L

N
Span ({SE(Xn)}:,y:l) = {Z cn@(xn), € = [cn] € RN}

n=1

has no effect in the objective.



o f: appears only as (f, 3(xn))q, [similarly: g in (g,zZ(y,,)>g{Z]. =
@ YV component of £ L

N
Span ({¢(Xn)}:,y=1> = {Z cn@(xn), € = [cn] € RN}

n=1

has no effect in the objective.

Enough to consider f = E,Nzl cid(x), g = Z,Nzl d;zZ(y;).




Using that f = Z,'-Vzl cip(xi), g = Zf\’zl d,-zZ(y,-):

(f, B(xn)) 3¢ Z Gi (Xn»&ck



Using that £ = S ci3(xi), g = So1Lq dith(vi):

(f, B(xn)) 5 Z ¢ (B(x:), B(xn))ac Z cik(xi, xn)



Using that f = ) ¢i3(x), & = S did(vi):

(f, B(xn)) g Z ci ( L P(Xn)) g Z c,k(x,, Xpn) = (CTGX),,,



Using that f = Z,N:l cip(xi), g = Z;V:I d;zZ(y,-):

(f, B(xn)) g Z i (P(xi), P(xn)) g Z c,k(x,,x,,) (CTGX),,,
<g=¢ Yn)>g.[£ = (dTGY)na

with the centered kernels (k, #) and Gram matrices (Gx, Gy).

All the objective terms can be expressed by ¢, d, Gx, Gy. |




N
cov(f(X),g(Y)) = — z_: P(xn)) }Ck N()/n)>g{27

2

N
(X)) = 1 Z o e = £ 3 (e B2,

n=1

and we have

(f,(ﬁ(x,,))%k = (CTGX)m <g,15(yn)>g{e = (dTéY)m



KCCA: empirical estimate

N
GYF(X),8(Y)) = 5 S (F. B00))ag, (8.0 0n))
n=1
1Y y 1Y L
var[f(X)] = D AF 3(xa)) 5, varg(Y)] = N > (& P(m))y,
n=1 n=1
and we have
(f, @(Xn»g{k = (CTGX)m <g&()/n)>j{[ = (dTGY)n-

Thus,
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Empirical estimate of KCCA:

. TGxGyd
PrecA TTP(X, Y Hy, He) = sup Nc abuid B .
ceRMdeR" [T (Gx)%c/dT (Gy)2d



KCCA: finite-D form

Empirical estimate of KCCA:

Ta &
PrecA ™ (X, Y Hi, Hy) = sup c' GxGyd

cermdert \[cT(Gx)2cy/dT (Gy)2d

In practice (k > 0):
preca(X, Y) = precal(X, Y H, He, k)
_ sup CTéxéyd
cerMdert \ [cT (Gx + rly) ’cy/dT (Gy + rly) d

Kernel Methods



Empirical estimate of KCCA:

. TGxGyd
PrecA TTP(X, Y Hy, He) = sup Nc abuid B .
ceRMdeR" [T (Gx)%c/dT (Gy)2d

In practice (k > 0):

@(X7 Y) = P/KC?A(X, Y, g{k,g{bﬁ)
CTéxéyd
= sup

CERN, dERN \/CT (Gx + mIN)zc\/dT(Cy + /‘\7|N)2d‘

How do we solve it? l




KCCA: solution

Stationary points of prcca(X, Y):

dc ’ od ’

which simplifies to

S = (CTcxcyd)(Gx + IilN)2C (dTGyGXc)(Gy + ﬁlN)2d

GxGyd: y éyéxC:

CT(GX + /{IN)2c dT(Gy + Iil/\/)zd

Kernel Methods



KCCA: solution

Stationary points of prcca(X, Y):

_ OprecalX. Y) _ OpRcca(X.Y)

0 oc ’ 0 Ta
which simplifies to

T~ —~ —~ 2 T ~ - )
GxGyd = (c'GxGyd)(Gx + sly) C7 JEyc— (d'GyGxc)(Gy + kly)?d

CT(GX + /{IN)2c dT(Gy + Iil/\/)zd

Normalization:
@ (c,d): solution = (ac, bd): solution a, b € R\{0}.
@ denominators := 1.

Kernel Methods



KCCA: final task

Find the maximal eigenvalue, A\ := CTGXGyd, of the generalized
eigenvalue problem:

0 CXGY Cl T & (Gx—i—l-ﬂ/\/)z 0 C
[éyéx 0 ] H - GxGYdl 0 (Gy + sly)?| |d
Az = \Bz.

Note: Python implementation in the ITE toolbox (M > 2, with
acceleration).

Kernel Methods


https://bitbucket.org/szzoli/ite-in-python/

Summary

Kernel, RKHS: generalized inner product, - linear methods.
Computational tractability: representer theorem.
Classification: SVMC.

Regression: kernel ridge regression.

Maximal correlation: KCCA.

Kernel Methods



Summary

Kernel, RKHS: generalized inner product, - linear methods.
Computational tractability: representer theorem.
Classification: SVMC.

Regression: kernel ridge regression.

Maximal correlation: KCCA.

~
~

7/
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° Is KCCA an independence measure? ({: universality)
e Meaning/handling of the regularization (K)
P 11> 2 componenis ¥

e Computation of Gx, Gy




If X LY, then pkcca(X, Y; Hk, Hy, k) = 0. Opposite direction:

@ For 'rich” H,, H,
[Bach and Jordan, 2002, Gretton et al., 2005].



Q1 (independence measure) < universal k, ¢

If X LY, then pkcea(X, Y; Hi, He, k) = 0. Opposite direction:

@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005].

@ Enough: universal kernel on a compact metric domain.

Kernel Methods



Q1 (independence measure) < universal k, ¢

If X LY, then pkcea(X, Y; Hi, He, k) = 0. Opposite direction:
@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005].
@ Enough: universal kernel on a compact metric domain.
e Example (y > 0):
o Gaussian: k(x,x’) = e I=x1I;.

o Laplacian kernel: k(x,x") = e‘””"_x/Hz_

Kernel Methods



Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(€O, [ - lloo)-




Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(€, [ - floo)-
Assumptions

@ X assumption = C(X) = Cp(X).




Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(€, 11 - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).

@ k: continuous, X: compact = k: bounded.
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Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(€, 11 - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).
@ k: continuous, X: compact = k: bounded.

@ k: continuous, bounded = H; C C(X)
[Steinwart and Christmann, 2008].

Kernel Methods



Q1: universal kernel, C(X) = {f : X — R continuous}

Definition
Assume:
@ X: compact metric space.

@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(€, 11 - lloo)-

Assumptions
@ X assumption = C(X) = Cp(X).
@ k: continuous, X: compact = k: bounded.
@ k: continuous, bounded = H; C C(X)
[Steinwart and Christmann, 2008].

@ Extensions of c-universality to non-compact spaces:

e cp-universality, cc-universality,
... [Carmeli et al., 2010, Sriperumbudur et al., 2010b,
Simon-Gabriel and Schélkopf, 2018].

Kernel Methods



If k is universal, then
@ k(x,x) >0 for all x € X.



If k is universal, then
@ k(x,x) >0 for all x € X.

o Every restriction of k to an X’ C X compact set is universal.



Q1: properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 forall x € X.
@ Every restriction of k to an X’ C X compact set is universal.
e ¢(x) = k(-,x) is injective, i.e.

pk(x,y) = llp(x) — o(y)ls,

is a metric.
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Q1: properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
k(x,x) >0 for all x € X.
Every restriction of k to an X’ C X compact set is universal.

©(x) = k(-, x) is injective, i.e.

pk(x,y) = llp(x) — o(y)ls,

is a metric.

The normalized kernel (recall: corr)

T L k(va)
Koo) = ok y)

is universal.

Kernel Methods



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0

o If a, > 0 Vn, then
k(x,y) = f({x,y))

is universal on X := {x eRY: |Ix||, < \/7}



o = = = =
k(x o &
) y)
ea(x
Y) - f
. previ
10
us result
with
(t)
et
=

dn .

nl*



o k(x,y) = e*®¥): previous result with f(t) = et = a, = 4.

2 .
o k(x,y) = e @IVl exp. kernel & normalization.



e k(x,y) = (1— (x,y))~“ binomial kernel
e on X compact C {x € RY : ||x||, < 1}.

o f(0)= (1= 0 =g ()1 e (<)

>0
by _ xn  b—itl
where () = 377, 2=



In fact, we estimated
preea(X, Y Hi, He, k) = sup  corr(f(X), g(Y): k),

feH,,geH,
cov(f(X),g(Y)) )
VvarlFOO] + [ £,/ varlg (V)] + [l

corr(f(X),g(Y); k) =



Q2 (k)

In fact, we estimated
preea(X, Y Hi, He, k) = sup  corr(f(X),g(Y); k),

feHk,g€H,
cov(f(X),g(Y))

corr(f(X),g(Y) k) =

JvarlF O]+ [1F12, 1 fvarlg (V)] + [l

For consistent KCCA estimate:

e xy — 0 [Leurgans et al., 1993](spline-RKHS),
[Fukumizu et al., 2007] (general RKHS).
@ analysis: covariance operators.

Kernel Methods



For

0 GxG cl  T& & (Gx + kly)? 0 c
léyéx Xo Y] H _CTGxGYdl ) 0 ' (CY+K|N)2] H

([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:

(A, =M, AN =)



Q3 (M > 2): symmetry, other form

For

0 Cxéy Cl T& A

(GX + I{|N)2 0 c
0 (Gy + fi|/\/)2 d

([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:
{1, =21, AN, —An )
Adding the r.h.s. to both sides:

Cxtrn)? GGy ][]
G8x (v + JN)J H =42

(cx—{—l{l/\/)z 0 c
0 (Gx + rly)?||d

with eigenvalues {1+ A1,1—Aq,..., 14+ Ay, 1 — Ay}
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2-variables [(X, Y)]:

(Gx + kly)? GxG cl (Gx + Kly)? 0 c
€8x (cyimYNde]—(l“)[ o (cme)sz]




Q3 (M > 2)
2-variables [(X, Y)]:

(C)(N+£<L|N)2 Néxéy C _(1+>\) (Gx-{—ld/\/)z _ 0 C
GyGyx (Gy+I€|N)2 d| 0 (Gx—i—lﬁl/\/)2 d
For M-variables (pairwise dependence):
(G1 —|—/~€|N)2 6162 C:-;lt:';/w C1
G2GM Co

Gzél (62 +H|N)2

GuGy GuGo
(él + :‘Ql/\/)2 5 0 0 c
0 (G2 + H'N)z 0 C2
v . . .
0 0 . (Gm+EIN?| |em
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Gx = HGxH with H = Iy — &%, H;Ey € RVXV,

(Gx)i = k(xi,5) = (B(x1), B()))5¢,



Gx = HGxH with H = Iy — &%, H;Ey € RVXV,

(Gx)i = k(xi,5) = (B(x1), B()))5¢,

1Y 1«
— <(p(Xi) N nz::l ©(xn), SO(XJ) N mzzzl ‘P(Xm)>:}fk



Gx = HGxH with H =1y — &%, H; Ey € RVXV,

(GX)U:I?(X;,><,):<95(X, B0x))ge,

— (plo) ~ Zso ) o)~ g 3 Z Pl
1 N

m Z (GX)nm

n,m=1

=(Gx)j — n;(GX)im N ;(Gx)nj -



Q4: Centered Gram matrix

In short
Gx = HGxH with H= Iy — &; H; Ey € RVXN,

1 1L
= (p(x) = 5 22 0m),0(09) = 7 D #lxm))gy,
n=1 m=1
yRL 1 R
=(Gx)j — D (GX)im— 5 Y (Gx)nj — 75 D (Gx)am
m=1 n=1 n,m=1
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Q4: Centered Gram matrix

In short
Gx = HGxH with H= Iy — &; H; Ey € RVXN,

1 y.
= (p(x) = 5 22 0m),0(09) = 7 D #lxm))gy,
n=1 m=1
1 1L 1 Y
=(Gx)j — Y (Gx)im = 5 2 (Gx)nj — 75 > (Gx)om
m=1 n=1 n,m=1
B Ev En Ev,. Epn
= (GX Cxy — & NGXN>U’
= (HGxH);,

H: symmetric (H=HT), idempotent (H? = H).
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