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@ Applications:

e Information theoretical objectives.
o Testing.

. . . di t of d i
o Classical information theory: RY SYEEC 5 o7 comams
o Kernels, RKHS:

e Linear — non-linear techniques.
o Classification, regression, dimensionality reduction.
e KCCA, MMD, HSIC.

@ Hypothesis testing.
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Information Theoretical Objectives
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Qutlier-robust image registration

[Kybic, 2004, Neemuchwala et al., 2007]

Given two images:

Goal: find the transformation which takes the right one to the left.
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Qutlier-robust image registration

[Kybic, 2004, Neemuchwala et al., 2007]

Given two images:

Goal: find the transformation which takes the right one to the left.
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Outlier-robust image registration: equations

o Reference image: Yief,

@ test image: Yiest,

@ possible transformations: ©.
Objective:

J(H) = I(Yrefa Ytest(e)) - rgezg

similarity

In the example: I=KCCA.
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Independent subspace analysis [Cardoso, 1998] < |CA

Cocktail party problem:
e independent groups of people / music bands,

@ observation = mixed sources.
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ISA equations

Observation:

x; = Asy, s=[sl;...;sM].
Goal: § from {x3,...,x7}. Assumptions:
e independent groups: | (s!,...,sM) =0,

@ s-s: non-Gaussian,

@ A: invertible.
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ISA solution

Find W which makes the estimated components independent:

J(W) :I(yl,...,yM> —>n\1Ailn.
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Distribution regression

[Péczos et al., 2013, Szabd et al., 2016]. Sustainability

@ Goal: aerosol prediction = air pollution — climate.

@ Prediction using labelled bags:

o bag := multi-spectral satellite measurements over an area,
o label := local aerosol value.
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Objects in the bags

[
™
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o Examples:
o time-series modelling: user = set of time-series,
e computer vision: image = collection of patch vectors,
o NLP: corpus = bag of documents,
o network analysis: group of people = bag of friendship graphs, ...
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Objects in the bags

SRy
WM AN A

@ Examples:

o time-series modelling: user = set of time-series,

e computer vision: image = collection of patch vectors,

o NLP: corpus = bag of documents,

o network analysis: group of people = bag of friendship graphs, ...

e Wider context (statistics): point estimation tasks.

Zoltan Szabd Kernel Methods



Regression on

@ Given:
o labelled bags: z = {(]f”;,y,-)}’il, P, bag from P;, N := |]f”,|
o test bag: .
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Regression on

o Given:
o labelled bags: 2 = {(P,,y,)}l . P;: bag from P;, N := | ;).
o test bag: P

@ Estimator:

£ = argmin — |F(n ] AFI2
= argming S [7(0 ) ] 4 011G

featu re of B;
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Regression on

e Given:
o labelled bags: z = {(}P’,,y,)} , Bi: bag from P;, N := ||
o test bag: P.

@ Estimator:

Y4

1
)\_ .
f —argmlnzz_

2
, 2
felyk i=1 [f(u]fpf) B yl] +A HfH%K '

@ Prediction:

y(P) =g"(G+ et
g = [K(ups 1, )]aG = [K(pp, 1p,) ]y = Lyil-
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Regression on

e Given:
o labelled bags: z = {(P,,y,)} , Bi: bag from P;, N := ||
o test bag: P.

@ Estimator:

A 1 N TP 2
f _arféﬂT;:nEZizl [f(“]}"f) y’] Ml -

@ Prediction:

y(P) =g"(G+ et
g = [K(ups 1, )]aG = [K(pp, 1p,) ]y = Lyil-

Inner product of distributions

K(Mﬁn,"u]fpj) =/
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Feature selection

e Goal: find

o the feature subset (# of rooms, criminal rate, local taxes)
e most relevant for house price prediction (y).
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Feature selection: equations

o Features: x!,...,x". Subset: S {1,...,F}.

@ MaxRelevance - MinRedundancy principle [Peng et al., 2005]:

= [ 2 ()~ g D) = max

ieS i,jJES
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Hypothesis Testing
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Example-1 (2-sample testing): NLP

@ Given: 2 categories of documents. Examples:
@ Bayesian inference, neuroscience.
@ adult attachment classes.

@ Task:

e test their distinguishability,
e most discriminative words — interpretability.
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Example-1 (2-sample testing): NLP

@ Given: 2 categories of documents. Examples:

@ Bayesian inference, neuroscience.
@ adult attachment classes.

@ Task:

e test their distinguishability,
e most discriminative words — interpretability.

Do {x;} and {y;} come from the same distribution, i.e. P, =P,? )
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Example-2 (2-sample testing): computer vision

@ Given: two sets of faces (happy, angry).
o Task:

o check if they are different,
o determine the most discriminative features/regions.
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Example-3 (2-sample testing): audio

@ Amplitude modulation:

e simple technique to transmit voice over radio.
@ in the example: 2 songs.

e Fragments from song; ~ P, song, ~ PP,.

s —-———-
i —————
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Example: independence testing

@ We are given paired samples. Task: test independence.
@ Examples:
o (song, year of release) pairs
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Example: independence testing

@ We are given paired samples. Task: test independence.
@ Examples:
o (song, year of release) pairs

o (video, caption) pairs
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Example: independence testing

@ We are given paired samples. Task: test independence.
@ Examples:
o (song, year of release) pairs

o (video, caption) pairs

?
° {(Xiayi)}?:l - ny = ]P)XIP)y-
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Example: goodness-of-fit testing

@ Demo: criminal data analysis.
o Given:

o Density/model: p.




Example: goodness-of-fit testing

@ Demo: criminal data analysis.
o Given:
o Density/model: p.
o Samples: X = {x;}_; ~ g (unknown).




Example: goodness-of-fit testing

@ Demo: criminal data analysis.
o Given:

o Density/model: p.
o Samples: X = {x;}_; ~ g (unknown).

@ Task: using p, X test

Ho:p=gq, vs
Hy:p#gq.




'Classical’ information theory

@ Kullback-Leibler divergence:

KL(P,Q) = JRd p(x) log {ZEX] dx.
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'Classical’ information theory

@ Kullback-Leibler divergence:

KL(P,Q) = JRd p(x) log {ZEX] dx.

@ Mutual information:

| (P) = KL (]P’, @%lem) .
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'Classical’ information theory

@ Kullback-Leibler divergence:

KL(P,Q) = JRd p(x) log {ZEX] dx.

@ Mutual information:
| (P) = KL (]P’, @%lem) .

Properties:
Q I(P) =0.
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'Classical’ information theory

@ Kullback-Leibler divergence:

KL(P,Q) = JRd p(x) log {ZEX] dx.

@ Mutual information:
| (P) = KL (]P’, @%lem) .
Properties:

Q I(P)>0.
Q@ I(P)=0<P =" P,
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'Classical’ information theory

@ Kullback-Leibler divergence:

KL(P,Q) = JRd p(x) log {ZE;(;] dx.

@ Mutual information:
| (P) = KL (]P’, @%lem) .
Properties:

Q I(P)>0.
Q@ I(P)=0<P =" P,

Alternatives: Rényi, Tsallis, 12 divergence...[X = RY . J
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Euclidean space — inner product — kernel

Extension| of k(x,y) = x"y leads to kernels. J
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Euclidean space — inner product — kernel

Extension of k(x,y) = x"y leads to kernels. 'Why? J
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Euclidean space — inner product — kernel

Extension of k(x,y) = x"y leads to kernels. 'Why? J

e Classification (SVM):

Zoltan Szabd Kernel Methods



Euclidean space — inner product — kernel

Extension of k(x,y) = x"y leads to kernels. 'Why? J

e Classification (SVM):

Input Space

Zoltan Szabd Kernel Methods



Euclidean space — inner product — kernel

Extension of k(x,y) = x"y leads to kernels. 'Why? J

e Classification (SVM):

Input Space Feature Space
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Euclidean space — inner product — kernel

Extension of k(x,y) = x"y leads to kernels. 'Why? J

e Classification (SVM):

Input Space Feature Space

o Representation of distributions :

P~ EXN]}DQO(X).

Example: ¢(x) = x: mean.
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Distribution representation via functions

P pp = {5 o(x)dP(x) .
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)

@ Characteristic function:

P cp(z) = j e’ @XdP(x).
Rd
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:
P F[P(Z) = IE><~IP’X(—oo,z) (X)

@ Characteristic function:

P cp(z) = j e’ @XdP(x).
Rd

@ Moment generating function:

P Mp(z) = f eZXdP (x).
Rd
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:
P F]p(Z) = IE><~IP’X(—c>o,z) (X)

@ Characteristic function:

P cp(z) = f e’ @XdP(x).
Rd

@ Moment generating function:

P Mp(z) = f eZXdP (x).
Rd

p: on any kernel-endowed domain!
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_ Some IKEFREREAFEhEAMSMaS: » —

@ Trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002], time series
[Cuturi, 2011], strings [Lodhi et al., 2002],

@ mixture models, or linear dynamical systems
[Jebara et al., 2004],

e sets [Haussler, 1999, Gartner et al., 2002], fuzzy domains
[Guevara et al., 2017], distributions
[Hein and Bousquet, 2005, Martins et al., 2009, Muandet et al., 2011],

e groups [Cuturi et al., 2005] 2% permutations [Jiao and Vert, 2016],

e graphs [Vishwanathan et al., 2010, Kondor and Pan, 2016].

Zoltan Szabd Kernel Methods



Objects of Interest

@ Mean embedding:
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Objects of Interest

@ Mean embedding:

pp = J o(x) dP(x) € Hy.
X~~~
k(-,x)

@ Maximum mean discrepancy:

MMDy (P, Q) := [k (P) — pk(Q)] 3¢, -
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Objects of Interest

'KL divergence & mutual information’ on kernel-endowed domains.

@ Mean embedding:

pp = f o(x) dP(x) € Hy.
X~~~
k(-,X)

@ Maximum mean discrepancy:

MMDy (P, Q) := [k (P) — pk(Q)] 3¢, -

@ Hilbert-Schmidt independence criterion, k = ®,"ﬂ:1km:

HSICy (P) := MMDj (P,@%’:le) _
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pp, MMD: review [Muandet et al., 2017]

Applications:

@ two-sample testing
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005,
Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012, Jitkrittum et al., 2016],
and its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2017, Jitkrittum et al., 2017a] and goodness-of-fit
testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2017], causal discovery
[Mooij et al., 2016, Pfister et al., 2017],

@ domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2017],

[Harchaoui and Cappé, 2007], post selection inference
[Yamada et al., 2018],

@ kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schélkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],

- [Kusano et al., 2016],

@ distribution classification
[Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], distribution regression
[Szabé et al., 2016, Law et al., 2018],

@ generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2018, Klus et al., 2019], ...
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MMD =<, HSIC

MMD with k = @M k.

HSIC, (P) = MMDy (P, ®,“,L11P>m) .
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MMD =<, HSIC

MMD with k = @M k.

HSIC, (P) = MMDy (P, ®,“,L11P>m) .

MMD, HSIC: Easy to Estimate! J
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Representations of distributions:

@ Given: 2 Gaussians with different means.

@ Solution: t-test.

Two Gaussian variables: different means
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Representations of distributions:

@ Setup: 2 Gaussians; same means, different variances.

@ ldea: look at the 2nd-order features of RVs.

Two Gaussian variables: different variances

04 =
—Q
0.3
Bo02
0.1
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Representations of distributions:

@ Setup: 2 Gaussians; same means, different variances.
@ ldea: look at the 2nd-order features of RVs.

e p(x) = x?> = difference in EX2.

2
Two Gaussian variables: different variances ] Pdf-s of X

0.4

—p | ‘ —p
—a 12 —!

0.3 ] 1l
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Representations of distributions:

@ Setup: a Gaussian and a Laplacian distribution.
@ Challenge: their means and variances are the same.

@ Idea: look at higher-order features.

Gaussian & Laplacian variables
0.7

0.5¢

0.4f

pdf

0.3}
0.2f

0.1

©(x) = e'X): [characteristic function, X = R¢. J
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Kernels: why? — continued

Idea: Py, — C,y.

@ Covariance matrix

Cy = Exy [(X —Ex) (y - EY)T]
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Kernels: why? — continued

Idea: Py, — C,y.

@ Covariance matrix

Cy =Ey [(X —Ex) (y — EY)T] )

S= ”CXyHF
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Kernels: why? — continued

Idea: Py, — C,y.

@ Covariance matrix

Cy =Ey [(X —Ex) (y — EY)T] )

?
S= ”CXyHF =0
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Kernels: why? — continued

Idea: Py, — C,y.

@ Covariance matrix

Co = By | (x—Ex) (y —=Ey) ],

S=|Cylg 20 < linear dependence.
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Kernels: why? — continued

Idea: Py, — C,y.

o Covariance matrix
Co = Exy [(x—Ex) (v —E)7 |,
S=|Cylg 20 < linear dependence.

@ Covariance operator: take features of x and y

Co =Exy| (0(x) —Exp(x)) @(W(y) —Eydb(y)) ]

centering in feature space
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Kernels: why? — continued

Idea: Py, — C,y.

o Covariance matrix
Co = Exy [(x—Ex) (v —E)7 |,
S=|Cylg 20 < linear dependence.

@ Covariance operator: take features of x and y

Co =Exy| (0(x) —Exp(x)) @(@(y) —Eyp(y)) ],
centering in feature space

S = |Gy, s = HSIC(P,).

We capture | non-linear dependencies via ¢, 1! J
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Notions we will

Kernel (k), RKHS (Hx) — classification, regression (ridge),
PCA.

Mean embedding (up): characteristic property, universality,
Qmkm, @mHy,,, covariance operator,
MMD, HSIC, KCCA,

with applications.
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Kernels & Friends
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Kernel: similarity between features

e Given: x and x’ objects (images or texts).
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Kernel: similarity between features

e Given: x and x’ objects (images or texts).

@ Question: how similar they are?
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Kernel: similarity between features

Given: x and x’ objects (images or texts).

Question: how similar they are?

Define features of the objects:

©(x) : features of x,

©(x) : features of x'.

Kernel: inner product of these features
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Kernel examples on RY (v > 0,p e Z")

@ Polynomial kernel:
k(x,y) = ({x,y) +7)P.
@ Gaussian kernel:

Non-linear features: why?

Zoltan Szabd Kernel Methods



Classification motivation: linear separability

Idealized situation

A

e © & ..

°2° %

@ @

A ..
®a@
@
Decision surface:

{x:(w,x) =0}
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Classification motivation: linear separability

Idealized situation

A
o © & .
o0 ®
@ @
A ..
®a@
@
Decision surface:
{x:(w,x) =0} =
classes:
{x:(w,x) >0} {x:(w,x) <0}
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Classification motivation: non-linear separability

Idealized situation Real world
A B
o .~ ® (0% @
® 0, ® o 0%/ ®
® @ @
Decision surface (left):
{x:(w,x) =0} =
classes:
{x:(w,x) = 0} {x:(w,x) <0}.
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Non-linear separability — continued

On the ellipse

a2 b2

{x a—a)’ L e @) _ 1}
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Non-linear separability — continued

On the ellipse, outside
2 2
{x : (a 2C1) + be — o) = 1}7
2 )2
PCE N

a
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Non-linear separability — continued

On the ellipse, outside, inside:

{x: (x1 (3261)2 L e @)’ _ 1}7

b2
a—a) | (e-o)
{x ; " + 2 >13,
(a—a) | (e-o)?
{x : 7 + % <1p.
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Non-linear separability — continued

On the ellipse, outside, inside:

{x:(X1C1)2+(2C2

=1
2

{X (1 —a)? N (Xz - 62 1{
T
f

\/

{x:(Xl_C1)2+(2_C2

<1
22

With polynomial feature: (%) = (5, x1, L, x5, %) :

@ Decision surface: {x: (w,¢(x)) = 0}.
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Non-linear separability — continued

On the ellipse, outside, inside:

2
- —c

{x: (xa azcl) + X2 2 1}
_ 2 _

{x: ba a;l) ;e C2 > 1}
_ 2 _

{x: La a2C1) | be C2 < 1}

With polynomial feature: (%) = (5, x1, L, x5, %) :
@ Decision surface: {x: (w,¢(x)) = 0}.
o Classes: {x: (w,p(x)) > 0}, {x: (w,¢(x)) < 0}.
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Quadratic & polynomial features

Still in R2:

()D(X) = <X]?7 \/§X1X27X22> )
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Quadratic & polynomial features

Still in R2:

p(x) = <X17\FX1X27X2>
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Quadratic & polynomial features

Still in R2:

2 2
= Xl,\/7X1X2,X2>

(X{)2
< \fxm ;[ V2(x) (x5) >

X/)2

2

= x2(x] +\F\F2xlxz(x)( 1) + X3 (xb)?
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Quadratic & polynomial features

Still in R2:

2 2
= | X1, \F?X1X27X2>
2

(X{)

{e( < \fX1X2 ;[ V2(x) (x5) >
(x3)?

= X7 (x| +\f\f2X1X2(X{)( 5) + X5 (x5)°

= (Xle + X2X2)2
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Quadratic & polynomial features

Still in R2:

2 2
= Xl,\/7X1X2,X2>

(X{)2
< \fxm ;[ V2(x) (x5) >

(x5)?
= X7 (x| +\f\f2X1X2(X)( 5) + X5 (x5)°

= (Xle + X2X2)2

) <{§j 7 Kﬂ>2 = [x)® = k(x,x).
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Quadratic & polynomial features

Still in R2:

= <X27 \/7X1X2,X22>

1
(X{)2
= \/>X1X2 ) X{)(Xé) >
(%)
= x2(x] +\f\f2X1X2(X)( 5) + 5 ()

= (Xle + X2X2)2

) <{§j 7 Kﬂ>2 = [x)® = k(x,x).

(x,x'}? = (p(x), (X)) ©(x) = d-order polynomial. =




Quadratic & polynomial features

Still in R2:
()O(X> = <X]?7 \/§X1X27X22> )
X (x1)?
{(p(x),p(x)) = fxm ;[ V2(x) (x5) >
X2 (Xé)z

= xi (x)? +\f\f2X1X2(X{)( 5) + x5 (x)?
= (X1X1 + X2X2)2

) <{§j 7 Kﬂ>2 = [x)® = k(x,x).

(x,x)% = (p(x),o(x')): p(x) = d-order polynomial. = Explicit
computation would be heavy!
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_ INSKimeoneatienl: kccA

e Given: random variable (x,y) € X x Y, (x,y) ~ Pyy.
@ Goal: measure the dependence of x and y.

@ ldea:

Q(ny) = sup COI“l"(f(X),g(y))
feF,ge§
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_ INSKimeoneatienl: kccA

Given: random variable (x,y) e X x Y, (x,y) ~ Py,.

@ Goal: measure the dependence of x and y.
o Idea:
Q(Pyxy) = sup corr(f(x),8(y)),
feF,ge§
o F=Cp(X), §= Cp()): enough, but computationally. ..
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_ INSKimeoneatienl: kccA

Given: random variable (x,y) e X x Y, (x,y) ~ Py,.

Goal: measure the dependence of x and y.

Idea:

Q(Py) = sup corr(f(x),g(y)),
feF,ge§

F = Cp(X), § = Cp(Y): enough, but computationally. ..
Trick: 3y dense in Cp(X), similarly 3, dense in Cp()).
e This universality: captures independence.
e Computationally tractable.
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Linear — non-linear transition:

@ Inner product of non-linear features: k(x,x’), implicit (highD: v).
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Linear — non-linear transition:

@ Inner product of non-linear features: k(x,x’), implicit (highD: v).
o Classification: non-linear separability.
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Linear — non-linear transition:

@ Inner product of non-linear features: k(x,x’), implicit (highD: v).
o Classification: non-linear separability.
@ Information theory:

e sups , corr(f(x),g(y)): can capture independence (KCCA),
o E['rich’ features] < encodes distributions (MMD).
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Linear — non-linear transition:

@ Inner product of non-linear features: k(x,x’), implicit (highD: v).
Classification: non-linear separability.
@ Information theory:

e sups , corr(f(x),g(y)): can capture independence (KCCA),

o E['rich’ features] < encodes distributions (MMD).

Computational tractability & accelerations.

Zoltan Szabd Kernel Methods



Linear — non-linear transition:

@ Inner product of non-linear features: k(x,x’), implicit (highD: v).
Classification: non-linear separability.
@ Information theory:

e sups , corr(f(x),g(y)): can capture independence (KCCA),

o E['rich’ features] < encodes distributions (MMD).
Computational tractability & accelerations.
Hilbert space: enables analysis.
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e ITE toolbox (KL, MI, MMD, HSIC, KCCA & many more):
https://bitbucket.org/szzoli/ite-in-python/
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https://bitbucket.org/szzoli/ite-in-python/
https://github.com/wittawatj/interpretable-test
.../fsic-test
.../kernel-gof

e ITE toolbox (KL, MI, MMD, HSIC, KCCA & many more):

https://bitbucket.org/szzoli/ite-in-python/

@ Linear-time hypothesis testing
o two-sample (NIPS-2016, oral):
https://github.com/wittawatj/interpretable-test
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https://bitbucket.org/szzoli/ite-in-python/
https://github.com/wittawatj/interpretable-test
.../fsic-test
.../kernel-gof

e ITE toolbox (KL, MI, MMD, HSIC, KCCA & many more):

https://bitbucket.org/szzoli/ite-in-python/
@ Linear-time hypothesis testing
o two-sample (NIPS-2016, oral):
https://github.com/wittawatj/interpretable-test
e independence (ICML-2017):
.../fsic-test
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https://bitbucket.org/szzoli/ite-in-python/
https://github.com/wittawatj/interpretable-test
.../fsic-test
.../kernel-gof

e ITE toolbox (KL, MI, MMD, HSIC, KCCA & many more):

https://bitbucket.org/szzoli/ite-in-python/
@ Linear-time hypothesis testing
o two-sample (NIPS-2016, oral):
https://github.com/wittawatj/interpretable-test

e independence (ICML-2017):
.../fsic-test

o goodness-of-fit (NIPS-2017, best paper award):
.../kernel-gof
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https://bitbucket.org/szzoli/ite-in-python/
https://github.com/wittawatj/interpretable-test
.../fsic-test
.../kernel-gof

Kernels
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Kernel, RKHS

o Given: X set.
@ k: X x X — Ris called kernel if 3p : X — Hilbert space

k(a, b) = {p(a), p(b))s-
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Kernel, RKHS

o Given: X set.
@ k: X x X — Ris called kernel if 3p : X — Hilbert space

k(a, b) = {p(a), p(b))s-

@ /H might not be unique: k(x,y) = xy

p1(x) =x€R, Pa(x) = é(x,x) e R?.
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Kernel, RKHS

o Given: X set.
@ k: X x X — Ris called kernel if 3p : X — Hilbert space

k(a, b) = {p(a), p(b))s-

@ /H might not be unique: k(x,y) = xy

v2(x) = é(x,x) e R?.

e H intuition: vectors, inner product, complete ('no holes’).

v1(x) = x e R,

A bit of functional analysis follows ~ linalg, geometry! )

Zoltan Szabd Kernel Methods



Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties
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Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(v1 4+ v2) +v3 = vy + (v2 + v3), (associativity)
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Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(v1 4+ v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
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Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(v1 4+ v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
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Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(vi +v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
1—viv+(—v)=0,
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Vector space: (V,+,\:)

@ Points = vectors.

@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(vi +v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
1—viv+(—v)=0,
a(bv) = (ab)v,
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Vector space: (V,+,\:)

@ Points = vectors.
@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(vi +v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
1—viv+(—v)=0,
a(bv) = (ab)v,

lv = v,
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Vector space: (V,+,\:)

@ Points = vectors.
@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(vi +v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
1—viv+(—v)=0,
a(bv) = (ab)v,
lv = v,

a(vi + v2) = avy + avy,
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Vector space: (V,+,\:)

@ Points = vectors.
@ 2 operations: (w3 + V|, |Av with the 'natural’ properties

(vi +v2) +v3 = vy + (v2 + v3), (associativity)
Vi + Vo = Vo + v, (commutativity)
0:v+0=v,
1—viv+(—v)=0,
a(bv) = (ab)v,
lv = v,
a(vi + v2) = avy + avy,
(a+ b)v = av + bv for Yvi,va,v3,ve V, a beR.
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Vector space: examples

O (R, +,") defined as

(Xla"'uxd) + ()/17-~,)/d) = (X1+)/1,~-'7Xd+}’d)7
A (X1, Xg) 1= (A1, .oy AXy).
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Vector space: examples

O (R, +,") defined as

(Xla"'uxd) + ()/17-~,)/d) = (X1+)/1,~-'7Xd+}’d)7
A (X1, Xg) 1= (A1, .oy AXy).

@ Polynomials:

Ea;xi + Z b,'Xi = Z(a,- + b,‘)Xi,
(Zax) :=Z Aaj)x’
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Vector space: examples

O (RY, +,-) defined as

(Xla"'uxd) + ()/17-~,)/d) = (X1+)/1,~-'7Xd+}’d)7
A (X1, Xg) 1= (A1, .oy AXy).

@ Polynomials:

Ea;xi + Z bix" = Z(ai + bj)x,
(Zax) :=Z )\a,)

@ X — R-valued functions:
(f + g)(x) = f(x) + g(x), (A )(x) := Af(x).
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Vector space: examples

O (RY, +,-) defined as

(Xla"'uxd) + ()/17-~7}’d) = (X1+)/1,~-'7Xd+}’d)7
A (X1, Xg) 1= (A1, .oy AXy).

@ Polynomials:

Ea;xi + Z bix" = Z(ai + bj)x,
(Zax) :=Z )\a,)

@ XY — R-valued functions:

(f + g)(x) = f(x) + g(x), (A )(x) := Af(x).

Previously: X ={1,...,d}, X =N. )
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Vector space: examples — continued

© o CJa, b]: continuous functions.
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Vector space: examples — continued

© o CJa, b]: continuous functions.

Q0 RY,®,"):

(X1, Xd) @ (Y1, -+ va) o= Dyl
A (X1, Xd) = (Ax1, .o, AXg).
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Vector space: examples — continued

© o CJa, b]: continuous functions.

@ (RY,®,-): NO!l!I

(X155 Xd) @ (Y15- -, Yd) = [x,-yj];,{j:le RI*d - RI.
A (Xla" : 7Xd) = (AX]_,. . .,)\Xd),
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Vector space: examples — continued

© o CJa, b]: continuous functions.
@ (RY,®,-): NO!l!I

(X155 Xd) @ (Y15- -, Yd) = [x,-yj]:,{j:le RI*d - RI.
A (Xla s 7Xd) = (AX]_,. . .,)\Xd),

Q@ (R, (-,-),-): similarly NO

d

(3,2 %a) s V1, a)) o= Y xivi € R~ RY,
i1

A (X1, Xg) = (Ax1, .o, AXg).
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Vector space: examples — continued

© o CJa, b]: continuous functions.
@ (RY,®,-): NO!l!I

(X1, Xd) @ (Y1, -, ¥d) = [x,-yj];,j’jzle RI*d 4 Rd,
A (Xla" : 7Xd) = (AX]_,. . .,)\Xd),

Q@ (R, (-,-),-): similarly NO

d

(3,2 %a) s V1, a)) o= Y xivi € R~ RY,
i1

A (X1, Xg) = (Ax1, .o, AXg).

Now we put a notion of [norm, inner product to vectors . J
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We define the 'llength|' of a vector. J
H: vector space over R. ||| : H — [0, o0) is faermy] on J, if
Q |f|=0iff. f=0 (norm separates points),
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We define the 'llength|' of a vector. J
H: vector space over R. ||| : H — [0, o0) is faermy] on J, if
Q |f|=0iff. f=0 (norm separates points),

Q |\ =|A||If| YA e R,VfeH (positive homogenity),
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We define the 'llength|' of a vector. J
H: vector space over R. ||| : H — [0, o0) is faermy] on J, if
Q |f|=0iff. f=0 (norm separates points),

Q |\ =|A||If| YA e R,VfeH (positive homogenity),
Q |If +g| <|f|+|g| Vf,g € H (triangle inequality).
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We define the 'llength|' of a vector. J
H: vector space over R. ||| : H — [0, o0) is faermy] on J, if
Q |f|=0iff. f=0 (norm separates points),

Q || = |A||If| VA e R,Vf e H (positive homogenity),

Q |f+g| <|f|+|g| Vf,g € H (triangle inequality).
Note:

e norm = metric: p(f,g) = ||f — g| =

@ study continuity, convergence.
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Normed space: -
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Normed space: -

° (R]-).
o (R |x|, = [¥;]xl?]7). pe [0,50].
o p=2:|x|, =+/>;x? (Euclidean),

Zoltan Szabd Kernel Methods



Normed space: -

° (R]-).
o (R |x|, = [¥;]xl?]7). pe [0,50].
o p=2:|x|, =+/>;x? (Euclidean),

o p=1:|x|; =2Ix| (Manhattan),
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Normed space: -

o (B,[-|).
o (R |x|, = [¥;]xl?]7). pe [0,50].

o p=2:|x|, =+/>;x? (Euclidean),
o p=1:|x|; =2Ix| (Manhattan),
o p=o0: [x|, = max;|x;| (maximum norm).
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Normed space: -

° (R]-).
o (R |x|, = [¥;]xl?]7). pe [0,50].
o p=2:|x|, =+/>;x? (Euclidean),

o p=1:|x|; =2Ix| (Manhattan),
o p=o0: [x|, = max;|x;| (maximum norm).

o<[ Nl = [g IF(x \de]'l’>,1<p<oo.
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Normed space: -

o (B,[-|).
o (R |x|, = [¥;]xl?]7). pe [0,50].
o p=2:|x|, =+/>;x? (Euclidean),

o p=1:|x|; =2Ix| (Manhattan),
o p=o0: [x|, = max;|x;| (maximum norm).

1
° < [a, b], | ], = [S |f(x ‘de]"),1<p<oo.
° (C[a7 b]7 HfHoo = MaXxe(a,b] |f(X)|)v p = .
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Inner product space (also called Euclidean space)

H: vector space over R. (-,-) : H x H{ — R is an [inner product
on H if for Vo e R, f;, f,ge H

Q (a1fi + anfr,g) = a1 (f1,8) + az (f2, g) (linearity),
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Inner product space (also called Euclidean space)

H: vector space over R. (-,-) : H x H{ — R is an [inner product
on H if for Vo e R, f;, f,ge H

Q (a1fi + aoh,g) = a1 (fi,g) + ao (f, g) (linearity),
Q (f,.g) = (g f) (symmetry),
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Inner product space (also called Euclidean space)

H: vector space over R. (-,-) : H x H{ — R is an [inner product
on H if for Vo e R, f;, f,ge H

Q (a1fi + anfr,g) = a1 (f1,8) + az (f2, g) (linearity),

2] <f7g> = (gv f) (SymmetrY)'
Q@ (f,f)=0,(f,f)=0<f=0.
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Inner product space (also called Euclidean space)

H: vector space over R. (-,-) : H x H{ — R is an [inner product
on H if for Vo e R, f;, f,ge H

Q (a1fi + anfr,g) = a1 (f1,8) + az (f2, g) (linearity),

Q (f,g)=(g,f) (symmetry),
Q@ (f,f)=0,(f,f)=0<f=0.
Notes:

@ 1, 2 = bilinearity.
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Inner product space (also called Euclidean space)

H: vector space over R. (-,-) : H x H{ — R is an [inner product
on H if for Vo e R, f;, f,ge H

Q@ (ufi + aoh,g) = a1 (f,8) + a2 (f, g) (linearity),

Q (f,g)=(g,f) (symmetry),
Q@ (f,f)=0,(f,f)=0<f=0.
Notes:

@ 1, 2 = bilinearity. Inner product =

(f,g)

norm: £} = /(£. 7). angle: cos(f.g) = 7
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Inner product space: -

° (Rd, (xy) =2, Xiyl')-
° (Rdlxa’z, (A,B)r =tr(ATB) = Zf’il Zfil AijBij)-

° (C[a, bl,{f,g) = S: f(x)g(x)dx).
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Norm vs inner product

Relations:
o [{fig)| <|f]-lgll (CBS),
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Norm vs inner product

Relations:
o [Kf.gyI<|f]-lg] (CBS),
o 4(f,g)=|f+g° —|f —g|’ (polarization identity),

Zoltan Szabd Kernel Methods



Norm vs inner product

Relations:

o [{f,e<Ifl-lg] (CBS),

o 4(f, &) = |f +g|* - |f — gl (polarization identity),
o lla+bl>+la—b|* = () (parallelogram rule).

b
a
a
b
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Norm vs inner product

Relations:
o [{f,e<Ifl-lg] (CBS),
° 4(f,g)=|f +gl° —|f —g|’ (polarization identity),
o lla+bl>+la—b|* = () (parallelogram rule).

b

o}

(*) =(a+b,a+b)+(a—b,a—b)
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Norm vs inner product

Relations:
o [{f,e<Ifl-lg] (CBS),
° 4(f,g)=|f +gl° —|f —g|’ (polarization identity),
o lla+bl>+la—b|* = () (parallelogram rule).

b

o}

(*) =(a+b,a+b)+(a—b,a—b)
= 2(Jlal® + [BI7) +2(a, 5)

Zoltan Szabd Kernel Methods



Norm vs inner product

Relations:
o [{f,e<Ifl-lg] (CBS),
° 4(f,g)=|f +gl° —|f —g|’ (polarization identity),
o lla+bl>+la—b|* = () (parallelogram rule).

b

o}

(*) =(a+b,a+b)+(a—b,a—b)
=2 (lal + 161°) 22 (a5 - [2YalPE2]BIE.

The parallelogram rule holds in an inner product space.
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Example when the

C[Ov 1] with HfHoo = MaXxe(0,1] ‘f(x)|

f(x):=1-—x, g(x):=x
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Example when the

C[Ov 1] with HfHoo = MaXxe(0,1] ‘f(x)|

f(x):=1-x, g(x):= x,
2 2 2 2 2 2
I+ gl +1f =gl = 115 + 1L = 2x[% =17+ 17 = 2,
e[—1,1]
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Example when the

C[Ov 1] with HfHoo = MaXxe(0,1] ‘f(x)|

f(x):=1-x, g(x):= x,
2 2 2 2 2 2
I+ gl +1f =gl = 115 + 1L = 2x[% =17+ 17 = 2,

6[7171]
2(IF1% + 1gl%) =20 L=x I3 +2| _x_|% =2+2=4.
ef0,1] €[0,1]
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Example when the

C[Ov 1] with HfHoo = MaXxe(0,1] ‘f(x)|

f(x):=1-x, g(x):= x,
2 2 2 2
If + gl + If = gls = 115 + 11 = 2x 5, =1 + 12 =2,

e[—1,1]
2 2
2(IF1% + 1gl%) =20 L=x I3 +2| _x_|% =2+2=4.
ef0,1] €[0,1]

Characterization

A norm is induced by an inner product iff

I + &1 +1f ~&l? =2 (I + |&I?)  vF.8:
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Completeness: motivation

o {(f) ey = Q: 1,1.4,1.41,1.414,1.4142, ...

o |f, — | can be arbitrary small for large enough (n, m) < [Cauchy seq,
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Completeness: motivation

@ {(fo)lnen © Q: 1,1.4,1.41,1.414,1.4142, ...
o |f, — | can be arbitrary small for large enough (n, m) < [Cauchy seq,
o but (f,) does not converge in Q ¢ /2.
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Completeness: motivation

@ {(fo)lnen © Q: 1,1.4,1.41,1.414,1.4142, ...
o |f, — | can be arbitrary small for large enough (n, m) < [Cauchy seq,
o but (f,) does not converge in Q ¢ /2.

o (C[07 1]7 H'HL2[071]): SimiIarIy
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Hilbert space

o Hilbert space := [complete Euclidean space . Prototype:

1/2
L2(X, p) = {f X >R |f], = [JX |f(x)2d,u(x)] < OO}.
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Hilbert space

o Hilbert space := [complete Euclidean space . Prototype:

1/2
L2(X, p) = {f X >R |f], = [JX |f(x)2d,u(x)] < OO}.

Specifically:

(R, [l5), or 2(N) = 1 (an)nen :

Recall: 'k(x,y) = (@(x), o(¥))s -
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Hilbert space

o Hilbert space := [complete Euclidean space . Prototype:

1/2
L2(X, p) = {f X >R |f], = [JX |f(x)2d,u(x)] < OO}.

Specifically:

(R, [l5), or 2(N) = 1 (an)nen :

0
Z a2 <
n=1
Recall: k(x,y) = (¢(x),o(¥))q -
@ Banach space := complete normed space:

LP(X,p), RE,), P(N), (Cla,b], ) -
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) = RY

k(- b) € K, F(b) = (F, k(- b)) .
——

' reproducing property
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) = RY

k(- b) € K, F(b) = (F, k(- b)) .
——

' reproducing property
spec.

- k<a= b) = <k('7a)ak('vb)>%-

Zoltan Szabd Kernel Methods



Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) = RY

k(- b) € K, F(b) = (F, k(- b)) .
——

' reproducing property

P k(2. b) = Ck(-,a), k(- b)yor. Bk (0 QR C DY
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.
o Intuition: X := RY, data matrix X = [xq,...,x,] € R¥*", then

G:=X"X= [<Xi7)<j>2]7J=1 0.
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.

o Intuition: X := RY, data matrix X = [xq,...,x,] € R¥*", then
G:=X"X= [<X”)9>2]7J=1 > 0.
ie.
G'=G (symmetry),
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.
o Intuition: X := RY, data matrix X = [xq,...,x,] € R¥*", then

G:=X"X= [<Xi7)<j>2]7J=1 0.

G'=G (symmetry),
viGy = v X"Xv = |Xv[3=0 (YveR9).
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.
o Intuition: X := RY, data matrix X = [xq,...,x,] € R¥*", then

G:=X"X= [<Xi7)<j>2]7J=1 0.

G'=G (symmetry),
viGy = v X"Xv = |Xv[3=0 (YveR9).

@ k: X x X — R |[symmetric is  positive definite if

G= [k(X,',Xj)]?le >0 Vne Z+,V{X,' ?:1'
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want

e Example-1: For H := (C[0,1], ])

[fa(x) — F(x)] < max_|fy(x) — F(x)| = | — fll, =20,
x€[0,1]
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want

e Example-1: For H := (C[0,1], ])

[fa(x) — F(x)] < max_|fy(x) — F(x)| = | — fll, =20,
x€[0,1]

but no inner product in C[0,1] (as we saw it — parallelograms).
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

n—o0

Q@ f, ——=0:=1f*eXH since

1 1/2
Tim [fy — O] 20 = lim (L indx)
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

n—o0

Q@ f, ——=0:=1f*eXH since

- 1/2 x2n+1 x=1
. T n — |
n||—>moo an - OHLZ[O,l] - n||_>moo (J;) X dX) B ”Il_’moo [2n + 1:|x—0
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

n—o0

Q@ f, ——=0:=1f*eXH since

1/2 X2n+1 x=1
lim_|fo — O 20,1) = Iim( 2”dx> = lim [ }

n—o0 n—o0 2n+1 =0

lim ——=20,

n—ao \/2n +1
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

n—o0

Q@ f, —0:=f*e H since

1/2 X2n+1 x=1
lim_[fy — O 20,1) = lim ( 2”dx) = lim [ }

n—ao n—a0 2n+1 X—0
= lim ——=0,
n—ao \/2n +1

@ but f,(1) = 1 » F*(1) = 0,

In L?: norm convergence = pointwise convergence . J
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

ox(f + &)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +8)(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f+8)(x) = f(x) + g(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (F+8)(x) = f(x) + g(x) = 0x(F) + dx(g),
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

O0x(f +g) = (F+g)(x) = f(x) + g(x) = () + ox(g),
8x(AF)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (M) (x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
Ix(AF) = (M) (x) = Af(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (AF)(x) = Af(x) = Adx(f).
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (AF)(x) = Af(x) = Adx(f).

o Def-4 (evaluation point of view): H = R¥ Hilbert space,
Oy :feH—f(x)eR

is continuous for all x ¢ X.
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Relation of Definition 1-4

@ Def-1 (feature space):
k(a,b) = (#(a), ¢(b))g -
@ Def-2 (reproducing kernel, constructive):
k(-,b) € X, f(b) = {f,k(-,b))s.

o Def-3 (Gram matrix): G = [k(x;, x;)] > 0.

):
@ Def-4 (evaluation): dx(f) = f(x) is continuous for all x.
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Relation of Definition 1-4

@ Def-1 (feature space):

k(a, b) = (v(a), (b)) -

Def-2 (reproducing kernel, constructive):

k(- b) € 7, F(b) = (F, k(-, b))ac.

Def-3 (Gram matrix): G = [k(x;, xj)] > 0.

):
Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.

All these definitions are [equivalent|, k 2 H.

Trickiest direction (Moore-Aronszajn theorem):

k positive definite function construction, RKHS.
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Example: every kernel is positive definite

aTGa = an Zn: a,-ajk(x;,>g)

i=1j=1
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Example: every kernel is positive definite

a'Ga= Z Z aiajk(xi, x;) 0 Z aip(xi), Z ajg0(><j)>
i—1j-1 i=1 j=1 H

(i): k definition, (-, )4, linear

Zoltan Szabd Kernel Methods



Example: every kernel is positive definite

a'Ga= Z Z aiajk(xi, x;) 0 <Z aip(xi), Z ajg0(><j)>
i=1j=1 i=1 Jj=1 H
.. n 2
(in) Z aip(x)| =o0.
i=1 H

(i): k definition, (-, -)q linear, (ii) |-[lsc = /(- )g¢-
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Kernels: further examples

e XY =R7 y>0: k(x,y) = (p(x), (y))g
ko(x,y) = ((x,¥) +7)P,  ke(x,y) = e x,

1
ke(xay) = e_’YHX_Y“z’ kC(X,y) =1+ . 2
v x=yl3
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Kernels: further examples

e X =R9 ~>0: k(x,y) = {p(x); e(¥))gc

ko(x,y) = ((%,y) + )P, ka(x,y) = e Myl

1
ke(xay) = e_’YHX_Y“z’ kC(X,y) =1+ . 2
v x=yl3

e X = strings:
e r-spectrum kernel: # of common < r-substrings.
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Kernels: further examples

e X =R9 ~>0: k(x,y) = {p(x); e(¥))gc

ko(x,y) = ((%,y) + )P, ka(x,y) = e Myl

1
ke(xay) = e_’YHX_Y“z’ kC(X,y) =1+ . 2
v x=yl3

e X = strings:
e r-spectrum kernel: # of common < r-substrings.

@ X = time-series: dynamic time-warping.
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Kernel examples — continued

Matérn kernel: flexible family, well-suited for approximation (RFF)

21—v

k(X,y) = ko(X - Y) - F(v) (

g

fzwx—yb) K <¢2vrx—y|2>
o )

where

o K,: modified Bessel function of the second kind of order v,
o I'(t) =, x'"Le *dx: Gamma function (t > 0).
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Kernel examples — continued

Matérn kernel: flexible family, well-suited for approximation (RFF)

g

21—v
k(X,y) = ko(X - Y) = F(v) (

~ 29V S (v + d/2)v¥ [2v —(v+d/2)
ko(w) = F(\(/)U2V /2) (0 + 472 |w||2> >0 YweRY,

m|x—y\2> (f vlx y|2>,

where

o K,: modified Bessel function of the second kind of order v,
t) = {; x*"le™dx: Gamma function (t > 0).
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Kernel examples — continued

Matérn kernel: flexible family, well-suited for approximation (RFF)

1—-v vilx — x—
k(x,y) = ko(x —y) = 2r(v) (\/27| Y‘2> <\ﬁ] y|2) ’

g

~ 2d+"7r%r(v+d/2)v" 2v —(v+d/2)
ko(w) = Fl o2 (U + 472 |w||2> >0 YweRY,

where
o K,: modified Bessel function of the second kind of order v,
t) = {; x*"le™dx: Gamma function (t > 0).

Specific cases:

_x=yl2 .
@ Forv = %: one gets k(x,y) = e~ = . Gaussian kernel: v — o0,
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel? l
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel? l
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel?

k(x,x) = (#(x); p(x))5c = l(x)[5:> 0 (Gram with n = 1),
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Kernel puzzle

Let
X ={0,1},
N1 ifx#EX
k(x, ) _{ -1, ifx=x" |~
Is k a kernel?

(%),
k(0,0) = k(1,1) = -1 (in our case).
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Kernel puzzle

Let
X ={0,1},
N1 ifx#EX
k(x, ) _{ -1, ifx=x" |~
Is k a kernel?

(%),
k(0,0) = k(1,1) = -1 (in our case).

Easy-to-check conditions| for a k : X x X — R function to be

kernelf?
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o We know: k(x,y) = x"y is a kernel.
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :
© Non-negative shift. k: kernel = k + ~: kernel (7 € R=9). Why?
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :
@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :

@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
@ Cone. If kpy: X x X — R kernel, a, 20 (m=1,..., M), then

M
Z mkm(x,y) = 7

m=1
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :

@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
@ Cone. If kpy: X x X — R kernel, a, 20 (m=1,..., M), then

Mz

mkm(x,y) = Zam@m(x)»@m()/»r}fm

m=1
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :

@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
@ Cone. If kpy: X x X — R kernel, a, 20 (m=1,..., M), then

Mz

mkm(x,y) = Zam@m(x)»@m()/»r}fm

m=1

= (p(x), 2(¥)) 3¢ »
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :

@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
@ Cone. If kpy: X x X — R kernel, a, 20 (m=1,..., M), then

Mz

mkm(x,y) = Zam@m(x)»@m()/»r}fm

m=1
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o We know: k(x,y) = x"y is a kernel.
o A few [useful rules :

@ Non-negative shift. k: kernel = k + ~: kernel (7 € R=%). Why? < Gram.
@ Cone. If kpy: X x X — R kernel, a, 20 (m=1,..., M), then

Mz

mkm(x,y) = Zam@m(x)»@m()/»r}fm

m=1

= (p(x), 2(¥)) 3¢ »
o(x) = (Varpi(x), ..., vamem(x)) € H = @y_ Hpn.

Example: ®Y_ R = RM.
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@ Product. If (km)M_, are kernels on X, then

M
(®M:1km) ((xl,...,xM),(x{,..., H km Xm, m .
m=1
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@ Product. If (km)M_; are kernels on X}, then

m=1
M
(®M:1km) ((xl,...,xM),(x{,..., H km Xm, m .
m=1

o Thus, (km)M_| : X x X — R kernels = ]_L’:’:l km(x,x"): kernel on X

Zoltan Szabd Kernel Methods



@ Product. If (km)M_, are kernels on X, then

M
(®M:1km) ((xl,...,xM),(x{,..., H km Xm, m .
m=1

o Thus, (km)M_| : X x X — R kernels = ]_L’:’:l km(x,x"): kernel on X
o Recall: ®¥_, k,, will be in HSIC.
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@ Product. If (km)M_; are kernels on X}, then

m=1

M
(®M:1km) ((xl,...,xM),(x{,..., H km Xm, m .
m=1

o Thus, (km)M_| : X x X — R kernels = ]_L’:’:l km(x,x"): kernel on X
o Recall: ®¥_, k,, will be in HSIC.
o Consequence (y =0, pe Z*):

k(X, y): (<X, y>2 + ,),)P

is a kernel.
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: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(kl ® k2) ((X7}/)a (ley/)) = kl(X>X/)k2(Y7y/)
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: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(kl ® k2) ((X7}/)a (ley/)) = kl(X>X/)k2(Y7y/)
= (P1(x), 91(x))g¢, (P2(¥)s 02(¥)) g

2
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: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(kl ® k2) ((X7}/)a (ley/)) = kl(X>X/)k2(Y7y/)
= (P1(x), 91(x))g¢, (P2(¥)s 02(¥)) g

2

= 01071 )2 (v') T p2(y)
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: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(i ® k) ((x,), (x',y") = ki(x, X')k (y ¥
= (01(x), 01(x))g¢, (22(¥), 02(¥)) g,
= 210712 (v') " e2(y)
—tr (210071 ()22 () 2())
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: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(k1 ® k2) ((x,¥), (X', ¥")) = ka(x, X')k (y y')
= (2109, 21())g, (£2(¥): 02(¥) )y,

= 210712 (v') " e2(y)
_tr< 1) T (X2 (') 992()/))
= tr (22(0)1 () Ter ()2 ()T




: product indeed

Intuition for M = 2 and assuming @m(x) € R9m:

(i ® k) ((x,), (x',y") = ki(x, X')k (y ¥
= (p1(x), 01(x)) g, (P2(¥)s 02(¥)) s,
= p1(x ) p1(x) 2 (y/) p2(y)
= tr (210 T2 (V) T 2()

—tr <<p2(y)991(X)T991(X/)<P2 (y')T>

= <¢1(X)902(y)T,391(X')¢2(YI)TJ> ’

~~ ~~
cRd1 X dy cRd1 xdy

where (A,B) =tr (ATB) =, /2. AijBjj is the Frobenius inner

product.
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Kernel factory

@ Limit. If (kp)nen are kernels on X, then
k(x,x") := lim kp(x,x")

n—o0

is a kernel. Why?

Zoltan Szabd Kernel Methods



Kernel factory

@ Limit. If (kp)nen are kernels on X, then
k(x,x") := lim kp(x,x")

n—o0

is a kernel. Why? < Gram.
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Kernel factory

@ Limit. If (kp)nen are kernels on X, then

k(x,x") := lim kp(x,x")

n—o0

is a kernel. Why? < Gram.
Example (v > 0):

K(x,y) = e1092 = 3 (v (x,¥),)"

n!
neN
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Kernel factory

@ Limit. If (kp)nen are kernels on X, then

k(x,x") := lim kp(x,x")

n—oo
is a kernel. Why? < Gram.
Example (v > 0):
k), N ((X0y)0)"
Klroy) = 1o = 3 22
ne

Reason: polynomial kernel & limit rule.
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Kernel factory — continued

@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = fF(x)k(x,y)f(y)

is a kernel. Check (feature view):

k(x,y) = fO)k(x. )f ()
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Kernel factory — continued

@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = fF(x)k(x,y)f(y)

is a kernel. Check (feature view):

k(x,y) = FO)k(x, y)f(y) = F(x){p(x), 0()gcF (v)
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Kernel factory — continued

@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = fF(x)k(x,y)f(y)

is a kernel. Check (feature view):

Zoltan Szabd Kernel Methods



Kernel factory — continued

@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = fF(x)k(x,y)f(y)

is a kernel. Check (feature view):

Example (Gaussian kernel, v > 0): previous example & new rule
k(x,y) = e Vvl

. 2 2 2
by using |x —y|l3 = [x[3 + [yl2 =2 {x,y).
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Kernel factory — continued

@ Pre-post multiplication. k kernel on X, f : X — R, then

k(x,y) = fF(x)k(x,y)f(y)

is a kernel. Check (feature view):

Example (Gaussian kernel, v > 0): previous example & new rule

k(x,y) = e VPye = e vIxlz g2v(0y)2 g3
: 5 ) ,
by using [x —y|5 = [|x[5 + [y[5 — 2 (x,y).
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Kernel factory: R? & Bochner theorem

We focus on continuous bounded 'shift-invariant kernels : J

Theorem (Bochner’s theorem [Wendland, 2005])

kix.y) = ho(x =) = | eI dA(w),

where N is a finite Borel measure (w.l.0.g. probability).
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Shift-invariant kernels on R [Sriperumbudur et al., 2010b]

For Poisson kernel: o € (0,1).

kernel name ko ko(w)
. — X2 {72L~'2
Gaussian e 22 oe” 2

. —ao|x| 2_o
Laplacian e \/;ohmﬂ

2n+2 4n+1 sin2"+2<%)

Bap+1-spline g X[_%é](x) Von i
Sinc M , \/?X[ftr,a] (w)
Poisson % V 271' Zﬁfc@ O'M(S(W _./>
. (2n+D)x
Dirichlet ~ =2("=2) VoY 0w —J)
sm(§) J

., sin? (1tbx n i .
FeJer %HW 4/ 2’/TZ.:_H (1 — n‘:,‘rll) 6(W _J)

Cosine cos(ox) Fow—=0)+6d(w+0)]
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Shift-invariant kernels on R [Sriperumbudur et al., 2010b]

For Poisson kernel: o € (0,1).

kernel name ko ko(w)
. _ X2 o2w?
Gaussian e 22 oe” 2

. —ao|x| 2_o
Laplacian e \/;Uurwz

2n+2 LA )

Bap+1-spline g X[_%é](x) Von i
Sinc M , \/?X[ftr,a] (w)
Poisson % V 271' Zﬁfc@ O'M(S(W _./>
. (2n+D)x
Dirichlet ~ =2("=2) VoY 0w —J)
sm(§) J

2 (n+1)x
2

Fejér W)y VA (1 - n‘ill) d(w—J)

Cosine cos(ox) Fow—=0)+6d(w+0)]

For x € RY: ko(x) = l_[j-jzl ko(x;), ko(w) = Hf:l /?O(WJ)-
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Kernels in action: classification, regression,
dimensionality reduction
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, regression

o Given: {(xj,yi)}_;, ¥i€{-1,1}.
e Goal: find an f classifier such that f(x) ~ y.

Zoltan Szabd Kernel Methods



, regression

o Given: {(xj,yi)}_;, ¥i€{-1,1}.
e Goal: find an f classifier such that f(x) ~ y.

Input Space

Zoltan Szabd Kernel Methods



, regression

o Given: {(xj,yi)}_;, ¥i€{-1,1}.
e Goal: find an f classifier such that f(x) ~ y.

Input Space Feature Space
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, regression

o Given: {(xj,yi)}_;, ¥i€{-1,1}.
e Goal: find an f classifier such that f(x) ~ y.
@ Regression similarly: y; € R.

Input Space Feature Space
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Dimensionality reduction: intuition

o Given: a set of observations X = {x;}7_; c RP.
e Goal: find X" = {x;}”_, = R? 'preserving’ the geometry of X.
@ d « D: compression (images, music, .. .).
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Classification: SVM
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Support vector machine (SVM) for classification

Which separating line is the 'best’?

A
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Support Vector Machine (SVM)

SVM answer: the one with the largest margin.




SVM formulation: hard classification

e Hyperplane: f p(x) = (w,x) + b.
e w: normal vector, b: offset.
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SVM formulation: hard classification

e Hyperplane: f p(x) = (w,x) + b.
e w: normal vector, b: offset.

e Goal:

2 . 2 (w,x;) +b=>1 if yi =1,
max —— < min |wl|3, s.t. _
wb [wl, (w,x;) + b < —1 otherwise.

— N —
margin correction classification
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SVM formulation: hard classification

e Hyperplane: f p(x) = (w,x) + b.
e w: normal vector, b: offset.
o Goal:

2 w,x;) +b=>1 ifyi=1
max —— < min w3, s.t. (w, xi) Yi= %

(—~—

wb [wl, (w,x;) + b < —1 otherwise.
. ~"
margin correction classification
@ Shortly,

mig |wl3, s.t. y; ((w,x;) + b) = 1,Vi.

)
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SVM formulation: hard classification

e Hyperplane: f p(x) = (w,x) + b.
e w: normal vector, b: offset.
o Goal:

2 w,x;) +b=>1 ifyi=1
max —— < min w3, s.t. (w, xi) Yi= %

(—~—

wb [wl, (w,x;) + b < —1 otherwise.
. ~"
margin correction classification
@ Shortly,

mig |wl3, s.t. y; ((w,x;) + b) = 1,Vi.

)

@ Decision: y(x) = sign ((w,x) + b).
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SVM formulation: soft classification

@ Hard classification objective:

miE Iw[3 s.t. y; ((w,x;) + b) = 1,Vi.

)

There might not be solution! (non-linearly separable case)
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SVM formulation: soft classification

@ Hard classification objective:

miE Iw[3 s.t. y; ((w,x;) + b) = 1,Vi.

)

There might not be solution! (non-linearly separable case)

@ Soft classification objective:
1 2 S .
min. 5 Iwll3 + C;fi st yi ((w,x;) +b) >1-¢;,& >0, Vi

Linear penalty on misclassification.
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SVM formulation: soft classification

Soft classification objective:

min > Hw||2+ c’z‘ig,, sty ((w,x))+b)=1—¢,6&=0 (Vi).

Lagrangian function: with «; > 0, 5; = 0 (Vi)
L(w, b, {'a,,B) = objective - Lagrangian multipliers x conditions

HWH2+CZ£I ZOC/ yi ({w,x;) +b) =1+ &] — Zﬁ:gl
i=1 i=1

oL
Oprimal —

Solving for =0, we get .
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SVM formulation: soft classification

L(w,b, &, B) =
waH2+CZ£, Dlailyi ((w,xi) +b) — 1+ &] — 2/35,

i=1 i=1

Optimality equations:

Ozaw:w—;a;y;x; (W < a),

oL .
0= 2= STawn
oL
= =C—a;— .
0 P aj—f

Plugging these equations back to L, we have ...

Zoltan Szabd Kernel Methods



SVM formulation: soft classification

Dual form:

ij=1

n n n
1
maxz o — 5 Z a,-ajy,-ij,TxJ-, st. 0<a; < C,Z ajyi = 0.
*ia i-1
-

D) <

~
quadratic in o linear in o
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SVM formulation: soft classification

Dual form:

ij=1

n n n
1
maxz ai— 3 Z a,-ajy,-ij,TxJ-, st. 0<a; < C,Z ajyi=0.
* i=1 i=1
-

) <

~
quadratic in o linear in o

® b= yi(w'x; + b) =1 < a; > 0 [complementary slackness].
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SVM formulation: soft classification

Dual form:

ij=1

n n n
1
maxz o — 5 Z a,-ajy,-ij,TxJ-, st. 0<a; < C,Z ajyi = 0.
«
i=1 i=1
-

) <

~
quadratic in o linear in o

® b= yi(w'x; + b) =1 < a; > 0 [complementary slackness].

@ QP: solvers are available.

Zoltan Szabd Kernel Methods



If linear separability does not hold

e Until this point:
o (almost) linearly separable case.
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If linear separability does not hold

e Until this point:
o (almost) linearly separable case.
o Now:

naf .i.‘....‘..io 83%'. g ..‘. ':{“

o ool @ hCY
SENa SR E,
ol .ov::o ?pooo%.'.' G%C%gg * e .:.o.oz
s Ay Al
L=
a7l ‘o:\.o%,§ép Y ° 20(@3; =0 e
00 %:) g%ce@ooo%o% p % o% @
Bo o* Q)Ooooo ey Oogoo 08%0 [ Oo%
$ WG Nl Pooge” 4004 o, ° ©F
06 :..J’.}. OOOOOO% OO.'\I o &2 %° % oo
e oo %70 @ dmde 'Y
LA &

=P
o el ogf ,
ORI 29%3 =% ke,
0s &7 83 2
@

04
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If linear separability does not hold:

Input Space Feature Space
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Nonlinear SVM

e Linear SVM (dual):

maxZa,—fZany,ny Xj, s.t. Za,y,— , 0 < o < C (V).
iy=1
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Nonlinear SVM

e Linear SVM (dual):

maxZa,—fZany,ny Xj, s.t. Za,y,— , 0 < o < C (V).

ij=1

@ Nonlinear SVM (dual):

maan,—f Z ajajyiyik(xi, xj), s.t. Za,y, =0,0<a; < C(Vi).
ij=1 i=1
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Nonlinear SVM

e Linear SVM (dual):

maxZa,—fZany,ny Xj, s.t. Za,y,— , 0 < o < C (V).

ij=1

@ Nonlinear SVM (dual):

maan,—f Z ajajyiyik(xi, xj), s.t. Za,y, =0,0<a; < C(Vi).
ij=1 i=1

@ Nonlinear SVM (primal):

min foHg{k—i—CZﬁ,, st.yif(x)=1—§, & =0,V

fG"Hk, -1
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Kernel ridge regression
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Kernel ridge regression

o Given: {(Xi»)/i)},r'7=1v H = Hy, yie R.
e Task (A > 0):
1< _
J(F) = = by = )P + A5 — min.
i=1
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Kernel ridge regression

o Given: {(Xi7)/i)},r'7=1v H = Hy, yie R.
e Task (A > 0):
1< _
J(F) = = by = )P + A5 — min.

i=1

@ Analytical solution (raised at distribution regression):

f(x) = [k(x1,x),...,

oo kO )] (G + An) " ygi oyl
G = [k(xi, )]} ;1 -
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Kernel ridge regression

o Given: {(Xi»)’i)},r'7=11 H = Hy, yie R.
e Task (A > 0):
1< _
J(F) = = by = )P + A5 — min.
i=1

@ Analytical solution (raised at distribution regression):

F(x) = [k, ), oy KOs 3)] (G 4+ And) a5 v,
G = [k(xi,%)]7 iy -

How do we get this solution?
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Kernel ridge regression

By the representer theorem

f= zn: a,-k(-,x,-).
i=1
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Kernel ridge regression

By the representer theorem
n
f = Z a,-k(-,x,-).
i=1
Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5
j=1

— |y — Ga|3 + (An)a’ Ga
=y'y—2y"Ga+ aT[G2 + (An)G]a.
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Kernel ridge regression

By the representer theorem
n
f = Z a,-k(-,x,-).
i=1
Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5
j=1

— |y — Ga|3 + (An)a’ Ga
=y'y—2y"Ga+ aT[G2 + (An)G]a.

Solving 0 = 2, one gets a* = (G + Anl)~ly
0a
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Kernel ridge regression

By the representer theorem
n
f = Z a,-k(-,x,-).
i=1
Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5
j=1

— |y — Ga|3 + (An)a’ Ga
=y'y—2y"Ga+ aT[G2 + (An)G]a.

Solving 0 = 2, one gets a* = (G + Anl)~ly by
0a
TB o T
8a6a S~ (B+BT)a, == -
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Local Summary

@ Motivation: infoT objectives, hypothesis testing.
o Kernels, RKHS: definitions, construction.

@ Kernel applications: classification, ridge regression.
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Notes
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Jy is bounded
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
® k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
[FOl = [(F k(o x))ae, | < [Flag, [KC5 X lag, -
—_——
A/ k(x,x)
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
® k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
O = [ koD, | < [ Fllsg, kG0, -
—_———
A/ k(x,x)

@ k: continuous = J{j: separable [62(N)].
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
® k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
O = [ koD, | < [ Fllsg, kG0, -
—_———
A/ k(x,x)

@ k: continuous = J{j: separable [62(N)].

@ k: bounded and continuous = Vf € Hy is bounded &
continuous.
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
® k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
O = [ koD, | < [ Fllsg, kG0, -
—_———
A/ k(x,x)

@ k: continuous = J{j: separable [62(N)].

@ k: bounded and continuous = Vf € Hy is bounded &
continuous.

@ ke C™ = Vf € Hy is m-times continuously differentiable.
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Properties of k control that of I,

[Steinwart and Christmann, 2008, Chapter 4]:
® k: bounded [sup, ,cx k(x,y) < C] = Vf € Iy is bounded:

CBS
FOOL = [(F kG, | < IFag, [ g,
[ ———

A/ k(x,x)
@ k: continuous = J{: separable [62(N)].
@ k: bounded and continuous = Vf € Hy is bounded &
continuous.

(]

ke C™ = VYf € Hy is m-times continuously differentiable.

k: analytic = Vf € Hy is analytic.

Zoltan Szabd Kernel Methods



Hard vs soft-SVM classification

Recall:
e Hard SVM:
ml[l;l Hsz, s.t. yi ((w,xj) + b) > 1,Vi.

)

e Soft SVM:

min > Hw||2+CZs,st yi((w, %)) +b) > 1—-&, & >0, Vi
i=1
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Hard vs soft-SVM classification

Recall:
e Hard SVM:

mlg Hsz, s.t. yi ((w,x;) + b) = 1,Vi.

)

e Soft SVM:

min — w5 + C i sty ({w,x;) + b 1-§,6=20,Vi.<
min 2 w3 ’215 yi (W, x;) + b) > 1 - &, §

m|n = Hw||2 + CZ max (1 —yi ({w,x;) + b), 0)
i=1
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Hard vs soft-SVM classification

Recall:
@ Hard SVM:

1
min = w3, s.t. y; ((w,x;) + b) = 1,Vi.
w,b 2

)

e Soft SVM:

1 . ,
thia,ngE w3 + C;{; st. yi((w,xj) +b)=>1—-¢,&>0,Vi.<

.1 2 $
min = [lw]5 + C max(l— ((w,x;) + b ,O),
mins B + €3, i (W) + )
=f(X,')

- ]
"

=:h(yif (x;))

where h(u) = max(1 — u,0) is the 'hinge loss|.
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Hard vs soft-SVM classification — continued

The hinge loss is the [convex envelope of the zero-one loss :

z(u) =I,<o, u = yif(xp),
h(u) = max(1 — u,0).
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Hard vs soft-SVM classification — continued

The hinge loss is the [convex envelope of the zero-one loss :

z(u) =I,<o, u = yif(xp),
h(u) = max(1 — u,0).

3 :
= zero-one loss
==hinge loss
2 L
1
O L
-2 -1 0 1 2
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Representer theorem
[Scholkopf et al., 2001, Yu et al., 2013]

e Given: {(x;,yi)}"_,, say classification/regression.
o Goal:

— 2 i
J(f) - V(X17y17 f(Xl)a <o Xny Yny f(Xn)) +r (Hf”f}fk) n;flkn’

r . monotonically increasing.
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Representer theorem
[Scholkopf et al., 2001, Yu et al., 2013]

e Given: {(x;,yi)}"_,, say classification/regression.

o Goal:
J(F) = V(x1,y1, f(x1), s Xny Yo, F(3n)) + 1 <Hf||52}(k> — min,
k
r . monotonically increasing.

e Example:

/S
Il
S|
7=

I
—

max(1 — y;f(x;),0) (soft classification),

[F (i) — yi? (regression).

,S
Il
S|
=

Il
-
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Representer theorem — continued

...then

o | solution in the form:
f* = Z?:l a,-k(-,x,-) s aj € R.

@ r: strictly increasing = V solution is of this form.

e Example: r(z) = Az, A > 0.
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Representer theorem — proof

Objective
— 2 e mi
JE) = Va1 F0a). o xm v FOn)) 4 (11B, ) — i

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),

f=fotfl,
2 2 2 2
1715, = Ifsl5q, + 1115, = [fslac, -
——
=0
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Representer theorem — proof

Objective
— 2 e mi
JE) = Va1 F0a). o xm v FOn)) 4 (11B, ) — i

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),
f=fs+f,
1F13c, = Ifsl3e, + IFLl5, = 1fsl3, -

——
=0

In J

o Ist term: depends on fs only, f(x;) = (f, k(,xi))q, -
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Representer theorem — proof

Objective
— 2 e mi
JE) = Va1 F0a). o xm v FOn)) 4 (11B, ) — i

Decompose & Pythagorean theorem:

S =span (k(-,xi),i =1,...,n),

f=fotfl,
2 2 2 2
1715, = Ifsl5q, + 1115, = [fslac, -
——
=0

In J
o Ist term: depends on fs only, f(x;) = (f, k(,xi))q, -
@ 2nd term: can only decrease by neglecting | (r /).
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Parameter selection — cost: C, kernel parameter: o

M-fold [eress-validation| [0 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.
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Parameter selection — cost: C, kernel parameter: o

M-fold [eress-validation| [0 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-
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Parameter selection — cost: C, kernel parameter: o

M-fold [eress-validation| [0 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-

@ 0* := minimizer of CV error.
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Parameter selection — cost: C, kernel parameter: o

M-fold [eress-validation| [0 := (C,0)]:
©Q Split data:
o training set (X, Yer): Xoaris Yoari i=1,..., M.
o test set: Xie, Yie.

@ For fixed #: evaluate the average error while
e trained on: Xtr\Xval,iv Ytr\Yval,iv
o tested on: Xya i, Yia,i-

@ 0* := minimizer of CV error.

@ Report: performance of 6* on Xie, Yie.
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PCA and its kernelized version

Zoltan Szabd Kernel Methods



Task: find the best d-dimensional subspace approximating
{xi}7_; = RP.
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PCA example: 100%
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PCA example: 100% — 1%
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PCA example: 100% — 20%

Zoltan Szabd Kernel Methods



PCA formulation:

@ We are looking for the best one-dimensional projection.

/

e [E:= empirical /population expectation: Ex = % Z,N:1 X;.
@ Assumption: Ex = 0.
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PCA formulation:

@ We are looking for the best one-dimensional projection.

/

e [E:= empirical /population expectation: Ex = % Z,N:1 X;.
@ Assumption: Ex = 0.
e centering: x — x — Ex.
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PCA: projection

Projection (||lw|, = 1):
o X = (w,x)w.

o zero mean: 0 = Ex = E [(w, x) w]

Zoltan Szabd Kernel Methods



PCA: projection

Projection (||lw|, = 1):
o X = (w,x)w.

o zero mean: 0 = Ex = E [(w,x) w] = (w,Ex )w.
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PCA: min residual < max squared projection

e Goal: E||x—)“(]|§ — miny.
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PCA: min residual < max squared projection

e Goal: E||x—)“(]|§ — miny.

@ Residual = objective:

512 2
Ix = X[ =[x = {w,x) w3
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PCA: min residual < max squared projection

e Goal: E||x—)“(]|§ — miny.

@ Residual = objective:
512 2
Ix =[5 =[x — (w,x) wi;

w3=1
= Ixl — (w,x)* =
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PCA: min residual < max squared projection

e Goal: E||x—)“(]|§ — miny.

@ Residual = objective:

512 2
Ix = X[ =[x = {w,x) w3

w3=1
= Ixl — (w,x)* =

Elx—%I3 =E[Ixl} - w,x?| = Ex} -Ewx’<

independent of w
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PCA: min residual < max squared projection

e Goal: E||x—)“(]|§ — miny.

@ Residual = objective:

512 2
Ix = X[ =[x = {w,x) w3

w3=1
= Ixl — (w,x)* =

Elx—%5 =E|Ixl} - w,x°| = Exl} -Ewx’e

independent of w
maximizes the mean squared projection.
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PCA: max squared projection < max variance of projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w J—
~~ -

=0

<
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PCA: max squared projection < max variance of projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w J—
~~ -

=0

<

To sum up:

Minimize MSE of the residual : minE |x — %||3 <
w
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PCA: max squared projection < max variance of projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w J—
< ~ —

=0

To sum up:

Minimize MSE of the residual : minE |x — %||3 <
w

.. . . 2
Maximize mean squared projection : max E (w, x)° <
w
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PCA: max squared projection < max variance of projection

By using Ey? = (Ey)? + var(y):

max — E (w,x)? = (E (w,x) )2 + var((w, x)).

w J—
< ~ —

=0
To sum up:
Minimize MSE of the residual : m“ilnE Ix — %3 <
Maximize mean squared projection : mvexE <w,x>2 =

Maximize variance of the projection : maxvar({w,x)).
w
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PCA: Optimization

By the bilinearity of cov:

var ({(w, x)) = cov (wa,wa>
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PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1
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PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1

Lagrange function, solving for 'derivatives = 0':
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PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1

Lagrange function, solving for 'derivatives = 0':

Liw, )= w'Zw —A(w'w—1)=
~— —

=objective =condition
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PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1

Lagrange function, solving for 'derivatives = 0':

Liw, )= w'Zw —A(w'w—1)=
~— —

=objective =condition
L
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PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1

Lagrange function, solving for 'derivatives = 0':

Liw, )= w'Zw —A(w'w—1)=
~— —

=objective =condition
L
0= M =2Xw — 2\w =
ow

Zoltan Szabd Kernel Methods



PCA: Optimization

By the bilinearity of cov:
var ({(w, x)) = cov (wa,wa> —w! cov(x)w = w' Zw — Hnﬂax .
wi,=1

Lagrange function, solving for 'derivatives = 0':

Liw, )= w'Zw —A(w'w—1)=
~— —

=objective =condition
L
0= M =2Xw — 2\w =
ow

w*: eigenvector associated to Amax(X).
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PCA: d > 1
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PCA (d = 1): basis, approximation

@ Goal: approximate with a d-dimensional subspace.
o ONB in the subspace (WTW = I):

W = [wl,...,wd] GRDXd,

@ Approximation:

d
X = 2 (wj, x)w; = WW Tx,
i=1
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PCA (d = 1): min residual < max squared projection

2
Ix — %2 = Hx - waxH2
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PCA (d = 1): min residual < max squared projection

2
|\x—f<H§=Hx—waxH —xT (I—WWT> <I—WWT> X

2

=1—2WWT +WWTWWT=1-WwW7’
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PCA (d = 1): min residual < max squared projection

Using W W = |

2
|\x—f<H§=Hx—WWTxH —xT (I—WWT> <I—WWT> X

2

=1—2WWT +WWTWWT=1-WwW7’

2
= Ix5 —|wTx

9

2
2
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PCA (d = 1): min residual < max squared projection

Using W W = |
2
Ix — %2 = Hx—waxH2 —xT (I—WWT> <I—WWT> X
:I72WWT+WWVTWWT:I7WWT
2
= Ix3 = [wx| .
2
2
A2 2
Elx—%3= Ex -E/wW .
—— 2

independent of W
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PCA (d = 1): min residual < max squared projection

Using W W = |
2
Ix — %2 = Hx—waxH2 —xT (I—WWT> <I—WWT> X
:I72WWT+WWVTWWT:I7WWT
2
= Ix3 = [wx| .
2
2
A2 2
Elx—%3= Ex -E/wW .
—— 2

independent of W

Thus miny E [x — )“(H% < maxy E HWTxHi
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:

E|y|3 — |Ey[3 = var(y)?
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:
Ely|5 - [Ey|3 = var(y)?

_E [Zﬁ] _Z Ey;)? Zvar %)
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PCA (d > 1): max squared projection < max variance of

projection

Lety = W'x:
Ely|5 - [Ey|3 = var(y)?

_E [Zﬁ] _Z Ey;)? Zvar %)
_ Zvar ((WH)/) — max.

2
E HWTX‘
2

=WTEx=0
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PCA:d>1

@ The d principal components:

{w;}9; = top d eigenvectors of X = cov(x).

Zoltan Szabd Kernel Methods



PCA:d>1

@ The d principal components:
{w;}9; = top d eigenvectors of X = cov(x).

@ X: symmetric, positive semi-definite = {w;}: ONS, \; > 0.
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PCA:d>1

@ The d principal components:
{w;}9; = top d eigenvectors of X = cov(x).

@ X: symmetric, positive semi-definite = {w;}: ONS, \; > 0.
o Variance decomposition: cov(x) = 32 \wiw/ .
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PCA:d>1

@ The d principal components:
{w;}9; = top d eigenvectors of X = cov(x).
@ X: symmetric, positive semi-definite = {w;}: ONS, \; > 0.
o Variance decomposition: cov(x) = 32 \wiw/ .
@ Energy preserved using d components: fo‘l:l A =

R? = R%(d) := 2N [0,1].

D
2im1 Ai
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PCA:d>1

The d principal components:

{w;}9; = top d eigenvectors of X = cov(x).

Y symmetric, positive semi-definite = {w;}: ONS, \; > 0.
Variance decomposition: cov(x) = 32 \ww/ .

Energy preserved using d components: Zf‘jzl Ai =

R? = R%(d) := 2N [0,1].

D
2im1 Ai

In practice: choose d such that R? ~ 0.8 — 0.9.
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Kernel PCA: idea for 'd = 1" < f

Let H = Hy.

@ Objective function:

2
1o 1<
HO =22 < () T Z > ar(f) — FAFla<t’

i=1
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Kernel PCA: idea for 'd = 1" < f

Let H = Hy.

@ Objective function:

n

2
1 n
A =5 0 < ebi) = 3 Z > var(f) — FAFla<t’

BI—‘

i=1

i

=: (Xi)

@ The solution can be searched in the form (H 5 f < aeR"):

f=> ag(x)
i=1

since component L span ({$(x;)}7_;) has no contribution.
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Kernel PCA: idea for 'd = 1" < f

Let H = Hy.

@ Objective function:

n

2
1 n
A =5 0 < ebi) = 3 Z > var(f) — FAFla<t’

BI—‘

i=1

i

=: (Xi)

@ The solution can be searched in the form (H 5 f < aeR"):

f=> ag(x)
i=1

since component L span ({$(x;)}7_;) has no contribution.

@ We will get an eigenvalue problem for a.
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(Empirical) covariance operator

1 -
;;9’7 xi) ® P(xi).

c ® d is the analogue of cd’:

(c®d)(e) = c(d,e)y
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(Empirical) covariance operator

1 -
; ; B(xi) ® P(x;)-

c ® d is the analogue of cd’:
(c®d)(e) = c(d,e)y

Similarly to the finite-dimensional case:

Challenge
How do we solve this eigenvalue problem?

(%)
<h
Il
>
<h
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Computation of Cf;

Assume j is fixed (Cf = Af):

cf - [1 >, #(x) @sa(x,-)] f
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Computation of Cf;

Assume j is fixed (Cf = Af):
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Computation of Cf;

Assume j is fixed (Cf = Af):

ij=1
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 27y ajk(xi, x;).-
o Idea: multiple by @(x;)

(B(xr); Af)ge = <g5(x,),)\2 3195(Xj)>
H

Jj=1
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 27y ajk(xi, x;).-
o Idea: multiple by @(x;)

n

(B(xr); Af)ge = <g5(x,), ' 3195(Xj)> =X 3Gy,
H J=1

Jj=1

(Ga),
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 27y ajk(xi, x;).-
o Idea: multiple by @(x;)

(B(xr); Af)ge = <¢(x,), A 3195(Xj)> =236y,
H

——
(Ga),
(@(Xf)v Cf>f}{ = <¢(Xr)> % Z @(Xi) Z ajf((xf‘/xj)>
i=1 j=1 ,
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 20y ajk(xi, x;).
o Idea: multiple by @(x;)

(B(xr); Af)ge = <¢(x,), A 3195(Xj)> =236y,
H

j=1 j=1
—
(Ga),
1 & ~
(@(xr), CF g = <90(Xr)> = 2, P0x) ) ak(x >9)>
i=1 j=1 3
= 1 Z Gri ), ajGijj
n
i=1  j=1
—
(Ga),-
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 20y ajk(xi, x;).
o Idea: multiple by @(x;)

(B(xr); Af)ge = <¢(x,), A 3195(Xj)> =236y,
H

Jj=1 j=1
—
(Ga),
. . 1 n . n .
<(P(Xf)7 Cf>f}{ = <90(Xr)> ; Z L,O(X,) Z ajk(x, XJ)>
i=1 j=1 i
n . n ~ 1 .
-1 Z Gri ), 3Gy = —(G%a),
n i=1 j=1 n
——

(Ga),-
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Eigenvalue problem

o We want to solve Cf = Af, Cf =130 | G(xi) 20y ajk(xi, x;).
o Idea: multiple by @(x;)

(B(xr); Af)ge = <¢(x,), A 3195(Xj)> =236y,
H

Jj=1 j=1
—
(Ga),
. . 1 n . n .
<(P(Xf)7 Cf>f}{ = <90(Xr)> ; Z L,O(X,) Z ajk(x, XJ)>
i=1 j=1 i
n . n ~ 1 .
-1 Z Gri ), 3Gy = —(G%a),
n i=1 j=1 n
——

(Ga),-

e Eigenvalue problem: G2a = n\Ga, i.e. Ga = (n)\)a.
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Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

fi= Z a1ip(xi), Ga; = \ay,
i=1
fQ = 2 agjg?:(xj), Gag = /\282.
j=1
one has
?
0= <f17 f2>f}(
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Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

n
fi= Z a1ip(xi), Ga; = \jay,
i=1
n ~
fQ = 2 agjg?:(xj), G32 = /\282.
j=1

one has
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Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

n
fi= Z a1ip(xi), Ga; = \jay,
i=1
n ~
fQ = 2 agjg?:(xj), G32 = /\282.
j=1
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Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

n
fi= Z a1ip(xi), Ga; = \jay,
i=1
n ~
fQ = 2 agjg?:(xj), G32 = /\282.
j=1

(i, 2)gc = <Z a1i3(xi), ) | azj@(xj)> = af Ga, = af hoay.
' H
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Orthogonality = projection is easy

Projection of a new x™* to the first d-PCs:

d
N[5 0] = D5 (G (x*), fidgc .
j=1
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Orthogonality = projection is easy

Projection of a new x™* to the first d-PCs:
d
MG ()] = D (@ (<), g -
j=1
For fixed f = fj, using f = 3.7 | a;P(x;):

(B(x*), Flgf = aik (xi, x*) F = > ajapk (xi, x*) B(x)).
i ij=1
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In denoising application: PCA vs kernel PCA

The pre-image problem to solve: X* = argmin,cy |P(x) — M [P (x*)]Hg{
Gaussian noise




Kernel-based Divergence & Independence
Measures
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KL Divergence and Mutual Information Alternatives

@ Mean embedding:

p = L (x) dP(x)
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KL Divergence and Mutual Information Alternatives

@ Mean embedding:

1k (P) = L o(x) dP(x) € T, = 5pan (k(-,x) : x € ).

k(~,X) ‘

@ Maximum mean discrepancy:

MMD¢ (P, Q) = ||k (P) — 1k (Q)] 3¢, -
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KL Divergence and Mutual Information Alternatives

@ Mean embedding:

(B) = [ ), dBG0 € 906 = 5pan (k(- %) x € ),

k(~,X) ‘

@ Maximum mean discrepancy:
MMD (P, Q) = ||pk(P) — 11k (Q)] ¢, -
@ Hilbert-Schmidt independence criterion, k = k1 ® ko:

HSIC, (P) = MMDy (P,P; ® IP,),
(kl ® k2) ((X>Y)7 (X,ay/)) = kl(Xaxl)lQ(yvy/)'
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KL Divergence and Mutual Information Alternatives

@ Mean embedding:

(B) = [ ), dBG0 € 906 = 5pan (k(- %) x € ),

k(~,X) ‘

@ Maximum mean discrepancy:
MMDy (P, Q) = |1k (P) — psc(Q) ]3¢, -
@ Hilbert-Schmidt independence criterion, k = k1 ® ko:
HSIC, (P) = MMDy (P,P; ® IP,),
(ki ®ka) ((x,¥), (x',y")) = ka(x, XV ka(y, ).
@ Kernel Canonical Correlation Analysis:

KCCA(Py) = sup corr(f(x),g(y)).
feﬂ‘fk,gEJ‘fg

Zoltan Szabd Kernel Methods



Independence measures — History of KCCA

@ Given: random variable (x,y) € X x Y, (x,y) ~ Pyy.

@ Goal: measure the dependence of x and y.
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Independence measures — History of KCCA

@ Given: random variable (x,y) € X x ), (x,y) ~ Py,
@ Goal: measure the dependence of x and y.
° Desiderata for a Q(PP,,) independence measure [Rényi, 1959]:

Q(Pyy) is well-defined,

Q(Py) € [0.1],

Q(Pyy) =0iff. x Ly.

Q(Py) = Liff. y = £(x) or x = g(y) g
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Independence measures

@ He showed:

Q(Pyy) = sfug corr(f(x), g(y))

satisfies 1-4.
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Independence measures

@ He showed:

QPyxy) = sup corr(f(x), g(y))
&
satisfies 1-4.
@ Too ambitious:

e computationally intractable.
e many functions.
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Independence measures: restriction to continuous functions

o Cp(X)={f:X — R, bounded continuous} would also work.
o Still too large!
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Independence measures: restriction to continuous functions

o Cp(X)={f:X — R, bounded continuous} would also work.

o Still too large!
o ldea:

e certain Hy function classes are dense in Cp(X).
e computationally tractable.
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@ Independence measure,
@ distance,
@ inner product

measures/estimates on probability distributions

without density estimation!
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Kernel Canonical Correlation Analysis
(KCCA)
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KCCA: definition

@ Given: k : X xX >R, /:YxY—->R.
@ Associated:

o feature maps ¢(x) = k(-,x), ¥(y) = £(-,y),
e RKHS-s ﬂ'fk, g‘fg.
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KCCA: definition

@ Given: k : X xX >R, /:YxY—->R.
@ Associated:

o feature maps ¢(x) = k(-,x), ¥(y) = £(-,y),
e RKHS-s ﬂ'fk, g‘fg.

@ KCCA measure of (x,y) e X x Y
preca(x,yi Hi, He) = sup  corr(f(x),g(y)),
ng‘fk,gEU‘fé
_covy(f(x),8(y))
\/vary f(x) var, g(y)

corr(f(x), g(y))
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KCCA: notes

Optimization domain: H, x H,; > (f, g).
By reproducing property: we will get a finite-D task.
k,? linear: traditional CCA.

In practice: we have {(xn,yn)}N_; samples from (x, y).

Zoltan Szabd Kernel Methods



KCCA: notes

e Optimization domain: Hy x H, 3 (f, g).
@ By reproducing property: we will get a finite-D task.
@ k¢ linear: traditional CCA.

o In practice: we have {(xn, yn)}M_; samples from (x, y).

Recall the reproducing property

f(X) = <fa k('7x)>j{k VfeHy,xe X.
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KCCA: empirical estimate

n=1
- /

N~

(Fplm) = Sy o)) e (80(yn)—
k

1 RS 3
eV (F(),80)) = % 2 | f(X")_NZif(X") J[ &0 _N; )]
NXLiv

Y0,
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KCCA: empirical estimate

< >
N~

(Fplm) = Sy o)) e (80(yn)—
k

N N N
o (1.8 =y 2 [ 70 =y 2000 [ g0m) -~y R a0 |
B2 000,

1Y .
= N Z <f7¢(xn)>9{k<gaw(yn>>}(/7
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KCCA: empirical estimate

< >
N~

(Fplm) = Sy o)) e (80(yn)—
k

N 1 N N
o (1.8 =y 2 [ 70 =y 2000 [ g0m) -~y R a0 |
LY 00),,

Y 3
=N D Bxa))gq, (856 (vn) g, »

Similarly:

i) = 3y 3 [t = 3y s
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KCCA: empirical estimate

< >
N~

(Fplm) = Sy o)) e (80(yn)—
k

N 1 N N
o (1.8 =y 2 [ 70 =y 2000 [ g0m) -~y R a0 |
LY 00),,

Y 3
=N D Bxa))gq, (856 (vn) g, »

Similarly:

i) = 3 3 [t = 3 2700 -

2\
ﬁMZ

fHH
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KCCA: empirical estimate

>

N 1 N N
Gy (F(x) NZ[ )= 210 [ £00) —Ng ) |
TP

<f’@(xn)_l§1~:1@(xi)>g{k (g (yn)— Y0 g,
N
Z (& () g,
Similarly:
LN N N
Varx N Zl [ Z ] N Z j—(kv
LN
var,g(y =5 Z g, (vn))

3
—
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KCCA: empirical estimate

o f: appears only as (f, 3(xp))q, [similarly: g as <g./1§(y,,)>m]. =
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KCCA: empirical estimate

o f: appears only as (f, 3(xp))q, [similarly: g as <g./1§(y,,)>m]. =
@ V component of f |

N
Span <{95(Xn)}rly:1) = {Z cnp(xn), € = [cn] € ]RN}
n=1

has no affect in the objective.
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KCCA: empirical estimate

o f: appears only as (f, 3(xp))q, [similarly: g as <g./1;(y,,)>m]. =
@ V component of f |

N
Span <{95(Xn)}rly:1) = {Z cnp(xn), € = [cn] € RN}
n=1

has no affect in the objective.

Key idea

Enough to consider f = Z,N:l cip(xi), g = vazl di(yi).
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KCCA: empirical estimate

Usmgthatf—z, 1GP(xi), g = Z, 14 ih(yi):

N

(F, @(xa))a, = 2, €i (P(xi), Bxn))g,
i=1
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KCCA: empirical estimate

Usmgthatf—z, 1GP(xi), g = Z, 14 ih(yi):

N
(f, SZ(Xn»f}{k = Z ci (P(xi), P Z cik(xi, xn)

i=1
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KCCA: empirical estimate

Usmgthatf—z, 1GP(xi), g = Z, 14 ih(yi):

N
<f795(xn>>:}{k = Z ci (P(xi), P Z cik(xi,xn) = TGX)na

i=1
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KCCA: empirical estimate

Using that f = 3V | i@(xi), g = Sy did(vi):

with the centered kernels (k, 7) and Gram matrices (G, G,).

All the objective terms can be expressed by ¢, d, Gy, Gy.
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KCCA: empirical estimate

COVy (F(x

varyf

and we have

z/)(y,,)>ﬂ{ ’

0

2 \

i
-R 20
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KCCA: empirical estimate

N
COVXy(f - N Z ‘/’<Yn)>r;{[a
;I 19, .
var, f =N Z varyg( ) = A ; (g 1/’(Yn)>%[2,
and we have
(F, @0m)ag, = (€ G, (8. 0(n))s, = (d7Gy)n.
Thus,
1 o -
COny(f( ),g(}/)) = NCTGXGyd7
~ P 1 -
varyf(x) = %CT(GX)%, var,g(y) = NdT(Gy)zd.
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KCCA: finite-D form

Empirical estimate of KCCA:

A =
_ c'G,G,d
preca <™ (x, y; Hy, Hy) = sup X7y

ceRN deRN \/CT(CX)%\/dT(Gde
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KCCA: finite-D form

Empirical estimate of KCCA:

prcea P (x, y; Hi, Hy) = sup - = :
ceRN deRN \/CT(GX)2C\/dT(Gy)2d

In practice (k > 0):
p/KC?A(va) = pK/’CC\A(Xay;g{kv:H:va’)

= sup :
ceRN deRV \/CT(GX + H'N)2C\/dT(Gy + /‘GlN)zd
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KCCA: finite-D form

Empirical estimate of KCCA:

prcea P (x, y; Hi, Hy) = sup - = :
ceRN deRN \/CT(GX)2C\/dT(Gy)2d

In practice (k > 0):
p/KéEA(va) = pK/’éC\A(Xay;iH:ka{fvﬁ)

= sup :
ceRN deRV \/CT(GX + H'N)2C\/dT(Gy + /‘GlN)zd

How do we solve it? l
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KCCA: solution

Stationary points of pkcca(x,y):

0 = OPreca(x,y) 0 = OPreca(x,y)
oc ’ od ’
which simplifies to

6.6q_ TEEDG +rlv)’e oo (76,6, +rln)’d
g cT(Gy+rly)2c =7
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KCCA: solution

Stationary points of pkcca(x,y):

0 = OPreca(x,y) 0 = OPreca(x,y)
oc ’ od ’
which simplifies to

6.6q_ TEEDG +rlv)’e oo (76,6, +rln)’d
g cT(Gy+rly)2c =7

Normalization:
@ (c,d): solution = (ac, bd): solution a, b € R\{0}.

@ denominators := 1.
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KCCA: final task

Find the maximal eigenvalue, A\ := cTéxéyd, of the generalized
eigenvalue problem:

[éyoéx éxoéy] [z] _TE,&,d {(éx +0/<&|N)2 " +0m,\,)2] [z]

Az = \Bz.
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KCCA as an independence measure

If x Ly, then pkcea(x,y; Hi, He, k) = 0. Opposite direction:

@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005].
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KCCA as an independence measure

If x Ly, then pkcea(x,y; Hi, He, k) = 0. Opposite direction:

@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005].

e Enough: universal kernel on a compact metric domain (later).
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KCCA as an independence measure

If x Ly, then pkcea(x,y; Hi, He, k) = 0. Opposite direction:
@ For 'rich” Hy, H,
[Bach and Jordan, 2002, Gretton et al., 2005].
e Enough: universal kernel on a compact metric domain (later).
e Example (y > 0):
o Gaussian: k(x,x) = e =1,

o Laplacian kernel: k(x, x") = e_VHX—X/”Q_
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KCCA: regularization

In fact, we estimated

preca(x, y; H, He, k) = sup  corr(f(x),g(y); k),
feH,,gedHy

covyy (f(x),g(y))
corr(f(x),g(y); k) = '
\/Varx f(x)+~r ”f\ﬁ{k\/vary gly) +r nggfe
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KCCA: regularization

In fact, we estimated

preca(x, y; H, He, k) = sup  corr(f(x),g(y); k),
feH,,gedHy

covyy (f(x),g(y))
corr(f(x),g(y); k) = '
\/Varx f(x)+~r ”f\ﬁ{k\/vary gly) +r nggfe

@ Regularization is important: With xk =0, A € {0, 1} =

preea (X, y; Hi, He, k) = 1

would be data-independently [Gretton et al., 2005],
[Bach and Jordan, 2002].
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KCCA: regularization

In fact, we estimated

preca(x, y; H, He, k) = sup  corr(f(x),g(y); k),
feH,,gedHy

covxy (f(x),8(y)) '
\/Varx f(x)+~r ”f\ﬁ{k\/vary gly) +r nggfe

corr(f(x), g(y); k) =

@ For consistent KCCA estimate:
o ry — 0 [Leurgans et al., 1993](spline-RKHS),
[Fukumizu et al., 2007] (general RKHS).
e analysis: covariance operators.
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KCCA: symmetry, other form

For a

oo, o lfa]-eree © 0 6 L]l

([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:

{A17 _)\17 ey AN7 _)\N}
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KCCA: symmetry, other form

For a

e Y & 1.0)2
{é Oé GXGy} [c] _ cTGXGyd[(GX + kln) 0 ] {c}
y X
([c,d], A) solution = ([—c;d], —A): solution. Thus, eigenvalues:
(A=Al AN — A

Adding the r.h.s. to both sides:

[(Gxétgilv)z (éycj%/vﬁ} [3] =1+ [(GX +0H|N>2 (Gx +0fs|,\,)2} [Z]

with eigenvalues {1 + A1,1— Aq,..., 14+ Ay, 1 — Ay}
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KCCA: M-variables

2-variables [(x, y)]:

[(Gxétglmz <Gyc+€fm2] HEER [(cx O e e e




KCCA: M-variables

2-variables [(x, y)]:

(Gx + rly)? G.G, c (Gx + rly)? 0 c
| M ECEY s D
G,G, (Gy + kly)? ] |d 0 (Gx + kly)=] |d

For M-variables (pairwise dependence):

(61 +/~€|N)2 éléz G@;M C1
GQGM C2

ézél (6;2 + I<L|N)2 - _

GG o Gy +EIn)2] [em

GuG, GuG,
(él + H|N)2 0 0 C1
0 (Gz + H|N)2 0 C2
gl : .
0 0 (Gm + 6In)? | | em
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Centered Gram matrix

Gx = HG,H with H = Iy — E¥; H Ey e RVXV,

(Gx)u = /;(X,',XJ') = <95(Xi)7<75(xj)>g{k
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Centered Gram matrix

Gx = HG,H with H = Iy — E¥; H Ey e RVXV,
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Centered Gram matrix

Gx = HG,H with H = Iy — E¥; H Ey e RVXV,

(Gx)ij = k(xi, %) =

A
—~
X
Ay
—~
X
N~—
~—
S

1 N 1 N
= <90(X/) - N Z SO(Xn)7 SO(XJ) - N Z QO(Xm)>g_fk
n=1 m=1
1 1 1
= (GX)IJ - N Z (Gx)lm - N Z (Gx)n/ > Z (Gx)nm
m=1 n=1 n,m=1
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Centered Gram matrix

Gx = HG,H with H = Iy — E¥; H Ey e RVXV,

Zoltan Szabd Kernel Methods



Centered Gram matrix

Gx = HG,H with H = Iy — E¥; H Ey e RVXV,

(Gx)j = k(xi, %) =

A
—~
X
Ay
—~
X
N~—
~—
S

N N
1 1
= <90(X/) - N Z SO(Xn)790(XJ) - N Z QO(Xm)>g.fk
n=1 m=1
1 1 1
= (GX)IJ Y Z (Gx)lm - Z (Gx)n/ 2 2 (Gx)nm
N m=1 N n=1 n,m=1
Eny En Eyn . En
= <GX A A NGXN)U’
= (HGXH>ij7

H: symmetric (H = HT), idempotent (H?> = H).



Recall: outlier-robust image registration (it was KCCA)
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KCCA: finished.
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Mean embedding: from to

@ Recall:
o (x) € Hy: feature of x € X.
o Kernel: k(x,x") = (¢(x), (X)) ¢, -

k
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Mean embedding: from to

@ Recall:
o (x) € Hy: feature of x € X.
o Kernel: k(x,x") = (p(x), (X)), -

@ Mean embedding:
e Feature of P:

pp = Eyp[p(x)] € He.

o Inner product: (up,u@}fk = Exp~ok(x,X').
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Mean embedding: from to

@ Recall:
o (x) € Hy: feature of x € X.

o Kernel: k(x,x") = (p(x), (X)), -
@ Mean embedding:
o Feature of PP

pp = Eyp[p(x)] € He.

o Inner product: (up,u@}fk = Exp~ok(x,X').

o up: well-defined for all distributions (bounded k).
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Mean embedding: from to

@ Recall:
o (x) € Hy: feature of x € X.
o Kernel: k(x,x") = (p(x), (X)), -

@ Mean embedding:
e Feature of P:

pp = Eyp[p(x)] € He.

o Inner product: (up,u@}fk = Exp~ok(x,X').

o up: well-defined for all distributions (bounded k).

Intuition of MMD and HSIC estimation follows

MMD (P, Q) = [|pk(P) — 1k (Q) 3¢, ,
HSIC, (P) = MMDy (B, P; @ P»).
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Maximum Mean Discrepancy (MMD)
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Few analytic expressions exist: examples

[Gretton et al., 2007, Muandet et al., 2011]

Assume: P = N(my,X1), Q = N(mp, X2).

k(x,y) K(pp, pg) = (1p, LQ) g,

-1
e—%(ml—m2)T(21+22+7’) (my—my)

2
o Flx—yI3

T
[YE1+yEa+1|2
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Few analytic expressions exist: examples

[Gretton et al., 2007, Muandet et al., 2011]

Assume: P = N(my,X1), Q = N(mp, X2).

k(x,y) K(pp, pg) = (1p, LQ) g,

-1
o= 3(m—m) T (T1+5p+71) " (my—mp)

2
o Flx—yI3

, ErHyEa |3
(1 + (x,y)) (1 + <m1, m2>) + tr (2122) + mXomi + myXimo
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Few analytic expressions exist: examples

[Gretton et al., 2007, Muandet et al., 2011]

Assume: P = N(my,X1), Q = N(mp, X2).

k(x,y) K(pp, pg) = (1p, LQ) g,

-1
e—%(ml—m2)T(21+22+7’) (my—my)

2
o Flx—yI3

YTty Ta ]2
1+ 06 p))? (14 (my, m))? + tr (Z1%0) + mTamy + my¥ymy
(1+ X,y))3 (1+ (my, m2>)3 + 6m1T2122m2 +3(1+ (my, mp)) x
[tr (2122) + mXom + mgzlmg]

—~
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MMD estimator: intuition

Dowe
Tw o~ P

a|YE
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MMD estimator: intuition

VD, M
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MMD estimator: intuition
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"".-:«_W

/ | ]
- k(dog;, dog;) k(dog;, fish;)
===

k(fish;, dog; ) k(fish;, fish
——

12, M ot

MMD?(P,Q) = Gpp + Gy — 2Gp,g (without diagonals in Gpp, Go o)

TMMD & HSIC illustration credit: Arthur Gretton
Zoltan Szabd Kernel Methods



e Feature of a distribution: up = Ey_pp(x).
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e Feature of a distribution: up = Ey_pp(x).
o MMD = difference between feature means:

MMD?(P, Q) = |up — pg 3,
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e Feature of a distribution: up = Ey_pp(x).
o MMD = difference between feature means:

MMD?(P, Q) = |up — pg 3,
2 2
= |el3e, + luell;, — 2 (e, tody,
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e Feature of a distribution: up = Ey_pp(x).
o MMD = difference between feature means:

MMD?(P, Q) = |up — pg 3,
2 2
= |el3e, + luell;, — 2 (e, tody,

= || kxx)apaee) + || ko)
2 | KxpdpeodQm).
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e Feature of a distribution: up = Ey_pp(x).
o MMD = difference between feature means:

MMD?(P, Q) = |up — pg 3,
2 2
= |el3e, + luell;, — 2 (e, tody,

= || kxx)apaee) + || ko)
2 | KxpdpeodQm).

MMD2(P,Q) = Gpp + Go.o — 2Gp g

using {xj}/2; ~ P, {y;}/_; ~ Q samples.
o Computational complexity: O ((m + n)?), quadratic.
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Hilbert-Schmidt Independence Criterion
(HSIC)




Text from dogtime.com and petfinder.com

Zoltan Szabd

Their noses guide them through life, and
they're never happier than when following
an interesting scent. They need plenty of
exercise, about an hour a day if possible.

A large animal who slings slobber, exudes a
distinctive houndy odor, and wants nothing more
than to follow his nose. They need a significant
amount of exercise and mental stimulation.

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Kernel Methods



HSIC intuition: Gram matrices

Their noses guide them through life, and ~
they're never happier than when following G
an interesting scent. They need plenty of y

exercise, about an hour a day if possible.

A large animal who slings slol
distinctive houndy odor, and
than to follow his nose. They
amount of exercise and ment;

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.
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HSIC intuition: Gram matrices

Their noses guide them through life, and ~
they're never happier than when following G
an interesting scent. They need plenty of y

exercise, about an hour a day if possible.

A large animal who slings slol
distinctive houndy odor, and
than to follow his nose. They
amount of exercise and ment;

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Empirical estimate:

ASIC = - (6,,6,)
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HSIC intuition: Gram matrices

Their noses guide them through life, and ~
they're never happier than when following G
an interesting scent. They need plenty of y

exercise, about an hour a day if possible.

A large animal who slings slol
distinctive houndy odor, and
than to follow his nose. They
amount of exercise and ment;

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Empirical estimate:

— 1 /.~ .
HSIC? = = <GX,Gy>F. HSIC(P,,)= MMD (P,,, Py ® P,).
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Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMD?(P, Q) = Eywpx~pk(x,x") + Eywo,~ok(y,y")
- 2Ex~]1”,y~@k<xv y)'
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Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMDz(Pv @) = EwaP’,x’~Pk(X7X/) + Ey~©,y’~Qk(Yay/)
- 2Ex~]1”,y~~@k<x7y)'

Can we rewrite HSIC in terms of [expected kernel values|?
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Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMDz(Pv @) = EwaP’,x’~Pk(X7X/) + Ey~©,y’~Qk(Yay/)
- 2Ex~]1”,y~~@k<x7y)'

Can we rewrite HSIC in terms of [expected kernel values|?

HSIC?(x,y) = Exy By k(x, X )E(y, y') + Esrk(x, X )E, l(y, y')
— 2B,y [Exk(x, xX"Ey L(y,y")].
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Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMDz(Pv @) = EwaP’,x’~Pk(X7X/) + Ey~©,y’~Qk(Yay/)
- 2Ex~]1”,y~~@k<x7y)'

Can we rewrite HSIC in terms of [expected kernel values|?

HSIC?(x,y) = Exy By k(x, X )E(y, y') + Esrk(x, X )E, l(y, y')
— 2B,y [Exk(x, xX"Ey L(y,y")].

Empirical estimation results in

HSIC2(x, y) = % <GX,GX>F.
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Cocktail party: HSIC demo
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ISA reminder

x = As, s=[sl;...;sM],

where s™-s are non-Gaussian & independent.
o Goal: {x;}_; ->W=A""1{s}],,
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ISA reminder

x = As, s=[sl;...;sM],

where s™-s are non-Gaussian & independent.
o Goal: {x;}_; ->W=A""1{s}],,

@ Objective function:
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ISA: source, observation

@ Hidden sources (s

A Z%.%-C:DEF

B
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ISA: source, observation

@ Hidden sources (

A}'CD

@ Observation (x)
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ISA: estimated sources using HSIC, ambiguity

e Estimated sources (

BEOADNY
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ISA: estimated sources using HSIC, ambiguity

e Estimated sources (

RLUO4DN

@ Performance ( WA) amblgwty

Zoltan Szabd Kernel Methods



Conjecture: ISA separation theorem [Cardoso, 1998|

@ ISA = ICA + permutation.
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Conjecture: ISA separation theorem [Cardoso, 1998]

e ISA = ICA + permutation. I-TSI\C(é‘,-,s?J-). Here: dim(s™) = 3.
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Conjecture: ISA separation theorem [Cardoso, 1998]

o ISA = ICA + permutation. HSIC(S;,5;). Here: dim(s™) = 3.
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Conjecture: ISA separation theorem [Cardoso, 1998]

o ISA = ICA + permutation. HSIC(S;,5;). Here: dim(s™) = 3.

@ Basis of the state-of-the-art ISA solvers.

Zoltan Szabé Kernel Methods



Conjecture: ISA separation theorem [Cardoso, 1998]

o ISA = ICA + permutation. HSIC(S;,5;). Here: dim(s™) = 3.

@ Basis of the state-of-the-art ISA solvers.
e Sufficient conditions [Szab et al., 2012]:
e s™: spherical.
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ISA separation theorem
® @
S
.
& ©

Invariance to
@ 90° rotation: f(uy,up) = f(—up, 1) = f(—u1,—uwp) = f(u, —u1).
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ISA separation theorem

Invariance to
@ 90° rotation: f(uy,up) = f(—up, 1) = f(—u1,—uwp) = f(u, —u1).
@ permutation and sign: f(tuy, £up) = f(
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ISA separation theorem

P~ P~
(- 2
\ o} ({o J
raN e
L 5 )

Invariance to

@ 90° rotation: f(uy,up) = f(—up, 1) = f(—u1,—uwp) = f(u, —u1).
e permutation and sign: f(tuy, ) = f(Lua, uy).
@ LP-spherical: f(uy,u) = h(>; |uilP) (p>0).

Zoltan Szabd Kernel Methods



Universal kernel (see KCCA)
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Universality

Let C(X) = {f : X — R continuous}.

Definition

Assume:
e X': compact metric space.
@ k: continuous kernel on X.

k is called (c)-universal [Steinwart, 2001] if H is dense in
(C(X), ] - lleo)-
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Universality

Let C(X) = {f : X — R continuous}.

Assume:

e X': compact metric space.
@ k: continuous kernel on X.

k is called (c)-universal [Steinwart, 2001] if H is dense in
(C(X), ] - lleo)-

X assumption =
C(X) = Cp(&X) = {f : X — R continuous bounded}
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Properties of universal kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 forall xe X.
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Properties of universal kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 forall xe X.

@ Every restriction of k to an X’ € X compact set is universal.
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Properties of universal kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 forall xe X.
@ Every restriction of k to an X’ € X compact set is universal.

e o(x) = k(-,x) is injective, i.e.

pk(x,y) = |o(x) = @(¥)llac,

is a metric.
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Properties of universal kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x) >0 forall xe X.
@ Every restriction of k to an X’ € X compact set is universal.

e o(x) = k(-,x) is injective, i.e.

pk(x,y) = |o(x) = @(¥)llac,

is a metric.
@ The normalized kernel

P . k<X>y)
Kooy = k)

is universal.
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Universal Taylor kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

@ Foran C*sf:(—r,r) >R
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Universal Taylor kernels

[Steinwart, 2001, Steinwart and Christmann, 2008]

@ Foran C*sf:(—r,r) >R

o If a, > 0 Vn, then

k(x,y) = f({(x,y))

is universal on X := {x eR9: Ix], < \ﬁ}
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Universal kernels, o > 0

a”

o k(x,y) = e**¥): previous result with a, = =
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Universal kernels, o > 0

a”

o k(x,y) = e**¥): previous result with a, = =

2 . .
o k(x,y) = e~ ®Ix=¥l2: exp. kernel & normalization.
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Universal kernels, o > 0

® k(x,y) = (1—(x,y))"“ binomial kernel

e on X compact = {x e RY : ||x||, < 1}.

o (0= (-0 = Sy ()2 (1l < ),

>0

where (°) = Y7, b=il,
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Universality: notes

@ k: universal & P — pup is injective on finite signed measures
(Hahn-Banach).
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Universality: notes

@ k: universal & P — pup is injective on finite signed measures
(Hahn-Banach).
o Thus, universal = characteristic .
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Universality: notes

@ k: universal & P — pup is injective on finite signed measures
(Hahn-Banach).

o Thus, universal = characteristic .
@ Extensions of c-universality to non-compact spaces:

e cp-universality, cc-universality, . .. [Carmeli et al., 2010,
Sriperumbudur et al., 2010a, Simon-Gabriel and Schélkopf, 2016].
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Characteristic property, i.e. when MMD is a
metric?
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Polynomial kernels are

[Sriperumbudur et al., 2010b]:
@ k(x,y) = (x,y): linear kernel (L =1).

MMD? (P, Q) = [|mp — mg|?, mp:Lde(x).
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Polynomial kernels are

[Sriperumbudur et al., 2010b]:
@ k(x,y) = (x,y): linear kernel (L =1).

MMD?2(P,Q) = |mp — mg|?,  mp :J xdP(x).
X
o k(x,y) = ({x,y) + 1) (L =2):
2 2 T T 2
MMDZ(P, Q) = 2 |me — mg | + | — Eg + mem] —mgm| .

where |-|z: Frobenious norm; Xp: cov. matrix w.r.t. IP.
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MMD in terms of characteristic functions

Using Bochner's theorem:

MMD?(P, Q) = f f k(x,y)d(P —Q)(x)d(P — Q)(y)
Rd JRd

Zoltan Szabd Kernel Methods



MMD in terms of characteristic functions

Using Bochner's theorem:

I\/IMDZ(]P’,@)zf f k(x,y)d(P —Q)(x)d(P — Q)(y)
Rd JRd
=[] e ereaneiace - @ - @)
Rd ]Rd Rd




MMD in terms of characteristic functions

Using Bochner's theorem:

MMD*(P, Q) = fRf K(x,y)d(P — Q) (x)d(P — Q)(y)
fRd J]Rd JRd by dA(w)d(P — Q) (x)d(P — Q)(y)

 Joo e e @] [ e - 1 fane

e ~~

cp(w)—co(w) cp(w)—cg(w)




MMD in terms of characteristic functions

Using Bochner's theorem:

MMD?(P, Q) = fRJ k(x,y)d(P — Q)(x)d(P — Q)(y)

fRd J]Rd JRd by dA(w)d(P — Q) (x)d(P — Q)(y)

 Joo e e @] [ e - 1 fane

" v~

cp(w)—co(w) cp(w)—cg(w)

~ [, ler() - ol anw)
Rd




MMD in terms of characteristic functions

Using Bochner's theorem:

MMDA(P.Q) = | | kxy)a(P— @))d(P - Q)(y)
fRd J]Rd J]Rd ELANw)A(P ~ Q) (x)d(P ~ Q)(y)

 Joo e e @] [ e - 1 fane

e ~~

cp(w)—co(w) cp(w)—cg(w)

— | lerteo) = cole) anw) = s = <ol




Simple description for |shift=invariant kernels on IR

Theorem ([Sriperumbudur et al., 2010b])

k is characteristic iff. supp(\) = RY, where

k(x,x') = e X WA (w).
Rd
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Simple description for

Theorem ([Sriperumbudur et al., 2010b])

k is characteristic iff. supp(\) = RY, where

k(x,x') = ko(x — x') = f e @A (w).
Rd

Example on R:

kernel name ko ko(w) supp (ko)
. _ 2 o202

Gaussian e 22 ge” 2 R

Laplacian el \/gﬁ R

Sinc Sln(XitTX) \/?X[—cf,rr]((“o [_070]
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Simple description for

Theorem ([Sriperumbudur et al., 2010b])

k is characteristic iff. supp(\) = RY, where

k(x,x') = ko(x — x') = f e @A (w).
Rd

Example on R:

kernel name ko ko(w) supp (ko)
X2 I72Ld2

Gaussian e 22 ge” 2 R

Laplacian el \/gﬁ R

Sinc Sln(XitTX) \/?X[—U,G’] (w> [_07 U]

Similar characterization 3 on 'Bochner domains'
[Berg et al., 1984, Fukumizu et al., 2009].
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WIMIDNS a specific integral probability metric ([IBNI)

°F= {f & H: | Fly, = 1}: unit ball in (.

MMD(P, Q) = [lur — kol
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WIMIDNS a specific integral probability metric ([IBNI)

°F= {f & H: | Fly, = 1}: unit ball in (.

MMD(P, Q)

e — ngllge,
= sup (f, up — p1g)q,
feg
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WIMIDNS a specific integral probability metric ([IBNI)

°F= {f & H: | Fly, = 1}: unit ball in (.

MMD(P, Q)

e — pallye,
= sup (f, up — p1g)q,
feg

=sup(Pf — Qf), Pf:= J f(x)dP(x).
feF X
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WIMIDNS a specific integral probability metric ([IBNI)

°F= {f & H: | Fly, = 1}: unit ball in (.

MMD(P, Q)

[ = 1oa,,

= sup (f, up — p1g)q,
feJ

=sup(Pf — Qf), Pf:= J f(x)dP(x).
feF X

e IPMs [Zolotarev, 1983, Miiller, 1997].
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IPM: other J examples giving metric

e F = Cp(X) with X metric space.
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IPM: other J examples giving metric

e F = Cp(X) with X metric space.

°o F= {f HfHoo ‘= SUPyex ‘f(X)‘ < 1}:
e bounded functions.
e total variation distance.
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IPM: other J examples giving metric

e F = Cp(X) with X metric space.
o F={f:|fly :=supxex IF(x)] < 1}:

e bounded functions.
e total variation distance.
_ . . [F () —=f ()l .
° F= {f Fl 1= supy L < 9
. LA bl i L
o Kantorovich metric -~ =P2rable Mee_\n /o sserstein distance.
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IPM: other J examples giving metric

°o F= {f HfHoo ‘= SUPyex ‘f(X)‘ < 1}:
e bounded functions.
e total variation distance.

TV upper bounds MMD [Sriperumbudur et al., 2010b]:

MMDk(]P)>Q) < sup k(X,X)TV(]P),Q)
xXeX
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IPM: other I examples giving metric — continued

o F={f:|flg = Ifle +IIfl, <1}
e bounded Lipschitz functions,
e Dudley metric.
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IPM: other I examples giving metric — continued

o F=A{f:[flg = Ifl+[fl. <1}
e bounded Lipschitz functions,
e Dudley metric.
© F={X_wy:teR}:
e characteristic functions of half-intervals.
e Kolmogorov distance.
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Empirical estimation of IPMs

[Sriperumbudur et al., 2012]:
@ Kantorovich, Dudley metric: linear programming task.
o MMD: easier.
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Z-characteristic property, i.e. when HSIC is
an independence measure?
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Central in applications: characteristic property

o HSIC, k = ®M_ km, x = (xm)M_,:

M
HSIC, (P) := MMDj (P,@lepm), ki (Xms Xl -

m=1
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Central in applications: characteristic property

o HSIC, k = ®M_ km, x = (xm)M_;:
M
HSIC, (P) := MMDj (P,@leﬂ”m) , ki (Xms Xl -
m=1

k = ®M_ kn, will be called Z-characteristic if

HSIC,(P)=0 < P = @"_,P,,.
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Central in applications: characteristic property

o HSIC, k = ®M_ km, x = (xm)M_,:
M

HSIC, (P) := MMDj (P,@lepm), ki (Xms Xl -

m=1
k = ®M_ kn, will be called Z-characteristic if
HSIC,(P)=0 < P = @"_,P,,.
Recall (MMD): k is called characteristic if

MMDy(P,Q)= 0 < P = Q.
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Central in applications: characteristic property

e HSIC, k = ®f‘n”:1km, X = (Xm):\nﬂzli
M
HSIC, (P) := MMDj (]P’, ®,“n”:1IP’m) , ki (Xms X) -
m=1
k = ®M_ kn, will be called Z-characteristic if
HSICK(P)= 0 < P = @_, P,
Recall (MMD): k is called characteristic if

MMDy(P,Q)= 0 < P = Q.

®M_, km: universal = characteristic = Z-characteristic.
Relation? Conditions in terms of k;,-s?
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QM _ km Z-char char universal

~
~

=/

[Sriperumbudur et al., 2011]
(k)M char -universal
[Sriperumbudur et al., 2011]
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Existing Results, M = 2

° [Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:
k1&ky: universal = ki ® kp: universal (= Z-characteristic).
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Existing Results, M = 2

@ [Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:
k1&ky: universal = ki ® kp: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013b]:
ki&ko: characteristic & ki ® kp: Z-characteristic.
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Existing Results, M = 2

° [Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:
k1&ky: universal = ki ® kp: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013b]:
ki&ko: characteristic & ki ® kp: Z-characteristic.

Extension to M > 27
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Existing Results, M = 2

° [Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:
k1&ky: universal = ki ® kp: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013b]:
ki&ko: characteristic & ki ® kp: Z-characteristic.

Extension to M > 27

Main Challenge
'®km: Z-characteristic < kp,: characteristic (Ym)' does NOT hold.
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

o @Y km: characteristic = (kn)M_, are characteristic.
° = [[Xm| = 2, km(x,x") = 205 50 — 1]
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

o @Y km: characteristic = (kn)M_, are characteristic.
° = [[Xm| = 2, km(x,x") = 205 50 — 1]

Proposition (Z-characteristic property)
@ ki, ko: characteristic = ki ® ko: Z-characteristic.
° <: for VM = 2.

@ ki, ko, k3: characteristic = ®?n:1km: T-characteristic [Ex].
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

o @Y km: characteristic = (kn)M_, are characteristic.
° = [[Xm| = 2, km(x,x") = 205 50 — 1]

Proposition (Z-characteristic property)
@ ki, ko: characteristic = ki ® ko: Z-characteristic.
° <: for VM = 2.

@ ki, ko, k3: characteristic = ®?n:1km: T-characteristic [Ex].

Proposition (X, = R k,.: continuous, shift-invariant, bounded)

(km)M_,-s are characteristic < @Y_, km: I-characteristic <
®n’\le km: characteristic.
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

o @Y km: characteristic = (kn)M_, are characteristic.
° = [[Xm| = 2, km(x,x") = 205 50 — 1]

Proposition (Z-characteristic property)
@ ki, ko: characteristic = ki ® ko: Z-characteristic.
° <: for VM = 2.

@ ki, ko, k3: characteristic = ®?n:1km: T-characteristic [Ex].

Proposition (X, = R k,.: continuous, shift-invariant, bounded)

(km)M_,-s are characteristic < @Y_, km: I-characteristic <
®M=1 km: characteristic.

Proposition (Universality)

QM _ k: universal < (km)M_, are universal.
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Example

char <———universal

®f‘n/’:1 km : Z-char

Prop. (M=2)
o o
Example (M=3) _é g
Y ﬂ [Sriperumbudur et al., 2011]
(km)p—q @ char : universal
[Sriperumbudur et al., 2011]
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Hypothesis Testing
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Two-sample testing: recall

e Given:
o X ={xi}l_y ~P, Y ={y}j, ~Q
o Example: x; = i*" happy face, y; = j sad face.
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Two-sample testing: recall

e Given:
o X ={xi}l_y ~P, Y ={y}j, ~Q
o Example: x; = i*" happy face, y; = j sad face.

@ Problem: using X, Y test

Ho : P=Q, vs
H12P75Q.
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Ingredients of two-sample test

o Test statistic: A, = X,,(X, Y), random.
@ Significance level: o = 0.01.

~

e Under Hyp: Pry( An< Ty ) =1—qu
—_——

correctly accepting Hp

0.06 : -
_PH[, (%\n)
I — Py (M)
0.05 e (M)
i x71
0.04}
0.03
0.02/ AW
0.01] 7\:
0 s
0 20 40 60 80

)\n
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Ingredients of two-sample test

o Test statistic: A, = X,,(X, Y), random.
@ Significance level: o = 0.01.

~

e Under Hyp: Pry( An< Ty ) =1—qu
—_——
correctly accepting Hp

o Under Hy: Py (T, < An) = P(correctly rejecting Ho) =: power.

0.06

_PH[, (/:\n)
I — Py (M)
0.05 e (M)
i x71
0.04}
0.03
0.02/ AW
0.01] 7\:
0 s
0 20 40 60 80

)\n
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Two-sample test using MMD asymptotics: Hy

Under Hy [Gretton et al., 2007, Gretton et al., 2012] U-statistics,
nMMD2PP 2/\ 2 —2),
where z; ~ N(0,2) i.id.,

Lk(xx) GOOIP() = Nl K x )=<90(X)—MP,90(X’)—MP>M-

301

251
20
k]
a
151
101

50

0

-0.04 -0.02 0 0.02

MMD?
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Null approximations; test statistics: quadratic in time

@ Small sample size: permutation test.

@ Medium sample size: 0.4 ‘ ‘
.
e gamma approximation:
0.3r
%
‘“—;0.2
[oN
0.1
0O 5 10 15
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Null approximations; test statistics: quadratic in time

@ Small sample size: permutation test.

@ Medium sample size: 0.4

e gamma approximation:

0.3¢

—o=2,p=1

- - -a=4,=1

15
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Null approximations; test statistics: quadratic in time

@ Small sample size: permutation test.

@ Medium sample size: 0.4

@ gamma approximation:

0.3
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Null approximations; test statistics: quadratic in time

@ Small sample size: permutation test.

@ Medium sample size: 0.4

@ gamma approximation:

0.3

o truncated expansion [Gretton et al., 2009].
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Null approximations; test statistics: quadratic in time

@ Small sample size: permutation test.

@ Medium sample size: 0.4

@ gamma approximation:

0.3

o truncated expansion [Gretton et al., 2009].
@ Large sample size:

o online techniques [Gretton et al., 2012] (large var),
o recent linear methods (soon).
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Independence testing with HSIC

Similary story [Gretton et al., 2008, Pfister et al., 2017]:

@ Null asymptotics:
o0
Z)\,‘Ziz, Zj ~ N(O,l)
i=1

@ In practice: permutation-test/gamma-approximation.
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Related work

@ 2-sample testing: block-MMD [Zaremba et al., 2013]
e var \,
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Related work

@ 2-sample testing: block-MMD [Zaremba et al., 2013]
e var \,

@ 3-variable interaction [Sejdinovic et al., 2013a].
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Related work

@ 2-sample testing: block-MMD [Zaremba et al., 2013]
e var \,

@ 3-variable interaction [Sejdinovic et al., 2013a].
e Goodness-of-fit [Chwialkowski et al., 2016].
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Related work

2-sample testing: block-MMD [Zaremba et al., 2013]
e var \,
3-variable interaction [Sejdinovic et al., 2013a].

Goodness-of-fit [Chwialkowski et al., 2016].
Time-series:

o independence (stationary — shift) [Chwialkowski and Gretton, 2014],
o wild bootstrap: [Chwialkowski et al., 2014, Rubenstein et al., 2016].
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Related work

@ 2-sample testing: block-MMD [Zaremba et al., 2013]
e var \
@ 3-variable interaction [Sejdinovic et al., 2013a].
e Goodness-of-fit [Chwialkowski et al., 2016].
@ Time-series:
o independence (stationary — shift) [Chwialkowski and Gretton, 2014],
o wild bootstrap: [Chwialkowski et al., 2014, Rubenstein et al., 2016].
@ block-HSIC [Zhang et al., 2017]:

o RFF acceleration.

Zoltan Szabd Kernel Methods



Related work

@ 2-sample testing: block-MMD [Zaremba et al., 2013]
e var \
@ 3-variable interaction [Sejdinovic et al., 2013a].
e Goodness-of-fit [Chwialkowski et al., 2016].
@ Time-series:
o independence (stationary — shift) [Chwialkowski and Gretton, 2014],
o wild bootstrap: [Chwialkowski et al., 2014, Rubenstein et al., 2016].
@ block-HSIC [Zhang et al., 2017]:

o RFF acceleration.
e Conditional independence & RFF [Strobl et al., 2017].
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Linear-time Tests
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Linear-time "MMD’

Idea [Chwialkowski et al., 2015]

Replace |-[4;, in MMD with -] 2(,,. Metric a.s. for analytic &
characteristic k = k.

1 J
p(Pv @) = Z Hp vj — HQ VJ)]27 V= {Vj}jj=la

J:].
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Linear-time "MMD’

Idea [Chwialkowski et al., 2015]

Replace |-[4;, in MMD with -] 2(,,. Metric a.s. for analytic &
characteristic k = k.

Plug-in estimate: O(n)-time.

J
p(P,Q) = Z pe(vj) — po(vj)?, V= {Vj}jJ=1a
R 2,7,—2,, _ 1
P(P, Q) = Ta Z, = ;Z [k(X,’,VJ‘) - k(yivvj>]j’l:1a
i=1" ~

::Z(X,‘,y[)
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Linear-time "MMD’

Idea [Chwialkowski et al., 2015]

Replace |-[4;, in MMD with -] 2(,,. Metric a.s. for analytic &
characteristic k = k.

Plug-in estimate: O(n)-time. Whitened test statistic: X3 null.

J
p(P,Q) = Z pe(vj) — po(vj)?, V= {Vj}jJ=1a
-T= n
. zZ Z _ 1
[)(P,Q) = nT”’ Z, = ;Z [k(X,’,VJ‘)—k(y,’,Vjﬂjl:l,
=1 ~
::Z(X,‘,y[)
A= nz] X, "2, X, = cov ({z(xj,yi)}i-1) »
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Linear-time "MMD’

Idea [Chwialkowski et al., 2015],
Replace |-[4;, in MMD with -] 2(,,. Metric a.s. for analytic &
characteristic k = k.

Plug-in estimate: O(n)-time. Whitened test statistic: X3 null. Power opt.

J

p(Pv @) = Z Hp vj — HQ VJ)]27 V= {Vj}jj=la
=T= n
R z'Z _ 1
P(P, Q) = nT”’ Zp = ;Z [k(X,’,VJ‘) - k(yivvj>]j’l:1a
i=1" ~
::Z(X,‘,y[)
A= nz, X, 2, X, = cov ({z(xi,yi)}i-1)
(0", V*) = argmax A, A=nmm"X m.
o,V
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Linear-time '"HSIC' [Jitkrittum et al., 20173]

Use different norm of the witness function (u):

HSIC(x, y) = [ty — 12x ®Ny‘|}(kl®k2 cu(v W) = fug (v, W) — pax (V) py (W),
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Linear-time '"HSIC' [Jitkrittum et al., 20173]

Use different norm of the witness function (u):

HSIC(x, y) = [ty — 12x ®Ny‘|}(k ®k u(v, W) = Ly (v, W) — pax (V) sy (W),

FSIC(x, y) J

J
Z (vj, wj), V:{(Vjawj)}}l:p

k\l—‘
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Linear-time '"HSIC' [Jitkrittum et al., 20173]

Use different norm of the witness function (u):

HSIC(x, y) = [ty — 12x ®Ny‘|}(kl®k2 cu(v W) = fug (v, W) — pax (V) py (W),

FSIC(x,y) = J % D2 (vj, wj), V= {(vj, W)},

= ||UHL2(V)'
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Linear-time '"HSIC' [Jitkrittum et al., 20173]

Use different norm of the witness function (u):

HSIC(x, y) = [ty — 12x ®Ny‘|}(kl®k2 cu(v W) = fug (v, W) — pax (V) py (W),

FSIC(x,y) = J % Z 2 (vj, wj), V= {(vj, W)},

j=1

= ||UHL2(V)'

o Whitening = X3 null. Computation: O(n). Power optimization.
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Linear-time '"HSIC' [Jitkrittum et al., 20173]

Use different norm of the witness function (u):

HSIC(x, y) = [ty — 12x ®Ny‘|}(kl®k2 cu(v W) = fug (v, W) — pax (V) py (W),

FSIC(x,y) = J % Z 2 (vj, wj), V= {(vj, W)},

j=1

= ||UHL2(V) .
o Whitening = X3 null. Computation: O(n). Power optimization.
o Alternative view: u(v,w) = covyy(ki(x,V), ka(y,w)) = (v,w)™ entry of

ny = IExy [‘Pl(X> ® 902()/)] — fix @ fhy-
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We
@ assumed analytic, characteristic, bounded kernels.
o replaced the RKHS norm with L2(V) norm.

In linear-time '"MMD' and "HSIC’, respectively:

P=Q<« pr—g=0,
P = Pl ®P2 = HP—PiQP, = 0.
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Goodness-of-fit

Let d = 1. Stein operator of model p

[P ()]

o = [og (] £ + /().

(Tof)(x) =
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Goodness-of-fit

Let d = 1. Stein operator of model p

[P ()]

o = [og (] £ + /().

(Tof)(x) =
Under lim|,_,» f(x)p(x) = 0 (integration by parts):

p=q=Exq(Tpf)(x)=0.
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Goodness-of-fit

Let d = 1. Stein operator of model p

[P ()]

o = [og (] £ + /().

(Tpf)(x) =
Under lim|,_,» f(x)p(x) = 0 (integration by parts):
p=q=Exq(Tpf)(x)=0.
Let us take the unit ball of Hj:

b Ereq(To)() = g, 8(v) = By LGV
[l <1 p(x)
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Goodness-of-fit

Let d = 1. Stein operator of model p

[P ()]

o = [og (] £ + /().

(Tpf)(x) =
Under lim|,_,» f(x)p(x) = 0 (integration by parts):
p=q=Exq(Tpf)(x)=0.
Let us take the unit ball of Hj:

b Ereq(To)() = g, 8(v) = By LGV
[l <1 p(x)

For universal k:

‘p = q < g = 0 (witness) ‘
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Goodness-of-fit ,

Let d = 1. Stein operator of model p

[P ()]

o = [og (] £ + /().

(Tpf)(x) =
Under lim|,_,» f(x)p(x) = 0 (integration by parts):
p=q=Exq(Tpf)(x)=0.
Let us take the unit ball of Hj:

b Ereq(To)() = g, 8(v) = By LGV
[l <1 p(x)

For universal k:

‘p = q < g = 0 (witness) ‘

L2(V) trick goes through.



Numerical lllustrations
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2-sample testing: parameter settings

Gaussian kernel (). @ = 0.01. J = 1. Repeat 500 trials.

Report rejection rate of Hy

Compare 4 methods

ME-full: Optimize V and o.

ME-grid: Optimize 0. Random V [Chwialkowski et al., 2015].
MMD-quad: Test with quadratic-time MMD [Gretton et al., 2012].
o MMD-lin: Test with linear-time MMD [Gretton et al., 2012].

Optimize kernels to power in MMD-lin, MMD-quad.
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NLP: discrimination of document categories

@ 5903 NIPS papers (1988-2015).
o Keyword-based category assignment into 4 groups:
e Bayesian inference, Deep learning, Learning theory, Neuroscience

@ d = 2000 nouns. TF-IDF representation.

Problem nt* | ME-full ME-grid MMD-quad MMD-lin

1. Bayes-Bayes 215 .012 .018 .022 .008

2. Bayes-Deep 216 .954 .034 .906 .262

3. Bayes-Learn 138 .990 774 1.00 .238

4. Bayes-Neuro 394 1.00 .300 .952 972

5. Learn-Deep 149 .956 .052 .876 .500

6. Learn-Neuro 146 .960 572 1.00 .538
o Performance of ME-full [O(n)] is comparable to MMD-quad [O(n?)].

Zoltan Szabd Kernel Methods



NLP: most/least discriminative words

o Aggregating over trials; example: 'Bayes-Neuro'.
@ Most discriminative words:
spike, markov, cortex, dropout, recurr, iii, gibb.

o learned test locations: highly interpretable,
o 'markov’, 'gibb’ (<= Gibbs): Bayesian inference,
o 'spike’, 'cortex': key terms in neuroscience.
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NLP: most/least discriminative words

o Aggregating over trials; example: 'Bayes-Neuro'.

@ Least discriminative ones:

circumfer, bra, dominiqu, rhino, mitra, kid, impostor.
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Distinguish positive/negative emotions

e Karolinska Directed Emotional Faces (KDEF) [Lundqvist et al., 1998].

@ 70 actors = 35 females and 35 males.
o d =48 x 34 = 1632. Grayscale. Pixel features.

+......

afraid angry disgusted

happy  neutral surprised

Problem n* | ME-full ME-grid MMD-quad MMD-lin
+vs. £ 201 .010 .012 .018 .008
+vs. — 201 .998 .656 1.00 578
-'j‘i:.l-'._
l:.;u.

@ Learned test location (averaged) =

Zoltan Szabd
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Independence testing: parameters

@ ki, ko: Gaussian. J = 10.
@ Report: rejection rate of Hp.
o Compare 6 methods:

Method Description Tuning Test size  Complexity
NFSIC-opt Studied Gradient descent  n/2 O(n)
NFSIC-med  No tuning Random locations n O(n)
QHSIC Full HSIC Median heuristic n O(n2)
NyHSIC Nystrom + HSIC ~ Median heuristic ~ n O(n)
FHSIC RFF + HSIC Median heuristic  n O(n)
RDC RFF + CCA Median heuristic n O(nlog n)
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Demo-1: million song data

Song (x) vs. year of release (y).

@ Western commercial tracks from 1922 to 2011
[Bertin-Mahieux et al., 2011].

e x € R%: audio features.

o Left: break (x,y) pairs, i.e. Ho; right: Hj is true.
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Demo-1: million song data

Song (x) vs. year of release (y).
@ Western commercial tracks from 1922 to 2011
[Bertin-Mahieux et al., 2011].
e x € R%: audio features.
o Left: break (x,y) pairs, i.e. Ho; right: Hj is true.

‘-—- NFSIC-opt  =-® NFSIC-med e—e QHSIC  *—= NyHSIC e— FHSIC +— RDC

0.025— : ! 1.0F
0.020 0.9 1
. « 0.8} 1
: g
5 0.015 8.0_7, |
- 0.6f 4
2 0.010 g osl
2 =020 o 1
0.005 0.4} 1
0.3} « 1
0.000 : - -
500 1000 1500 2000 500 1000 1500 2000
Sample size n Sample size n
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Demo-2: videos and captions

Youtube video (x) vs. caption (y).

o VideoStory46K [Habibian et al., 2014]

e x € R?2000: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].

o y € R188: bag of words. TF.

o Left: break (x,y) pairs, i.e. Hp; right: Hy is true.
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Demo-2: videos and captions

Youtube video (x) vs. caption (y).
o VideoStory46K [Habibian et al., 2014]
e x € R?2000: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].
o y € R188: bag of words. TF.
o Left: break (x,y) pairs, i.e. Hp; right: Hy is true.

‘-—- NFSIC-opt =@ NFSIC-med *— QHSIC =~ NyHSIC +—e FHSIC +— RDC

0.018 1.0 ~ -
0.016}
0.8}
_ 0.014} -
2 0.012} £ 0.6/
(0] o
- 0.010 a
2 0.008} 7 0.4r
~ 0.006" .
: 0.2
0.004}.~
0'0%00 2000 6000 8000 02%00 2000 6000 8000
Sample size n Sample size n
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Goodness-of-Fit Demo
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)

Robbery events (lat/long coordinates

Kernel Methods
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Model p: 2-component Gaussian mixture.

Kernel Methods
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Score surface
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* = optimized v.
No robbery in Lake Michigan.
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Model p: 10-component Gaussian mixture.
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Capture the right tail better.
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Still, does not capture the left tail.
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Still, does not capture the left tail.
Sharp boundary (geography of Chicago) # Gaussian tails. —
interpretable features
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Motivation: infoT objectives, hypothesis testing.
Kernels, RKHS: definitions, construction.

Kernel applications: classification, ridge regression, PCA.
MMD, HSIC, KCCA.

Characteristic, universal, Z-characteristic property.

Hypothesis testing: quadratic & linear-time methods.
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Thank you for the attention!
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