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e Manifold learning (visualization).

o Classification (prediction).
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Object of interest
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Manifold learning
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Manifold learning: intuition

o Given: a set of observations X = {x;}7_; c RP.
e Goal: find X" = {x;}”_, = R? 'preserving’ the geometry of X.
@ d « D: compression (images, music, ...).
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Classification

o Given: {(x;,yi)}", x; € RP, y; e {~1,1}.
e Goal: find an f classifier such that f(x) ~ y.
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Classification

o Given: {(x;,yi)}", x; € RP, y; e {~1,1}.
e Goal: find an f classifier such that f(x) ~ y.

Input Space
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Classification

o Given: {(x;,yi)}", x; € RP, y; e {~1,1}.
e Goal: find an f classifier such that f(x) ~ y.

Input Space Feature Space

Zoltan Szabé Manifold Learning and Classification for EEG Analysis



Manifold learning
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Manifold learning (visualization, dimensionality reductio

Goal: {x;}"_, c RP AR {xi}7_, = RY, retaining the geometry of {x;}7_;.
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Manifold learning

@ In the following:
o PCA (in detail).
o MDS, ISOMAP, Sammon mapping.
e MVU, LLE.

Zoltan Szabé Manifold Learning and Classification for EEG Analysis


https://lvdmaaten.github.io/drtoolbox/

Manifold learning

@ In the following:
o PCA (in detail).
o MDS, ISOMAP, Sammon mapping.
o MVU, LLE.

@ Toolbox

[van der Maaten and Hinton, 2008, van der Maaten et al., 2009]:

o https://lvdmaaten.github.io/drtoolbox/
o 34 methods.
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Task: find the best d-dimensional subspace approximating
{xi}r_; = RP.

v

Zoltan Szabdé Manifold Learning and Classification for EEG Analysis



PCA example: 100%
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PCA example: 100% — 1%
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PCA example: 100% — 2%
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PCA example: 100% — 5%

()
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PCA example: 100% — 20%
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PCA formulation:

@ We are looking for the best one-dimensional projection.

/

e [E:= empirical/population expectation: Ex = % Zf\lzl X;.
@ Assumption: Ex = 0.
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PCA formulation:

@ We are looking for the best one-dimensional projection.

/

e [E:= empirical/population expectation: Ex = % Zf\lzl X;.
@ Assumption: Ex = 0.
e centering: x — x — Ex.
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PCA: projection

Projection (||lw|, = 1):
o X = (w,x)w.

o zero mean: 0 = Ex = E [(w, x) w]
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PCA: projection

Projection (||lw|, = 1):
o X = (w,x)w.

o zero mean: 0 = Ex = E [(w,x) w] = (w,Ex )w.
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PCA: min residual < max squared projection

e Goal: E||x—§(||§ — miny.
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PCA: min residual < max squared projection

e Goal: E||x—§(||§ — miny.

@ Residual = objective:

512 2
Ix = %[ = lx = {w,x) w3
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PCA: min residual < max squared projection

e Goal: E||x—§(||§ — miny.

@ Residual = objective:
o2 2
Ix = %[5 =[x = (w, x) w3

wi3=1
2 x5~ (wox)® =
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PCA: min residual < max squared projection

e Goal: E||x—§(||§ — miny.

@ Residual = objective:

512 2
Ix = %[ = lx = {w,x) w3

wi3=1
2 x5~ (wox)® =

Elx -5 =E|Ixl3 - (w.x?| = ExI} -Ewx’e
——

independent of w
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PCA: min residual < max squared projection

e Goal: E||x—§(]|§ — miny.

@ Residual = objective:

a2 2

Ix = %[5 =[x — (w, x) w5
Iw3=1 2 2

= x]3 = (w,x)° =

Elx—%I3 =E[Ixl} - w,x’| = Exl} -Ewx’<
——

independent of w
maximizes the mean squared projection.
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PCA: max squared projection < max variance of

projection

By using Ey? = (Ey)? + var(y):

max « I (w, x)? = (E (w,x) )2 + var((w, x)).

w

e ]

~~

=0
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PCA: max squared projection < max variance of

projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w

—

~~

=0

To sum up:

Minimize MSE of the residual : minE |x — %[5 <
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PCA: max squared projection < max variance of

projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w

—

~~

=0

To sum up:

Minimize MSE of the residual : minE |x — %[5 <

Maximize mean squared projection : max[E <w,x>2 =
w
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PCA: max squared projection < max variance of

projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w

e ]

~~

=0
To sum up:
Minimize MSE of the residual : m“ilnIE Ix — &3 <
Maximize mean squared projection : mvaxE <w,x>2 =

Maximize variance of the projection : max var({w,x)).
w
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PCA: Optimization

By the bilinearity of cov:

var ({w,x)) = cov (wa,wa>
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PCA: Optimization

By the bilinearity of cov:
var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax
w,=1
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PCA: Optimization

By the bilinearity of cov:

var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax :
w,=1

Lagrange function, solving for 'derivatives = 0':
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PCA: Optimization

By the bilinearity of cov:

var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax :
w,=1

Lagrange function, solving for 'derivatives = 0':

Liw,)) = w' Zw —A(w'w—1)=
~—— —

=objective =condition
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PCA: Optimization

By the bilinearity of cov:
var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax :
w,=1

Lagrange function, solving for 'derivatives = 0':

Liw,)) = w' Zw —A(w'w—1)=
~—— —

=objective =condition
L
0= 0 (a“;\a /\) _ —(WTW _ 1)7

Zoltan Szabé Manifold Learning and Classification for EEG Analysis



PCA: Optimization

By the bilinearity of cov:
var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax :
w,=1

Lagrange function, solving for 'derivatives = 0':

Liw,)) = w' Zw —A(w'w—1)=
~—— —

=objective =condition
L
0= 0 (a“;\a /\) _ —(WTW _ 1)7
0= M = 23w — 2w =
ow
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PCA: Optimization

By the bilinearity of cov:
var ({w,x)) = cov (wa,wa> —wlcov(x)w = w’ Zw — ”nﬂax :
w,=1

Lagrange function, solving for 'derivatives = 0':

Liw,)) = w' Zw —A(w'w—1)=
~—— —

=objective =condition
L
0= 0 (a“;\a /\) _ —(WTW _ 1)’
0= M = 23w — 2w =
ow

w*: eigenvector associated to Amax(X).
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PCA: d > 1
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PCA (d = 1): basis, approximation

@ Goal: approximate with a d-dimensional subspace.
o ONB in the subspace (WTW = I):

W = [Wl,...,Wd] € RDXd,

@ Approximation:

d
X = Z (wj,x)w; = WW Tx.
i=1
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PCA (d = 1): min residual < max squared projection

2
Ix — %2 = Hx - waxH2
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PCA (d = 1): min residual < max squared projection

2
Ix — %2 = Hx - waxH

=T KI—WWT> <I—WWT> X

=1—2WWT +WWTWWT=1-WwW7’
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PCA (d = 1): min residual < max squared projection

Using W W = |

2
Ix — %2 = Hx - waxH

=T KI—WWT> <I—WWT> X

=1—2WWT +WWTWWT=1-WwW7’

9

2
2
~ IxI3 — W
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PCA (d = 1): min residual < max squared projection

Using W W = |
2
Ix — %2 = Hx—waxH2 —xT (I—WWT> <I—WWT> X
:I72WWT+WWVTWWT:I7WWT
2
= Ix3 = [wx| .
2
2
A2 2
Elx—%3= Ex -E/wW .
—— 2

independent of W
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PCA (d = 1): min residual < max squared projection

Using W W = |
2
Ix — %2 = Hx—waxH2 —xT (I—WWT> <I—WWT> X
:I72WWT+WWVTWWT:I7WWT
2
= Ix3 = [wx| .
2
2
A2 2
Elx—%3= Ex -E/wW .
—— 2

independent of W

Thus miny E [x — )“(H% < maxy E HWTxHi
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:

2 2
Byl = [Ey|3 = var(y)?
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:
2 2
Elylz — [Ey[z = var(y)?

=E [Zy?] —Z Ey;)? Zvar (i)
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:

E|yl3 - |Ey|3 = var(y)?
=E [Zy?] — > (Eyi)? Zvar (i)
= Z var ((WTX) ) — max.

[, - W |

—

=WTEx=0
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PCA:d>1

@ The d principal components:

{w;}¢_; = top d eigenvectors of X = cov(x).
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PCA:d>1

@ The d principal components:
{w;}¢_; = top d eigenvectors of X = cov(x).

e 3. symmetric, positive semi-definite = {w;}: ONS, \; > 0.
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PCA:d>1

@ The d principal components:
{w;}¢_; = top d eigenvectors of X = cov(x).

e 3. symmetric, positive semi-definite = {w;}: ONS, \; > 0.

@ Variance decomposition: cov(x) = Z,-D:l Aiwiw]
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PCA:d>1

@ The d principal components:
{w;}¢_; = top d eigenvectors of X = cov(x).

e 3. symmetric, positive semi-definite = {w;}: ONS, \; > 0.
@ Variance decomposition: cov(x) = Z,-D:l Aiwiw]

@ Energy preserved using d components: 2?21 A =

d .
R? = R%(d) := Z"D:l Ai [0, 1].
Zizl Ai
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PCA:d>1

@ The d principal components:

{w;}¢_; = top d eigenvectors of X = cov(x).

3. symmetric, positive semi-definite = {w;}: ONS, \; > 0.

Variance decomposition: cov(x) = Z,-D:l Aiwiw]

Energy preserved using d components: Z?=1 Ai =

d
R? = R%(d) := Z"D:l Ai [0, 1].
Zizl Ai

In practice: choose d such that R2 ~ 0.8 — 0.9.
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PCA /subspace alternatives
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Multidimensional scaling (MDS)

o Given: D = [dy]},_, distance matrix, djj = [x; — x;]],.
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Multidimensional scaling (MDS)

o Given: D = [dy]},_, distance matrix, djj = [x; — x;]],.
@ Objective function:
. 2 )
min > ( — |xi = xj| ) , st X = Wx;, w5 = 1,Vi.
IJ

preserve (Iarge) distances
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Multidimensional scaling (MDS)

o Given: D = [dy]},_, distance matrix, djj = [x; — x;]],.
@ Objective function:
. 2 )
min > ( — |xi = xj| ) , st X = Wx;, w5 = 1,Vi.
IJ

preserve (Iarge) distances

e Solution: G = X'X = [(xi,x;)]7;,—1 Gram matrix.

@ Top d eigenvalues, eigenvectors of G: \;, v; (i =1,...,d).
Q x; = VA,

Zoltan Szabé Manifold Learning and Classification for EEG Analysis



Multidimensional scaling (MDS)

Given: D = [d,-j]fd.:l distance matrix, djj = [x; — X;],.
@ Objective function:
. 2 )
min > ( — |xi = xj| ) , st X = Wx;, w5 = 1,Vi.
IJ

preserve (Iarge) distances

e Solution: G = X'X = [(xi,x;)]7;,—1 Gram matrix.
@ Top d eigenvalues, eigenvectors of G: \;, v; (i =1,...,d).
Q x; = VA,

@ Expensive computationally.
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ISOMAP [Tenenbaum et al., 2000] < MDS

@ Idea: For curved manifold rely on neighborhoods.
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ISOMAP [Tenenbaum et al., 2000] < MDS

@ Idea: For curved manifold rely on neighborhoods.
@ Steps:

Qo ageodes;c(x,-,xj) = shortest path of x; and x; on kNN graph.
(Dijkstra/Floyd's alg.)
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ISOMAP [Tenenbaum et al., 2000] < MDS

@ Idea: For curved manifold rely on neighborhoods.
@ Steps:
Qo ageodes;c(x,-,xj) = shortest path of x; and x; on kNN graph.
(Dijkstra/Floyd's alg.)

~

Q@ D:= [dgeodesic(xhxj)]-
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ISOMAP [Tenenbaum et al., 2000] < MDS

@ Idea: For curved manifold rely on neighborhoods.
@ Steps:
Qo ageodes;c(x,-,xj) = shortest path of x; and x; on kNN graph.
(Dijkstra/Floyd's alg.)

~

Q@ D:= [dgeodesic(xhxj)]-
@ Call MDS on D.
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ISOMAP [Tenenbaum et al., 2000] < MDS

@ Idea: For curved manifold rely on neighborhoods.
@ Steps:
Qo ageodes;c(x,-,xj) = shortest path of x; and x; on kNN graph.
(Dijkstra/Floyd's alg.)
Q@ D:= [a\geodesic(xhxj)]-
@ Call MDS on D.

@ It can be slow.
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Sammon mapping = MDS & local distance preservation

[Torgerson, 1952]

@ Recall (MDS):

, 2 2 ,
n;l(l/nz (d,f — [x; - xj||2> , st X = Wx;, [w;|5 = 1,Vi.
iJ

[\ /
v~

preserve (large) distances

@ MDS cares mostly about large distances.

@ Sammon mapping: weights := d%

Ly (ds = I =)

X Zi;éj dfj i) dij
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MVU [Weinberger et al., 2004] = MDS & explicit
unfolding

G := kNN graph of {x;}7_;.
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MVU [Weinberger et al., 2004] = MDS & explicit
unfolding

G := kNN graph of {x;}"_;. Objective:

max 3 i = x|, st G x5 =[x~ %13 ()eG
ij
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MVU [Weinberger et al., 2004] = MDS & explicit
unfolding

G := kNN graph of {x;}"_;. Objective:

max 3 i = x|, st G x5 =[x~ %13 ()eG
ij

Leads to SDP.
Zoltan Szabdé Manifold Learning and Classification for EEG Analysis



Locally linear embedding (LLE) [Roweis and Saul, 2000]

@ Assumption: local linearity.
o Steps:
@ G:=kNN graph = x; := j NN of x;.
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Locally linear embedding (LLE) [Roweis and Saul, 2000]

@ Assumption: local linearity.
o Steps:
© G:=kNN graph = x; := jt NN of x;.

w; 1= argmin,, |X; — > W;X;

, Objective:

2
, 2
st Hx WH — 1,Vk.
2
2 \—v—_/

minz
X &
1

/ /
X = D Wi
J

local linearity preserving

to avoid X’ =0
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Locally linear embedding (LLE) [Roweis and Saul, 2000]

@ Assumption: local linearity.
o Steps:
© G:=kNN graph = x; := jt NN of x;.

w; 1= argmin,, |X; — > W;X;

, Objective:

2
, 2
st. Hx WH — 1,Vk.
2
2 \—v—_/

minz
X &
1

/ /
X = D Wi
J

local linearity preserving

to avoid X’ =0

@ Solution: from eigensystem of (I —W)T(1-W), W =1 — yg.
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Manifold embedding: demo'

fTodd Wittman

MDS: 2.2242m

PCA: 0.4255

-10 0 10

LLE: 25785
2
1 -
a
3 _.A
-2 0 2

Zoltan Szabd
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Manifold embedding: demo'

MDS: 2.2242m PCA: 0.425s

ISOMAP: 8.4307Tm LLE: 2.578s

-
15.-\"%. . 2
5% .J. 1
"y g
0 .

S ; .
a0 W . N
=40 =20 o 20 -2 Q ]

MDS, ISOMAP: slow. MDS, PCA: fail to unroll (no manifold info).
fTodd Wittman
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Manifold embedding: summary

PCA: linear subspace.

MDS: (large) distance retaining.

ISOMAP: geodesic distance preserving.

Sammon mapping: distance retaining (including small ones).

MVU: kNN distance preserving & explicit unrolling.

LLE: local linearity preserving.
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Classification
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@ kNN classifier.
@ Sparse coding, structured sparse coding.
@ SVM: linear, non-linear.
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Classification: kNN
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o Given: {(x;,yi)}l_;, xi € RP, y; e {—1,1}.

@ Goal: find an f classifier s.t. f(x) ~ y.
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o Given: {(xj,yi)}/_q, Xi € RP, yi e {—1,1}.
@ Goal: find an f classifier s.t. f(x) ~ y.

@ In the EEG example:
o y; =1 (calm), y; = —1 (traumatic),
o x;: it patient.
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kNN classification

@ Simplest decision rule':

TKNN illustration credit: scikit-learn.
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kNN classification

@ Simplest decision rule':

@ Let k = 1. For a test x, we predict the label of the closest point:
i* 1= argmin p(x, x;), p(x,X') =[x = X|,,
i

A

V=Y

TKNN illustration credit: scikit-learn.
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kNN classification: kK > 1

@ Generalization of the 1-NN idea.

@ Majority vote of the k-nearest neighbors.

4
o ©
)
o ©
@
[ )
[
Vote by the 3 nearest O O
neigbors .
—
)
[
@
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Classification: (structured) sparse coding.
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Classification as sparse coding

Demo: face recognition.

g 8 % 8 ¥ 8

Idea [Wright et al., 2009, Wagner et al., 2009]:

@ test image = sparse linear combination of the training set + error
@ error = corruption/occlusion.
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Classification as sparse coding — continued

@ Nice performance despite severe corruption.
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Problem formulation

Objective function (Lasso problem, EEG: K = 2):
A= [x1,...,Xn],
1
Ji©)= Z|x—Acl3 +A [c|; — min (A>0).
2 —— c

—

good approximation sparsity
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Problem formulation

Objective function (Lasso problem, EEG: K = 2):
A= [x1,...,Xn],
1
Ji©)= Z|x—Acl3 +A [c|; — min (A>0).
2 —— c

—

good approximation sparsity

e Optimal ¢ = [cy,...,ck]: non-zero in the relevant class.
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Problem formulation

Objective function (Lasso problem, EEG: K = 2):
A= [x1,...,Xn],
1
Ji©)= Z|x—Acl3 +A [c|; — min (A>0).
2 —— c

—

good approximation sparsity

e Optimal ¢ = [cy,...,ck]: non-zero in the relevant class.
@ Decision rule with A = [Ag,...,Ax]:

i* = argmax cif 5, =y

i=1,...,
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Problem formulation

Objective function (Lasso problem, EEG: K = 2):
A= [x1,...,Xn],

1 ,
Je)= Slx—Acly +A |y —min (A>0).

—

good approximation sparsity

e Optimal ¢ = [cy,...,ck]: non-zero in the relevant class.
@ Decision rule with A = [Ag,...,Ax]:

i* = argmax|ci|,, Y = yix, or
i=1,...,

i* =argmin|x — Ajcil,, y =y
i=1,..,K

Zoltan Szabé Manifold Learning and Classification for EEG Analysis



Lasso solution: ISTA/FISTA [Beck and Teboulle, 2009]

1 .
J(e) = 5 Ix— AcE+ \ely — min.

—
—(c) =g(c)
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Lasso solution: ISTA/FISTA [Beck and Teboulle, 2009]

1 .
J(e) = 5 Ix— AcE+ \ely — min.

—
—(c) =g(c)

@ f: smooth convex,

|Vf(a) ~ VF(b)l, < L Ja—b], Va,b.

>0
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Lasso solution: ISTA/FISTA [Beck and Teboulle, 2009]

1 .
J(€) = 5 Ix — AclZ + Xely — min.

—
—(c) =g(c)

@ f: smooth convex,

|Vf(a) ~ VF(b)l, < L Ja—b], Va,b.

>0

Example: f(c) = 3 [x — Ac|3, smallest L = Apmax (ATA).
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Lasso solution: ISTA/FISTA [Beck and Teboulle, 2009]

1 .
J(€) = 5 Ix — AclZ + Xely — min.

—
—(c) =g(c)

@ f: smooth convex,

|Vf(a) ~ VF(b)l, < L Ja—b], Va,b.

>0

Example: f(c) = 3 [x — Ac|3, smallest L = Apmax (ATA).

° g: continuous, convex, often nonsmooth.
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
Ct =Ct_1 — (StVf(Ct_]_) =2

. 1
C: = arg min [f(ctl) + (€ —ct—1,VF(ci—1)) + 5. c— ctlg} .
C t
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
Ct =Ct_1 — (StVf(Ct_]_) =2

. 1
C: = arg min [f(ctl) + (€ —ct—1,VF(ci—1)) + 5. c— ctlg} .
C t

@ Quadratic approximation of f + g at y:

—_

(Fra(ey) = fly) + (€ —y.VFy) + = eyl + &(c). =
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
Ct =Ct_1 — (StVf(Ct_]_) =2

. 1
C: = arg min [f(ctl) + (€ —ct—1,VF(ci—1)) + 5. c— ctlg} .
C t

@ Quadratic approximation of f + g at y:

—_

(Fra(ey) = fly) + (€ —y.VFy) + = eyl + &(c). =

pL(y) = argmin (7 + &), (c.y)
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
Ct =Ct_1 — (StVf(Ct_]_) =2

. 1
C: = arg min [f(ctl) + (€ —ct—1,VF(ci—1)) + 5. c— ctlg} .
C t

@ Quadratic approximation of f + g at y:

—_

(Fra(ey) = fly) + (€ —y.VFy) + = eyl + &(c). =

pL(y) = argmin (7 + &), (c.y)

: L
= arg min [g(c) +5

c
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
Ct =Ct_1 — (StVf(Ct_]_) =2

. 1
c: = argmin [f(ctl) + (€ —ct—1,VF(ci—1)) + 5. c— ctlg} .
t

[+

@ Quadratic approximation of f + g at y:

—_

(f+8)(cy) :=1ly)+(c—y VFly)) + ék*Yﬁ+g@)$

pL(y) == argmln (f + ,Y)

= arg min | g(c

= proxi (y - LVf(y)) .
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ISTA: L given

1: forallt=1:T do
2: ¢t = pp (ct—1) < gradient descent + 'projection’
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ISTA: L given

1: forallt=1:T do
2: ¢t = pp (ct—1) < gradient descent + 'projection’

Notes:

@ L: does not have to be known — backtracking.
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ISTA: L given

1: forallt=1:T do
2: ¢t = pp (ct—1) < gradient descent + 'projection’

Notes:

@ L: does not have to be known — backtracking.

o Convergence: O (#) in F-sense.
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FISTA: L given

1. Init: Y1 = Cp, 01 =1
2: forallt=1:T do
3 ¢t =pL(ye)
144/ 14462
4 dpp1=—H—+
5. Yt+1 =Ct + f;:ll(ct —Ct 1)
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FISTA: L given

1. Init: Y1 = Cp, 01 =1
2: forallt=1:T do
3 ¢t =pL(ye)

1+4/1+462
4 Otp1 = —5—+

2
0r—1
5 Yr+1=Cr+ 5 (€t —€t-1)

Notes:

@ L: not needed — backtracking.
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FISTA: L given

1. Init: Y1 = Cp, 01 =1
2: forallt=1:T do
3 ¢t =pL(ye)

144/ 14462

4 5t+1 = 2

5: (Ct — C¢— 1)

Notes:
@ L: not needed — backtracking.

o Convergence: O (<) in F-sense.

T2
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Local summary: ISTA/FISTA

We can solve

1 .
J(€) = 5 [x— Acl3 + AJe], — min

—
—(c) —g(c)

type sparse coding problems quickly if
ViV,

. 1
proxg(v) = arg min [g(y) + > ly — V’%] v
y
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Prox: generalization of projection

proxg = Euclidean projection onto C if

0 yeC(C,

gly) =lcly) = {OO yéC.
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Prox: properties

Our case: g(y) = >, [¥ml-
@ Separable g: for g(y) = Zn’\le gm(Ym)

proxg(yi, - - -, ym) = [proxg (y1); - . . ; proxg, (ym)] -
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Prox: properties

Our case: g(y) = >, [¥ml-
@ Separable g: for g(y) = Zn’\le gm(Ym)

proxg(yi, - - -, ym) = [proxg (y1); - . . ; proxg, (ym)] -
e For g(y) = |y

y—K 'Yy = R,
proxeg(y) =40 |yl<n
y+r y<-—k
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Lasso: extensions

Convex structured sparse coding (A > 0):

1
J(e) = 5 Ix— Acl3 + A|(Iec ) e

— min,
1 (o}

G : group structure on {1,...,dc}, {1,...,dc} = Ugeg-
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Lasso: extensions

Convex structured sparse coding (A > 0):

1
J(e) = 5 Ix— Acl3 + A|(Iec ) e

— min,
1 [
G : group structure on {1,...,dc}, {1,...,dc} = Ugeg-

Traditional group Lasso:
o G = partition [EEG: G; = it" emotion].
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Lasso: extensions

Convex structured sparse coding (A > 0):

1
J(e) = 5 Ix— Acl3 + A|(Iec ) e

‘ — min,
1 [
G : group structure on {1,...,dc}, {1,...,dc} = Ugeg-

Traditional group Lasso:
o G = partition [EEG: G; = it" emotion].
@ prox: block soft-thresholding.
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Greedy methods: UoS models

@ Greedy techniques: faster, weaker guarantees.
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Greedy methods: UoS models

@ Greedy techniques: faster, weaker guarantees.

@ Union-of-subspace (UoS) models:

cell = uﬁ,,/’zlu,-, U; < R%: subspace.
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Greedy methods: UoS models

@ Greedy techniques: faster, weaker guarantees.

@ Union-of-subspace (UoS) models:
cel = uﬁ,,/’zlu,, U; < R%: subspace.

@ prox — Py Py(u) = arg minggq [|u —v|,.
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Greedy methods: UoS models

Greedy techniques: faster, weaker guarantees.

Union-of-subspace (UoS) models:

cell = uﬁ,,/’zlu,, U; < R%: subspace.

prox — Py: Py (u) = arg minggq |u —v|,.

s-block-sparse model: s blocks with largest energy

> lci* < Hard block-thresholding.

i€G;
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Greedy methods: UoS models

Greedy techniques: faster, weaker guarantees.

Union-of-subspace (UoS) models:

cell = uﬁ,,/’zlu,, U; < R%: subspace.

prox — Py: Py (u) = arg minggq |u —v|,.

s-block-sparse model: s blocks with largest energy

> lci* < Hard block-thresholding.

i€G;

Methods: IHT, CoSaMP, SP [Blumensath and Davies, 2009a,
Blumensath and Davies, 2009b, Baraniuk et al., 2010].
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Structured sparse coding on

1
J(©) = 5 Ix = Ac|® + A (lec ) geq

— min.
1 C

Idea [Jeni et al., 2014]:

@ Columns of A are time-series of possibly different length.
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Structured sparse coding on

1
J(©) = 5 Ix = Ac|® + A (lec ) geq

‘ — min.
1 C

Idea [Jeni et al., 2014]:

@ Columns of A are time-series of possibly different length.
o Example:
e x;: evolution of facial muscle activities.
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Structured sparse coding on

1
J(©) = 5 Ix = Ac|® + A (lec ) geq

‘ — min.
1 C

Idea [Jeni et al., 2014]:

@ Columns of A are time-series of possibly different length.
o Example:

e x;: evolution of facial muscle activities.
e y;: emotion of the user.
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Structured sparse coding on

1
J(©) = 5 Ix = Ac|® + A (lec ) geq

‘ — min.
1 C

Idea [Jeni et al., 2014]:

@ Columns of A are time-series of possibly different length.
o Example:

e x;: evolution of facial muscle activities.
e y;: emotion of the user.

o a; = p(x;), k(xi,x;) = (p(x;), p(x;)).
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+Info on (structured) sparse coding, compressed sensing

@ Papers, blog:

e https://sites.google.com/site/igorcarron2/cs,

e http://nuit-blanche.blogspot.com/search/label/CS.
o Code:

o SLEP: http://www.yelab.net/software/SLEP/

o SPAMS: http://spams-devel.gforge.inria.fr/
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https://sites.google.com/site/igorcarron2/cs
http://nuit-blanche.blogspot.com/search/label/CS
http://www.yelab.net/software/SLEP/
http://spams-devel.gforge.inria.fr/

Classification: SVM
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Support Vector Machine (SVM)

Which separating line is the 'best’?

A
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Support Vector Machine (SVM)

SVM answer: the one with the largest margin.

Class 1 Class 2
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SVM formulation: hard classification

e Hyperplane: fy 5(x) = (w,x) + b.
e w: normal vector, b: offset.
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SVM formulation: hard classification

e Hyperplane: fy 5(x) = (w,x) + b.
e w: normal vector, b: offset.

e Goal:

2 V+b=1  ifyi=1,
max — — < min w3, s.t. {(w,x,) * Y
<

wb [|wl, (w,x;) + b< —1 otherwise.
— ~ -
margin correction classification
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SVM formulation: hard classification

e Hyperplane: fy 5(x) = (w,x) + b.
e w: normal vector, b: offset.

e Goal:

2 : Xj) +b>1 if yi =1,
max —— @mm”wH%, s.t. {<W xi) b < Y

wb [|wl, (w, x;) + —1 otherwise.
Y ~- -
margin correction classification
@ Shortly,

min |wlj3, s.t. yi ((w,x;) + b) = 1,Vi.
w

)
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SVM formulation: hard classification

Hyperplane: fy ,(x) = (w,x) + b.
e w: normal vector, b: offset.

e Goal:

2 : Xj) +b>1 if yi =1,
max —— @mm”wH%, s.t. {<W xi) b < Y

wb [|wl, (w, x;) + —1 otherwise.
Y ~- -
margin correction classification
@ Shortly,

min |wlj3, s.t. yi ((w,x;) + b) = 1,Vi.
w

)

Decision: y = sign ((w, x) + b).
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SVM formulation: soft classification

@ Hard classification objective:

min |w[3 st y; ((w,x;) + b) = 1,Vi.
w

)

There might not be solution! (non-linearly separable case)
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SVM formulation: soft classification

@ Hard classification objective:

min |w[3 st y; ((w,x;) + b) = 1,Vi.
w

)

There might not be solution! (non-linearly separable case)

@ Soft classification objective:

1 < ,
VI\I]IIJZE HWHg + C;lgl s.t. y,'(<W,X,'> + b) =1 _£i7VI'

Linear penalty on misclassification.
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SVM formulation: soft classification

Soft classification objective:

1o N :
min > w3 + ci;g,, sty ((w,xi) +b) >1-& (Vi).

Using Lagrangian multipliers
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SVM formulation: soft classification

Soft classification objective:

1o N :
min > w3 + ci;g,, sty ((w,xi) +b) >1-& (Vi).

Using Lagrangian multipliers: w = > " ; ajy;x; and

n n n
1
maxE o — 5 Z a,-ajy,-ij,-ij, st. 0< ;< C,Z ajyi =0.
[0
i=1 i=1

ij=1
N ~ \ ~
quadratic in o linear in o

Zoltan Szabdé Manifold Learning and Classification for EEG Analysis



SVM formulation: soft classification

Soft classification objective:

1o N :
min > w3 + ci;g,, sty ((w,xi) +b) >1-& (Vi).

Using Lagrangian multipliers: w = > " ; ajy;x; and

n n n
1
maxE o — 5 Z a,-ajy,-ij,-ij, st. 0< ;< C,Z ajyi =0.
[0
i=1 i=1

ij=1
N ~ \ ~
quadratic in o linear in o

o b<=yi(w/xi+b)=1<a;e(0,C).
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SVM formulation: soft classification

Soft classification objective:

1o N :
min > w3 + ci;g,, sty ((w,xi) +b) >1-& (Vi).

Using Lagrangian multipliers: w = > " ; ajy;x; and

n n n
1
maxE o — 5 Z a,-ajy,-ij,-ij, st. 0< ;< C,Z ajyi =0.
[0
i=1 i=1

ij=1
N ~ \ ~
quadratic in o linear in o

o b<=yi(w/xi+b)=1<a;e(0,C).

@ QP: solvers are available.
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If linear separability does not hold

@ Until this point:
o (almost) linearly separable case.
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If linear separability does not hold

@ Until this point:

o (almost) linearly separable case.
o Now:

h
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If linear separability does not hold:

Input Space Feature Space
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Nonlinear SVM

o Linear SVM (dual):

n n n
1 .
maxZ o — 5 Z a,-ozjy,-ij,ij, st. 0< a; < C, Z ajy; = 0,Vi.
(87
i=1 ij=1 i=1
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Nonlinear SVM

o Linear SVM (dual):

n n
mcfo o — Z QO YiYiX; xj, s.t. 0< C,Za;y,- =0,Vi.
i= /,_/ 1 i=1

e Nonlinear SVM (dual):

maxZa, Z ajajyiyik(xi,x;), s.t. 0 < C,Zn:a,’y,-zO,V/

ij=1
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Nonlinear SVM

o Linear SVM (dual):

n n
maxZ o — Z QO YiYiX; xj, st. 0< C,Za;y,- =0, Vi.
“ s ’J 1 i=1
e Nonlinear SVM (dual):
n
maxZa, Z ajajyiyik(xi,x;), s.t. 0 < C,Za;y;zO,V/
ij=1 i

e Nonlinear SVM (primal):

frg{m 2|f||3{k+czlzg,, sit.oyif(xi) =1—¢&,Vi.
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Kernel: similarity between features

e Given: x and x’ € X objects (images, texts, ...).
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Kernel: similarity between features

e Given: x and x’ € X objects (images, texts, ...).

@ Question: how similar they are?
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Kernel: similarity between features

e Given: x and x’ € X objects (images, texts, ...).
@ Question: how similar they are?

@ Define features of the objects:

H > p(x) : features of x,
H 5 p(x') : features of x'.
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Kernel: similarity between features

Given: x and x” € X objects (images, texts, ...).

Question: how similar they are?

Define features of the objects:

H > p(x) : features of x,
H 5 p(x') : features of x'.

Kernel: inner product of these features

k(x,x") := (p(x), (X)) g -
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Kernel: similarity between features

e Given: x and x’ € X objects (images, texts, ...).
@ Question: how similar they are?

@ Define features of the objects:

H > p(x) : features of x,
H 5 p(x') : features of x'.

@ Kernel: inner product of these features

k(x,x") := (p(x), (X)) g -

defines a Hy = {X — R : ...} function space.
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Kernel examples

L, time series
e T e e

e X =R¢:

ko(x,y) = ((x,y) + )P, ka(x,y) = e Vx5,

1
ke(x,y) = e VIxYlz, ke(x,y) =14+ ——.
vx—yl5
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Kernel examples

L, time series
WA A

e X =RY:

ko(x,y) = ((x,y) +7)P,  kg(x,y) = e Ix¥l5,
—ylx— 1
ke(x,y) = e VIxYlz, ke(x,y) =14+ ——.
vx =yl

@ X = texts, strings:
e bag-of-word kernel,
e r-spectrum kernel: # of common < r-substrings.
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Kernel examples

L, time series
WA A

e X =RY:

ko(x,y) = ((x,y) +7)P,  kg(x,y) = e Ix¥l5,
—ylx— 1
ke(x,y) = e VIxYlz, ke(x,y) =14+ ——.
vx =yl

@ X = texts, strings:
e bag-of-word kernel,
e r-spectrum kernel: # of common < r-substrings.

@ X = time-series: dynamic time-warping.

Zoltan Szabé Manifold Learning and Classification for EEG Analysis



RKHS definition(s)

Given: X set.
o Kernel: k(a, b) = {p(a),o(b))s.
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RKHS definition(s)

Given: X set.

o Kernel: k(a, b) = {p(a),o(b))s.
@ Reproducing kernel of an H < R¥ Hilbert space,
Q k(- b) e,
—

=¢(b)
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RKHS definition(s)

Given: X set.

o Kernel: k(a, b) = {p(a),o(b))s.
@ Reproducing kernel of an H < R¥ Hilbert space,

Q k(-,b)eXH,
——

©(b)
Q (f k(:,b))sc = f(b). = k(a,b) = <k(-,a), k(-, b))sc.
—_— ——

=p(a) =p(b)
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RKHS definition(s)

Given: X set.

o Kernel: k(a, b) = {p(a),o(b))s.
@ Reproducing kernel of an H < R¥ Hilbert space,

Q k(-,b)eXH,
=¢p(b)
Q (f,k(:,b))sc = f(b). = k(a,b) =(k(:,a), k(:, b))sc.
=p(a) =p(b)

® k:X x X —Rsym.ispd. if G = [k(xi,x;)];,_; > 0.
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Looking back to nonlinear SVM

1
min —

2
i if(xi) =21-¢&;.
e, € 2 ”fH:Hk + CZ iy st yif(x) 21 —=¢

i=1

o Linear classification on ¢(x) = k(-,x) [< f(x) = (f, k(-,x))q¢, |-
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Looking back to nonlinear SVM

1
min —

2
i if(xi) =21-¢&;.
e, € 2 ”fH:Hk + CZ iy st yif(x) 21 —=¢

i=1

o Linear classification on ¢(x) = k(-,x) [« f(x) = (f, k(-,x))q,|-
@ Access to k(x,x) is enough.
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Looking back to nonlinear SVM

1
min —

2
i if(xi) =21-¢&;.
e, € 2 ”fH:Hk + CZ iy st yif(x) 21 —=¢

i=1
o Linear classification on ¢(x) = k(-,x) [< f(x) = (f, k(-,x))q¢, |-

@ Access to k(x,x) is enough.
@ Representation theorem = finiteD problem:

= Zn: aik(cy ;).
i=1
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Representer theorem

o Given: {(x;,yi)}"_,, say classification/regression.
e Goal:

f = V f ns VYn n 2 —> 1
J( ) (X17y17 (X1)7 » Xny Y 7f(X )) + r(HfH:}(k> rF_Clkn,

r . monotically increasing.
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Representer theorem

o Given: {(x;,yi)}"_,, say classification/regression.
e Goal:

J(E) = Va1 FOa)s - X v Fxa)) + 1 (1£13, ) — min,
k
r . monotically increasing.

e Example:

1 n
V(...)= . Z Iy f(x)<o (classification),
i=1
1 2 :
V(...)= [f(xi) — yi]® (regression).

n
i=1
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Representer theorem — continued

...then

@ i solution in the form:
n
f* = Z Oé,'k(',X,').
i=1

@ r: strictly increasing = V solution is of this form.

e Example: r(z) = Az, A > 0.
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Representer theorem — proof

Objective
J(f) = V(bela f(Xl)ﬂ <5 Xny Yn, f(Xn)) +r (Hng'(k) — min.
Hy

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),

f=fotfl,
2 2 2 2
1715, = Ifsl5q, + 1115, = [fslac, -
——
=0
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Representer theorem — proof

Objective
J(f) = V(bela f(Xl)ﬂ <5 Xny Yn, f(Xn)) +r (Hng'(k) — min.
Hy

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),

f=fotfl,
2 2 2 2
1715, = Ifsl5q, + 1115, = [fslac, -
——
=0

In J

@ 1st term: depends on fs only.
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Representer theorem — proof

Objective
— 2 e mi
JE) = Va1 F0a). o xm v FOn)) 4 (11B, ) — i

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),

f=fotfl,
2 2 2 2
1715, = Ifsl5q, + 1115, = [fslac, -
——
=0

InJ
@ 1st term: depends on fs only.

@ 2nd term: can only decrease by neglecting | (r /).
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Parameter selection — cost: C, kernel parameter: o

M-fold cross-validation [6 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.
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Parameter selection — cost: C, kernel parameter: o

M-fold cross-validation [6 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-
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Parameter selection — cost: C, kernel parameter: o

M-fold cross-validation [6 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-

@ 0* := minimizer of CV error.
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Parameter selection — cost: C, kernel parameter: o

M-fold cross-validation [6 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-

@ 0* := minimizer of CV error.

@ Report: performance of 6* on Xie, Yie.
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Classification: summary

@ kNN: simple.
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Classification: summary

@ kNN: simple.
@ Sparse, structured sparse coding:

e Lasso, group Lasso, UoS models.
o soft (ISTA, FISTA) / hard thresholding (greedy methods).
o kernel: v
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Classification: summary

@ kNN: simple.
@ Sparse, structured sparse coding:

e Lasso, group Lasso, UoS models.
o soft (ISTA, FISTA) / hard thresholding (greedy methods).
o kernel: v

e SVM:

o linearly separable,
o nonlinear (kernel, flexible).
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Classification: summary

@ kNN: simple.
@ Sparse, structured sparse coding:
e Lasso, group Lasso, UoS models.
o soft (ISTA, FISTA) / hard thresholding (greedy methods).
o kernel: v/
e SVM:
o linearly separable,
o nonlinear (kernel, flexible).
@ Parameter selection: cross-validation.
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@ Manifold learning:

e PCA.
e MDS, ISOMAP, Sammon mapping; MVU, LLE.
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@ Manifold learning:

e PCA.

e MDS, ISOMAP, Sammon mapping; MVU, LLE.
@ Classification:

o kNN methods.
o (Structured) sparse coding.
e SVM.
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Thank you for the attention!
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