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Object of interest
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Manifold learning
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Manifold learning: intuition

Given: a set of observations X “ txiu
n
i“1 Ă RD .

Goal: find X 1 “
 

x
1

i

(n

i“1
Ă Rd ’preserving’ the geometry of X .

d ! D: compression (images, music, . . .).
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Classification

Given: tpxi , yi qu
n
i“1, xi P RD , yi P t´1, 1u.

Goal: find an f classifier such that f pxq « y .
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



Manifold learning
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Manifold learning (visualization, dimensionality reduction)

Goal: txiu
n
i“1 Ă RD ?

ÝÑ tx1iu
n
i“1 Ă Rd , retaining the geometry of txiu

n
i“1.
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Manifold learning

In the following:

PCA (in detail).
MDS, ISOMAP, Sammon mapping.
MVU, LLE.

Toolbox
[van der Maaten and Hinton, 2008, van der Maaten et al., 2009]:

https://lvdmaaten.github.io/drtoolbox/

34 methods.
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PCA: intuition

Task: find the best d-dimensional subspace approximating
txiu

n
i“1 Ă RD .
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PCA example: 100%
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PCA example: 100% Ñ 1%
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PCA example: 100% Ñ 2%
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PCA example: 100% Ñ 5%
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PCA example: 100% Ñ 10%
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PCA example: 100% Ñ 20%
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PCA formulation: d “ 1

We are looking for the best one-dimensional projection.

E:= empirical/population expectation: Ex “ 1
N

řN
i“1 xi .

Assumption: Ex “ 0.

centering: xÑ x´ Ex.
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PCA: projection

Projection (}w}2 “ 1):

x̂ “ 〈w, x〉w.

zero mean: 0
?
“ Ex̂ “ E r〈w, x〉ws

“
〈
w,Ex

ljhn

“0

〉
w.
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PCA: min residual ô max squared projection

Goal: E }x´ x̂}22 Ñ minw.

Residual ñ objective:

}x´ x̂}22 “ }x´ 〈w, x〉w}22

}w}22“1
“ }x}22 ´ 〈w, x〉2

ñ

E }x´ x̂}22 “ E
”

}x}22 ´ 〈w, x〉2
ı

“ E }x}22
loomoon

independent of w

´E 〈w, x〉2
ô

Solution

maximizes the mean squared projection.
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PCA: max squared projection ô max variance of
projection

By using Ey2 “ pEyq2 ` varpyq:

max
w
Ð E 〈w, x〉2

“
`

E 〈w, x〉
l jh n

“0

˘2
` varp〈w, x〉q.

To sum up:

Minimize MSE of the residual : min
w

E }x´ x̂}22 ô

Maximize mean squared projection : max
w

E 〈w, x〉2
ô

Maximize variance of the projection : max
w

varp〈w, x〉q.
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PCA: Optimization

By the bilinearity of cov :

var p〈w, x〉q “ cov
´

wTx,wTx
¯

“ wT covpxqw “: wTΣwÑ max
}w}2“1

.

Lagrange function, solving for ’derivatives = 0’:

Lpw, λq “ wTΣw
loomoon

“objective

´λpwTw ´ 1
loooomoooon

“condition

q ñ

0 “
BLpw, λq

Bλ
“ ´pwTw ´ 1q,

0 “
BLpw, λq

Bw
“ 2Σw ´ 2λwñ

Solution

w˚: eigenvector associated to λmaxpΣq.
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



PCA: Optimization

By the bilinearity of cov :

var p〈w, x〉q “ cov
´

wTx,wTx
¯

“ wT covpxqw “: wTΣwÑ max
}w}2“1

.

Lagrange function, solving for ’derivatives = 0’:

Lpw, λq “ wTΣw
loomoon

“objective

´λpwTw ´ 1
loooomoooon

“condition

q ñ

0 “
BLpw, λq

Bλ
“ ´pwTw ´ 1q,

0 “
BLpw, λq

Bw
“ 2Σw ´ 2λwñ

Solution

w˚: eigenvector associated to λmaxpΣq.
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PCA: d ě 1
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PCA (d ě 1): basis, approximation

Goal: approximate with a d-dimensional subspace.

ONB in the subspace (WTW “ I):

W “ rw1, . . . ,wd s P RDˆd ,

Approximation:

x̂ “
d
ÿ

i“1

〈wi , x〉wi “WWTx.
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PCA (d ě 1): min residual ô max squared projection

Using WTW “ I

}x´ x̂}22 “
›

›

›
x´WWTx

›

›

›

2

2

“ xT
´

I´WWT
¯´

I´WWT
¯

loooooooooooooooomoooooooooooooooon

“I´2WWT`WWTWWT“I´WWT

x

“ }x}22 ´
›

›

›
WTx

›

›

›

2

2
,

E }x´ x̂}22 “ E }x}22
loomoon

independent of W

´E
›

›

›
WTx

›

›

›

2

2
.

Thus minw E }x´ x̂}22 ô maxw E
›

›WTx
›

›

2

2
.
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PCA (d ě 1): max squared projection ô max variance of
projection

Let y “WTx:

E }y}22 ´ }Ey}
2
2 “ varpyq?

“ E

«

ÿ

i

y2
i

ff

´
ÿ

i

pEyi q2 “
ÿ

i

varpyi q ñ

E
›

›

›
WTx

›

›

›

2

2
´

›

›

›
E
“

WTx
‰

l jh n

“WTEx“0

›

›

›

2

2
“

ÿ

i

var
´´

WTx
¯

i

¯

Ñ max
W

.
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PCA (d ě 1): max squared projection ô max variance of
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PCA (d ě 1): max squared projection ô max variance of
projection
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2

2
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PCA: d ě 1

The d principal components:

twiu
d
i“1 “ top d eigenvectors of Σ “ covpxq.

Σ: symmetric, positive semi-definite ñ twiu: ONS, λi ě 0.

Variance decomposition: covpxq “
řD

i“1 λiwiw
T
i .

Energy preserved using d components:
řd

i“1 λi ñ

R2 “ R2pdq :“

řd
i“1 λi

řD
i“1 λi

P r0, 1s.

In practice: choose d such that R2 « 0.8´ 0.9.
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



PCA/subspace alternatives
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Multidimensional scaling (MDS)

Given: D “ rdij s
n
i ,j“1 distance matrix, dij “ }xi ´ xj}2.

Objective function:

min
X1

ÿ

i ,j

´

d2
ij ´

›

›x1i ´ x1j
›

›

2

2

¯

loooooooooomoooooooooon

preserve (large) distances

, s.t. x1i “Wxi , }wi}
2
2 “ 1,@i .

Solution: G “ XTX “ r〈xi , xj〉sni ,j“1 Gram matrix.

1 Top d eigenvalues, eigenvectors of G: λi , vi (i “ 1, . . . , d).
2 x1i “

?
λivi .

Expensive computationally.
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ISOMAP [Tenenbaum et al., 2000] ð MDS

Idea: For curved manifold rely on neighborhoods.

Steps:

1 d̂geodesicpxi , xjq “ shortest path of xi and xj on kNN graph.
(Dijkstra/Floyd’s alg.)

2 D :“
”

d̂geodesicpxi , xjq
ı

.

3 Call MDS on D.

It can be slow.
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Sammon mapping = MDS & local distance preservation
[Torgerson, 1952]

Recall (MDS):

min
X1

ÿ

i ,j

´

d2
ij ´

›

›x1i ´ x1j
›

›

2

2

¯

loooooooooomoooooooooon

preserve (large) distances

, s.t. x1i “Wxi , }wi}
2
2 “ 1,@i .

MDS cares mostly about large distances.

Sammon mapping: weights := 1
dij

.

min
X1

1
ř

i‰j dij

ÿ

i‰j

´

dij ´
›

›x1i ´ x1j
›

›

2

¯2

dij
.
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MVU [Weinberger et al., 2004] = MDS & explicit
unfolding

G :“ kNN graph of txiu
n
i“1.

Objective:

max
X1

ÿ

ij

›

›x1i ´ x1j
›

›

2

2
s.t.

›

›x1i ´ x1j
›

›

2

2
“ }xi ´ xj}

2
2 pi , jq P G

Leads to SDP.

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



MVU [Weinberger et al., 2004] = MDS & explicit
unfolding

G :“ kNN graph of txiu
n
i“1. Objective:

max
X1

ÿ

ij

›

›x1i ´ x1j
›

›

2

2
s.t.

›

›x1i ´ x1j
›

›

2

2
“ }xi ´ xj}

2
2 pi , jq P G

Leads to SDP.
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Locally linear embedding (LLE) [Roweis and Saul, 2000]

Assumption: local linearity.

Steps:
1 G :=kNN graph ñ xij :“ j th NN of xi .

2 wi :“ arg minw

›

›

›
xi ´

řk
j“1 wijxij

›

›

›

2
. Objective:

min
X1

ÿ

i

›

›

›

›

›

x1i ´
ÿ

j

wijx
1
ij

›

›

›

›

›

2

2
loooooooomoooooooon

local linearity preserving

s.t.
›

›

›
x

1
pkq

›

›

›

2

2
“ 1,@k

loooooooomoooooooon

to avoid X1
“ 0

.

Solution: from eigensystem of pI´WqT pI´Wq, W “ 1´χG .
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Manifold embedding: demo:

MDS, ISOMAP: slow. MDS, PCA: fail to unroll (no manifold info).

:Todd Wittman
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Manifold embedding: summary

PCA: linear subspace.

MDS: (large) distance retaining.

ISOMAP: geodesic distance preserving.

Sammon mapping: distance retaining (including small ones).

MVU: kNN distance preserving & explicit unrolling.

LLE: local linearity preserving.
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Classification
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Program

kNN classifier.

Sparse coding, structured sparse coding.

SVM: linear, non-linear.
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Classification: kNN
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Task: recap

Given: tpxi , yi qu
n
i“1, xi P RD , yi P t´1, 1u.

Goal: find an f classifier s.t. f pxq « y .

In the EEG example:

yi “ 1 (calm), yi “ ´1 (traumatic),
xi : i th patient.

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



Task: recap

Given: tpxi , yi qu
n
i“1, xi P RD , yi P t´1, 1u.

Goal: find an f classifier s.t. f pxq « y .

In the EEG example:

yi “ 1 (calm), yi “ ´1 (traumatic),
xi : i th patient.
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kNN classification

Simplest decision rule::

Let k “ 1. For a test x, we predict the label of the closest point:

i˚ :“ arg min
i

ρpx, xi q, ρpx, x1q “
›

›x´ x1
›

›

2
,

ŷ :“ yi˚ .

:kNN illustration credit: scikit-learn.
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kNN classification: k ě 1

Generalization of the 1-NN idea.

Majority vote of the k-nearest neighbors.
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Classification: (structured) sparse coding.
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Classification as sparse coding

Demo: face recognition.

Idea [Wright et al., 2009, Wagner et al., 2009]:

test image = sparse linear combination of the training set + error
error = corruption/occlusion.
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Classification as sparse coding – continued

Nice performance despite severe corruption.
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Problem formulation

Objective function (Lasso problem, EEG: K “ 2):

A :“ rx1, . . . , xns,

Jpcq “
1

2
}x´ Ac}22

loooooomoooooon

good approximation

`λ }c}1
loomoon

sparsity

Ñ min
c

pλ ą 0q.

Optimal c “ rc1, . . . , cK s: non-zero in the relevant class.

Decision rule with A “ rA1, . . . ,AK s:

i˚ “ arg max
i“1,...,K

}ci}2 , ŷ “ yi˚

, or

i˚ “ arg min
i“1,...,K

}x´ Aici}2 , ŷ “ yi˚ .
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Lasso solution: ISTA/FISTA [Beck and Teboulle, 2009]

Jpcq “
1

2
}x´ Ac}22

loooooomoooooon

“:f pcq

` λ }c}1
loomoon

“:gpcq

Ñ min
c
.

f : smooth convex,

}∇f paq ´∇f pbq}2 ď L
ljhn

ą0

}a´ b}2 @a,b.

Example: f pcq “ 1
2 }x´ Ac}22, smallest L “ λmax

`

ATA
˘

.

g : continuous, convex, often nonsmooth.
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ISTA ’=’ gradient descent

Gradient descent (δt ą 0):

ct “ ct´1 ´ δt∇f pct´1q ô

ct “ arg min
c

„

f pct´1q ` 〈c´ ct´1,∇f pct´1q〉`
1

2δt
}c´ ct´1}

2
2



.

Quadratic approximation of f ` g at y:

{pf ` gqLpc, yq :“ f pyq ` 〈c´ y,∇f pyq〉` L

2
}c´ y}22 ` gpcq.ñ

pLpyq :“ arg min
c

{pf ` gqLpc, yq

“ arg min
c

«

gpcq `
L

2

›

›

›

›

c´

ˆ

y ´
1

L
∇f pyq

˙›

›

›

›

2

2

ff

“ prox 1
L
g

ˆ

y ´
1

L
∇f pyq

˙

.
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ISTA: L given

1: for all t “ 1 : T do
2: ct “ pL pct´1q Ð gradient descent + ’projection’

Notes:

L: does not have to be known – backtracking.

Convergence: O
`

1
T

˘

in F -sense.

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



ISTA: L given

1: for all t “ 1 : T do
2: ct “ pL pct´1q Ð gradient descent + ’projection’

Notes:

L: does not have to be known – backtracking.

Convergence: O
`

1
T

˘

in F -sense.
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FISTA: L given

1: Init: y1 “ c0, δ1 “ 1
2: for all t “ 1 : T do
3: ct “ pL pytq

4: δt`1 “
1`
?

1`4δ2
t

2

5: yt`1 “ ct `
δt´1
δt`1

pct ´ ct´1q

Notes:

L: not needed – backtracking.

Convergence: O
`

1
T 2

˘

in F -sense.
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Local summary: ISTA/FISTA

We can solve

Jpcq “
1

2
}x´ Ac}22

loooooomoooooon

“:f pcq

` λ }c}1
loomoon

“:gpcq

Ñ min
c

type sparse coding problems quickly if

∇f : X,

proxg pvq “ arg min
y

„

gpyq `
1

2
}y ´ v}22



X.
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Prox: generalization of projection

proxg = Euclidean projection onto C if

gpyq “ IC pyq “

#

0 y P C ,

8 y R C .
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Prox: properties

Our case: gpyq “
ř

m |ym|.

Separable g : for gpyq “
řM

m“1 gmpymq

proxg py1, . . . , yMq “ rproxg1py1q; . . . ; proxgM pyMqs .

For gpyq “ |y |

proxκg pyq “

$

’

&

’

%

y ´ κ y ě κ,

0 |y | ď κ

y ` κ y ď ´κ.
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Lasso: extensions

Convex structured sparse coding (λ ą 0):

Jpcq “
1

2
}x´ Ac}22 ` λ

›

›

›
p}cG }2qGPG

›

›

›

1
Ñ min

c
,

G : group structure on t1, . . . , dcu, t1, . . . , dcu “ YGPG.

Traditional group Lasso:

G = partition [EEG: Gi = i th emotion].

prox: block soft-thresholding.
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Greedy methods: UoS models

Greedy techniques: faster, weaker guarantees.

Union-of-subspace (UoS) models:

c P U “ YM
m“1Ui , Ui Ď Rdc : subspace.

prox Ñ PU: PUpuq “ arg minvPU }u´ v}2.

s-block-sparse model: s blocks with largest energy

ÿ

iPGj

|ci |
2 Ð Hard block-thresholding.

Methods: IHT, CoSaMP, SP [Blumensath and Davies, 2009a,
Blumensath and Davies, 2009b, Baraniuk et al., 2010].

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



Greedy methods: UoS models

Greedy techniques: faster, weaker guarantees.

Union-of-subspace (UoS) models:

c P U “ YM
m“1Ui , Ui Ď Rdc : subspace.

prox Ñ PU: PUpuq “ arg minvPU }u´ v}2.

s-block-sparse model: s blocks with largest energy

ÿ

iPGj

|ci |
2 Ð Hard block-thresholding.

Methods: IHT, CoSaMP, SP [Blumensath and Davies, 2009a,
Blumensath and Davies, 2009b, Baraniuk et al., 2010].
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Structured sparse coding on time-series

Jpcq “
1

2
}x´ Ac}2 ` λ

›

›

›
p}cG }2qGPG

›

›

›

1
Ñ min

c
.

Idea [Jeni et al., 2014]:

Columns of A are time-series of possibly different length.

Example:

xi : evolution of facial muscle activities.

yi : emotion of the user.
ai “ ϕpxi q, kpxi , xjq “ 〈ϕpxi q, ϕpxjq〉.
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+Info on (structured) sparse coding, compressed sensing

Papers, blog:

https://sites.google.com/site/igorcarron2/cs,
http://nuit-blanche.blogspot.com/search/label/CS.

Code:

SLEP: http://www.yelab.net/software/SLEP/
SPAMS: http://spams-devel.gforge.inria.fr/
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Classification: SVM
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Support Vector Machine (SVM)

Which separating line is the ’best’?

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



Support Vector Machine (SVM)

SVM answer: the one with the largest margin.
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SVM formulation: hard classification

Hyperplane: fw,bpxq “ 〈w, x〉` b.

w: normal vector, b: offset.

Goal:

max
w,b

2

}w}2
loomoon

margin

ô min }w}22 , s.t.

#

〈w, xi 〉` b ě 1 if yi “ 1,

〈w, xi 〉` b ď ´1 otherwise.
loooooooooooooooooooomoooooooooooooooooooon

correction classification

Shortly,

min
w,b
}w}22, s.t. yi p〈w, xi 〉` bq ě 1,@i .

Decision: ŷ “ sign p〈w, x〉` bq.
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



SVM formulation: hard classification

Hyperplane: fw,bpxq “ 〈w, x〉` b.

w: normal vector, b: offset.

Goal:

max
w,b

2

}w}2
loomoon

margin

ô min }w}22 , s.t.

#

〈w, xi 〉` b ě 1 if yi “ 1,

〈w, xi 〉` b ď ´1 otherwise.
loooooooooooooooooooomoooooooooooooooooooon

correction classification

Shortly,

min
w,b
}w}22, s.t. yi p〈w, xi 〉` bq ě 1,@i .

Decision: ŷ “ sign p〈w, x〉` bq.
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SVM formulation: soft classification

Hard classification objective:

min
w,b
}w}22 s.t. yi p〈w, xi 〉` bq ě 1,@i .

There might not be solution! (non-linearly separable case)

Soft classification objective:

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

ξi s.t. yi p〈w, xi 〉` bq ě 1´ ξi ,@i .

Linear penalty on misclassification.
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



SVM formulation: soft classification

Soft classification objective:

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

ξi , s.t. yi p〈w, xi 〉` bq ě 1´ ξi p@iq.

Using Lagrangian multipliers

: w “
řn

i“1 αiyixi and

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjx
T
i xj

looooooooooooooooomooooooooooooooooon

quadratic in α

, s.t. 0 ď αi ď C ,
n
ÿ

i“1

αiyi “ 0

loooooooooooooomoooooooooooooon

linear in α

.

b ð yi pw
T
i xi ` bq “ 1 ð αi P p0,C q.

QP: solvers are available.
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If linear separability does not hold

Until this point:
(almost) linearly separable case.

Now:

Zoltán Szabó Manifold Learning and Classification for EEG Analysis



If linear separability does not hold

Until this point:
(almost) linearly separable case.

Now:
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If linear separability does not hold: kernel trick
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Nonlinear SVM

Linear SVM (dual):

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjx
T
i xj , s.t. 0 ď αi ď C ,

n
ÿ

i“1

αiyi “ 0,@i .

Nonlinear SVM (dual):

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjkpxi , xjq, s.t. 0 ď αi ď C ,
n
ÿ

i“1

αiyi “ 0,@i .

Nonlinear SVM (primal):

min
f PHk ,ξ

1

2
}f }2Hk

` C
n
ÿ

i“1

ξi , s.t. yi f pxi q ě 1´ ξi ,@i .
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Kernel: similarity between features

Given: x and x 1 P X objects (images, texts, . . . ).

Question: how similar they are?

Define features of the objects:

H Q ϕpxq : features of x ,

H Q ϕpx 1q : features of x 1.

Kernel: inner product of these features

kpx , x 1q :“
〈
ϕpxq, ϕpx 1q

〉
H
.

defines a Hk “ tXÑ R : . . .u function space.
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Kernel examples

X “ Rd :

kppx, yq “ p〈x, y〉` γqp, kG px, yq “ e´γ}x´y}
2
2 ,

kepx, yq “ e´γ}x´y}2 , kC px, yq “ 1`
1

γ }x´ y}22
.

X = texts, strings:

bag-of-word kernel,
r -spectrum kernel: # of common ď r -substrings.

X = time-series: dynamic time-warping.
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RKHS definition(s)

Given: X set.

Kernel: kpa, bq “ xϕpaq, ϕpbqyH.

Reproducing kernel of an H Ă RX Hilbert space,

1 kp¨, bq
loomoon

“ϕpbq

P H,

2 xf , kp¨, bqyH “ f pbq. ñ kpa, bq “ xkp¨, aq
loomoon

“ϕpaq

, kp¨, bq
loomoon

“ϕpbq

yH.

k : Xˆ XÑ R sym. is pd. if G “ rkpxi , xjqs
n
i ,j“1 ľ 0.
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loomoon

“ϕpaq

, kp¨, bq
loomoon

“ϕpbq

yH.

k : Xˆ XÑ R sym. is pd. if G “ rkpxi , xjqs
n
i ,j“1 ľ 0.
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Looking back to nonlinear SVM

min
f PHk ,ξ

1

2
}f }2Hk

` C
n
ÿ

i“1

ξi , s.t. yi f pxi q ě 1´ ξi .

Linear classification on ϕpxq “ kp¨, xq [ð f pxq “ 〈f , kp¨, xq〉Hk
].

Access to kpx , x 1q is enough.
Representation theorem ñ finiteD problem:

f ˚ “
n
ÿ

i“1

αikp¨, xi q.
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Representer theorem

Given: tpxi , yi qu
n
i“1, say classification/regression.

Goal:

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

,

r : monotically increasing.

Example:

V p. . .q “
1

n

n
ÿ

i“1

Iyi f pxi qă0 (classification),

V p. . .q “
1

n

n
ÿ

i“1

rf pxi q ´ yi s
2 (regression).
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Representer theorem – continued

. . . then

D solution in the form:

f ˚ “
n
ÿ

i“1

αikp¨, xi q.

r : strictly increasing ñ @ solution is of this form.

Example: rpzq “ λz , λ ą 0.
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Representer theorem – proof

Objective

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

.

Decompose & Pythagorean theorem:

S “ span pkp¨, xi q, i “ 1, . . . , nq ,

f “ fS ` fK,

}f }2Hk
“ }fS}

2
Hk
` }fK}

2
Hk

loomoon

ě0

ě }fS}
2
Hk
.

In J

1st term: depends on fS only.

2nd term: can only decrease by neglecting fK (r Õ).
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Parameter selection Ñ cost: C , kernel parameter: σ

M-fold cross-validation [θ :“ pC , σq]:
1 Split data:

training set (Xtr ,Ytr ): Xval,i ,Yval,i , i “ 1, . . . ,M.
test set: Xte , Yte .

2 For fixed θ: evaluate the average error while

trained on: XtrzXval,i , YtrzYval,i ,
tested on: Xval,i , Yval,i .

3 θ˚ :“ minimizer of CV error.

4 Report: performance of θ˚ on Xte , Yte .
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Zoltán Szabó Manifold Learning and Classification for EEG Analysis



Parameter selection Ñ cost: C , kernel parameter: σ

M-fold cross-validation [θ :“ pC , σq]:
1 Split data:

training set (Xtr ,Ytr ): Xval,i ,Yval,i , i “ 1, . . . ,M.
test set: Xte , Yte .

2 For fixed θ: evaluate the average error while

trained on: XtrzXval,i , YtrzYval,i ,
tested on: Xval,i , Yval,i .

3 θ˚ :“ minimizer of CV error.

4 Report: performance of θ˚ on Xte , Yte .
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Classification: summary

kNN: simple.

Sparse, structured sparse coding:

Lasso, group Lasso, UoS models.
soft (ISTA, FISTA) / hard thresholding (greedy methods).
kernel: X

SVM:

linearly separable,
nonlinear (kernel, flexible).

Parameter selection: cross-validation.
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Summary

Manifold learning:

PCA.
MDS, ISOMAP, Sammon mapping; MVU, LLE.

Classification:

kNN methods.
(Structured) sparse coding.
SVM.
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Thank you for the attention!
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