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Outline

Applications:

Information theoretical objectives.
Testing.

Classical information theory: Rd diverse set of domains
ÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

Kernels, RKHS:

Linear Ñ non-linear techniques.
Classification, regression, dimensionality reduction.
KCCA, MMD, HSIC.

Hypothesis testing.
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Information Theoretical Objectives
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Outlier-robust image registration
[Kybic, 2004, Neemuchwala et al., 2007]

Given two images:

Goal: find the transformation which takes the right one to the left.
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Outlier-robust image registration: equations

Reference image: yref,

test image: ytest,

possible transformations: Θ.

Objective:

Jpθq “ Ipyref, ytestpθqq
looooooomooooooon

similarity

Ñ max
θPΘ

.

In the example: I=KCCA.
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Independent subspace analysis [Cardoso, 1998]
ext.
ÐÝÝ ICA

Cocktail party problem:

independent groups of people / music bands,

observation = mixed sources.
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ISA equations

Observation:

xt “ Ast , s “
”

s1; . . . ; sM
ı

.

Goal: ŝ from tx1, . . . , xT u. Assumptions:

independent groups: I
`

s1, . . . , sM
˘

“ 0,

sm-s: non-Gaussian,

A: invertible.

Zoltán Szabó Kernel Methods



ISA solution

Find W which makes the estimated components independent:

y “ Wx “
”

y1; . . . ; yM
ı

,

JpWq “ I
´

y1, . . . , yM
¯

Ñ min
W

.
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Distribution regression
[Póczos et al., 2013, Szabó et al., 2016]. Sustainability

Goal: aerosol prediction = air pollution Ñ climate.

Prediction using labelled bags:

bag := multi-spectral satellite measurements over an area,
label := local aerosol value.
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Objects in the bags

Examples:

time-series modelling: user = set of time-series,
computer vision: image = collection of patch vectors,
NLP: corpus = bag of documents,
network analysis: group of people = bag of friendship graphs, . . .

Wider context (statistics): point estimation tasks.
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Regression on labelled bags

Given:

labelled bags: ẑ “
 `

P̂i , yi
˘(`

i“1
, P̂i : bag from Pi , N :“ |P̂i |.

test bag: P̂.

Estimator:

f λẑ “ arg min
f PH

1

`

ÿ`

i“1

”

f
`˘

´ yi

ı2
` λ }f }2H .

Prediction:

ŷ
`

P̂
˘

“ gT pG` `λIq´1y,

g “
“

K
`

µP̂, µP̂i

˘‰

,G “
“

K
`

µP̂i
, µP̂j

˘‰

, y “ ryi s.

Inner product of distributions

K
`

µP̂i
, µP̂j

˘

= ?
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Feature selection

Goal: find

the feature subset (# of rooms, criminal rate, local taxes)
most relevant for house price prediction (y).
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Feature selection: equations

Features: x1, . . . , xF . Subset: S Ď t1, . . . ,F u.

MaxRelevance - MinRedundancy principle [Peng et al., 2005]:

JpSq “
1

|S |

ÿ

iPS

I
`

x i , y
˘

´
1

|S |2

ÿ

i ,jPS

I
`

x i , x j
˘

Ñ max
SĎt1,...,Fu

.
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Hypothesis Testing
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Example-1 (2-sample testing): NLP

Given: 2 categories of documents. Examples:
1 Bayesian inference, neuroscience.
2 adult attachment classes.

Task:

test their distinguishability,
most discriminative words Ñ interpretability.

Do txiu and tyju come from the same distribution, i.e. Px “ Py?
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Example-2 (2-sample testing): computer vision

Given: two sets of faces (happy, angry).

Task:

check if they are different,
determine the most discriminative features/regions.
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Example-3 (2-sample testing): audio

Amplitude modulation:

simple technique to transmit voice over radio.
in the example: 2 songs.

Fragments from song1 „ Px , song2 „ Py .
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Example: independence testing-1

We are given paired samples. Task: test independence.

Examples:

(song, year of release) pairs

(video, caption) pairs

tpxi , yi qu
n
i“1

?
ÝÑ Pxy “ PxPy .
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Example: independence testing-2

How do we detect dependency? (paired samples)

x1: Honourable senators, I have a question
for the Leader of the Government in the
Senate with regard to the support funding
to farmers that has been announced. Most
farmers have not received any money yet.

x2: No doubt there is great pressure on
provincial and municipal governments in
relation to the issue of child care, but the
reality is that there have been no cuts to
child care funding from the federal
government to the provinces. In fact, we
have increased federal investments for early
childhood development.

. . .

y1: Honorables sénateurs, ma question
s’adresse au leader du gouvernement au
Sénat et concerne l’aide financiére qu’on a
annoncée pour les agriculteurs. La plupart
des agriculteurs n’ont encore rien reu de
cet argent.

y2: Il est évident que les ordres de
gouvernements provinciaux et municipaux
subissent de fortes pressions en ce qui
concerne les services de garde, mais le
gouvernement n’a pas réduit le
financement qu’il verse aux provinces pour
les services de garde. Au contraire, nous
avons augmenté le financement fédéral
pour le développement des jeunes enfants.

. . .

Are the French paragraphs translations of the English ones, or have
nothing to do with it, i.e. Pxy “ PxPy?
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Example: goodness-of-fit testing

Demo: criminal data analysis.
Given:

Density/model: p.

Samples: X “ txiu
n
i“1 „ q (unknown).

Task: using p, X test

H0 : p “ q, vs

H1 : p ‰ q.
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’Classical’ information theory

Kullback-Leibler divergence:

KL pP,Qq “
ż

Rd

ppxq log

„

ppxq

qpxq



dx .

Mutual information:

I pPq “ KL
´

P,bM
m“1Pm

¯

.

Properties:
1 IpPq ě 0.
2 IpPq “ 0 ô P “ bM

m“1Pm.

Alternatives: Rényi, Tsallis, L2 divergence. . . X “ Rd .
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Euclidean space Ñ inner product Ñ kernel

Extension of kpx, yq “ xTy leads to kernels.

Why?

Classification (SVM):

Representation of distributions :

P ÞÑ Ex„Pϕpxq.

Example: ϕpxq “ x: mean.
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Distribution representation via functions

P ÞÑ µP “
ş

X ϕpxqdPpxq .

Cdf:

P ÞÑ FPpzq “ Ex„Pχp´8,zqpxq.

Characteristic function:

P ÞÑ cPpzq “

ż

e i〈z,x〉dPpxq.

Moment generating function:

P ÞÑ MPpzq “

ż

e〈z,x〉dP pxq .

Trick

ϕ: on any kernel-endowed domain!
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Some kernel-enriched domains : ϕÑ k

Trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002], time series
[Cuturi, 2011], strings [Lodhi et al., 2002],
mixture models, hidden Markov models or linear dynamical systems
[Jebara et al., 2004],
sets [Haussler, 1999, Gärtner et al., 2002], fuzzy domains
[Guevara et al., 2017], distributions
[Hein and Bousquet, 2005, Martins et al., 2009, Muandet et al., 2011],

groups [Cuturi et al., 2005]
spec.
ÝÝÝÑ permutations [Jiao and Vert, 2016],

graphs [Vishwanathan et al., 2010, Kondor and Pan, 2016].
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Objects of Interest

’KL divergence & mutual information’ on kernel-endowed domains.

Mean embedding:

µP :“

ż

X
ϕpxqdPpxq

Maximum mean discrepancy:

MMDkpP,Qq :“ }µkpPq ´ µkpQq}Hk
.

Hilbert-Schmidt independence criterion, k “ bM
m“1km:

HSICk pPq :“ MMDk

´

P,bM
m“1Pm

¯

.
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Mean Embedding, MMD: Applications & Review

Applications:

two-sample testing [Borgwardt et al., 2006, Gretton et al., 2012],
domain adaptation [Zhang et al., 2013], -generalization
[Blanchard et al., 2017],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013]
approximate Bayesian computation [Park et al., 2016], probabilistic
programming [Schölkopf et al., 2015],
model criticism [Lloyd et al., 2014, Kim et al., 2016], goodness-of-fit
[Balasubramanian et al., 2017],
distribution classification [Muandet et al., 2011, Lopez-Paz et al., 2015],
[Zaheer et al., 2017], distribution regression [Szabó et al., 2016],
[Law et al., 2018],
topological data analysis [Kusano et al., 2016].

Review [Muandet et al., 2017].
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MMD
spec.
ÝÝÑ HSIC

MMD with k “ bM
m“1km:

HSICk pPq “ MMDk

´

P,bM
m“1Pm

¯

.

Applications :

blind source separation [Gretton et al., 2005a],

feature selection [Song et al., 2012], post selection inference
[Yamada et al., 2018],

independence testing [Gretton et al., 2008], causal inference
[Mooij et al., 2016, Pfister et al., 2017, Strobl et al., 2017].

MMD, HSIC: Easy to Estimate!
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Zoltán Szabó Kernel Methods



MMD
spec.
ÝÝÑ HSIC

MMD with k “ bM
m“1km:

HSICk pPq “ MMDk

´

P,bM
m“1Pm

¯

.

Applications :

blind source separation [Gretton et al., 2005a],

feature selection [Song et al., 2012], post selection inference
[Yamada et al., 2018],

independence testing [Gretton et al., 2008], causal inference
[Mooij et al., 2016, Pfister et al., 2017, Strobl et al., 2017].

MMD, HSIC: Easy to Estimate!
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Representations of distributions: EX

Given: 2 Gaussians with different means.

Solution: t-test.

−6 −4 −2 0 2 4 6
0

0.1
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p
d
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Two Gaussian variables: different means

 

 

P
Q
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Representations of distributions: EX 2

Setup: 2 Gaussians; same means, different variances.

Idea: look at the 2nd-order features of RVs.

ϕpxq “ x2 ñ difference in EX 2.
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Representations of distributions: further moments

Setup: a Gaussian and a Laplacian distribution.

Challenge: their means and variances are the same.

Idea: look at higher-order features.
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d
f

Gaussian & Laplacian variables
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ϕpxq “ e i〈¨,x〉: characteristic function, X “ Rd .
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Kernels: why? – continued

Idea: Pxy ÞÑ Cxy .

Covariance matrix

Cxy “ Exy

”

px ´ Exq py ´ EyqT
ı

,

S “ }Cxy }F
?
“ 0 Ø linear dependence.

Covariance operator: take features of x and y

Cxy “ Exy

“

pϕpxq ´ Exϕpxqq
looooooooomooooooooon

centering in feature space

bpψpyq ´ Eyψpyqq
‰

,

S “ }Cxy }HS “: HSICpPxy q.

We capture non-linear dependencies via ϕ, ψ!
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Zoltán Szabó Kernel Methods



Kernels: why? – continued

Idea: Pxy ÞÑ Cxy .

Covariance matrix

Cxy “ Exy

”

px ´ Exq py ´ EyqT
ı

,

S “ }Cxy }F
?
“ 0 Ø linear dependence.

Covariance operator: take features of x and y

Cxy “ Exy

“

pϕpxq ´ Exϕpxqq
looooooooomooooooooon

centering in feature space

bpψpyq ´ Eyψpyqq
‰

,

S “ }Cxy }HS “: HSICpPxy q.

We capture non-linear dependencies via ϕ, ψ!
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Notions we will learn about

Kernel (k), RKHS (Hk) Ñ classification, regression (ridge),
PCA.

Mean embedding (µP): characteristic property, universality,

bmkm, bmHkm , covariance operator,

MMD, HSIC, KCCA,

with applications.

Zoltán Szabó Kernel Methods



Kernels & Friends
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Kernel: similarity between features

Given: x and x 1 objects (images or texts).

Question: how similar they are?

Define features of the objects:

ϕpxq : features of x ,

ϕpx 1q : features of x 1.

Kernel: inner product of these features

kpx , x 1q :“
〈
ϕpxq, ϕpx 1q

〉
.
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Kernel examples on Rd (γ ą 0, p P Z`)

Polynomial kernel:

kpx, yq “ p〈x, y〉` γqp.

Gaussian kernel:

kpx, yq “ e´γ}x´y}22 .

Non-linear features: why?
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Classification motivation: linear separability

Idealized situation

Decision surface:

tx : 〈w, x〉 “ 0u

ñ

classes:

tx : 〈w, x〉 ě 0u tx : 〈w, x〉 ă 0u
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Classification motivation: non-linear separability

Idealized situation Real world

Decision surface (left):

tx : 〈w, x〉 “ 0u ñ

classes:

tx : 〈w, x〉 ě 0u tx : 〈w, x〉 ă 0u .
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Non-linear separability – continued

On the ellipse

, outside, inside:

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
“ 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ą 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ă 1

*

.

With polynomial feature: ϕpxq “ px2
1 , x1, 1, x

2
2 , x2q :

Decision surface: tx : 〈w, ϕpxq〉 “ 0u.

Classes: tx : 〈w, ϕpxq〉 ą 0u, tx : 〈w, ϕpxq〉 ă 0u.
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Quadratic & polynomial features

Still in R2:

ϕpxq “
´

x2
1 ,
?

2x1x2, x
2
2

¯

,

〈ϕpxq, ϕpx1q〉 “ ?

〈»
–

x2
1?

2x1x2

x2
2

fi

fl ,

»

–

px 11q
2

?
2px 11qpx

1
2q

px 12q
2

fi

fl

〉
“ x2

1 px
1
1q

2 `
?

2
?

2
loomoon

2

x1x2px
1
1qpx

1
2q ` x2

2 px
1
2q

2

“
`

x1x
1
1 ` x2x

1
2

˘2

“

〈„
x1

x2



,

„

x 11
x 12

〉2

“ 〈x, x1〉2
“: kpx, x1q.

〈x, x1〉d “ 〈ϕpxq, ϕpx1q〉: ϕpxq = d-order polynomial. ñ Explicit
computation would be heavy!
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Maximum correlation : KCCA

Given: random variable px , yq P X ˆ Y, px , yq „ Pxy .

Goal: measure the dependence of x and y .

Idea:

QpPxy q “ sup
f PF,gPG

corrpf pxq, gpyqq

,

F “ CbpX q, G “ CbpYq: enough, but computationally. . .

Trick: Hk dense in CbpX q, similarly H` dense in CbpYq.
This universality: captures independence.
Computationally tractable.
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Kernels: why?

Linear Ñ non-linear transition:

Inner product of non-linear features: kpx , x 1q, implicit (highD: X).

Classification: non-linear separability.
Information theory:

supf ,g corrpf pxq, gpyqq: can capture independence (KCCA),
Er’rich’ featuress Ð encodes distributions (MMD).

Computational tractability & accelerations.
Hilbert space: enables analysis.
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Zoltán Szabó Kernel Methods



Code

ITE toolbox (KL, MI, MMD, HSIC, KCCA & many more):

https://bitbucket.org/szzoli/ite-in-python/

Linear-time hypothesis testing

two-sample (NIPS-2016, oral):

https://github.com/wittawatj/interpretable-test

independence (ICML-2017):

.../fsic-test

goodness-of-fit (NIPS-2017, best paper award):

.../kernel-gof
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Kernels

Zoltán Szabó Kernel Methods



Kernel, RKHS

Given: X set.
k : X ˆ X Ñ R is called kernel if Dϕ : X Ñ Hilbert space

kpa, bq “ xϕpaq, ϕpbqyH.

ϕ{H might not be unique: kpx , yq “ xy

ϕ1pxq “ x P R, ϕ2pxq “
1
?

2
px , xq P R2.

H intuition: vectors, inner product, complete (’no holes’).

A bit of functional analysis follows « linalg, geometry!
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Vector space: pV ,`, λ¨q

Points = vectors.

2 operations: v1 ` v2 , λv with the ’natural’ properties

pv1 ` v2q ` v3 “ v1 ` pv2 ` v3q, (associativity)

v1 ` v2 “ v2 ` v1, (commutativity)

D0 : v ` 0 “ v,

D ´ v : v ` p´vq “ 0,

apbvq “ pabqv,

1v “ v,

apv1 ` v2q “ av1 ` av2,

pa` bqv “ av ` bv for @v1, v2, v3, v P V , a, b P R.
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Zoltán Szabó Kernel Methods



Vector space: pV ,`, λ¨q

Points = vectors.

2 operations: v1 ` v2 , λv with the ’natural’ properties

pv1 ` v2q ` v3 “ v1 ` pv2 ` v3q, (associativity)

v1 ` v2 “ v2 ` v1, (commutativity)

D0 : v ` 0 “ v,

D ´ v : v ` p´vq “ 0,

apbvq “ pabqv,

1v “ v,

apv1 ` v2q “ av1 ` av2,

pa` bqv “ av ` bv for @v1, v2, v3, v P V , a, b P R.
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Vector space: examples

1 pRd ,`, ¨q defined as

px1, . . . , xdq ` py1, . . . , ydq :“ px1 ` y1, . . . , xd ` ydq,

λ ¨ px1, . . . , xdq :“ pλx1, . . . , λxdq.

2 Polynomials:
ÿ

i

aix
i `

ÿ

i

bix
i :“

ÿ

i

pai ` bi qx
i ,

λ ¨

˜

ÿ

i

aix
i

¸

:“
ÿ

i

pλai qx
i .

3 X Ñ R-valued functions:

pf ` gqpxq :“ f pxq ` gpxq, pλ ¨ f qpxq :“ λf pxq.

Previously: X “ t1, . . . , du, X “ N.
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Vector space: examples – continued

4 Ą C ra, bs: continuous functions.

5 pRd ,b, ¨q:

NO!!!

px1, . . . , xdq b py1, . . . , ydq :“ rxiyj s
d
i ,j“1

P Rdˆd ‰ Rd ,

λ ¨ px1, . . . , xdq :“ pλx1, . . . , λxdq.

6 pRd , 〈¨, ¨〉, ¨q:

similarly NO

xpx1, . . . , xdq , py1, . . . , ydqy :“
d
ÿ

i“1

xiyi

P R ‰ Rd

,

λ ¨ px1, . . . , xdq :“ pλx1, . . . , λxdq.

Now we put a notion of norm, inner product to vectors .
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Normed space

We define the ’ length ’ of a vector.

H: vector space over R. }¨} : HÑ r0,8q is norm on H, if

1 }f } “ 0 iff. f “ 0 (norm separates points),

2 }λf } “ |λ| }f } @λ P R,@f P H (positive homogenity),

3 }f ` g} ď }f } ` }g} @f , g P H (triangle inequality).

Note:

norm ñ metric: ρpf , gq “ }f ´ g} ñ

study continuity, convergence.
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Normed space: examples

pR, | ¨ |q.

´

Rd , }x}p “ r
ř

i |xi |
ps

1
p

¯

, p P r0,8s.

p “ 2: }x}2 “
a

ř

i x
2
i (Euclidean),

p “ 1: }x}1 “
ř

i |xi | (Manhattan),
p “ 8: }x}8 “ maxi |xi | (maximum norm).

ˆ

C ra, bs, }f }p “
”

şb
a |f pxq|

pdx
ı

1
p

˙

, 1 ď p ă 8.

`

C ra, bs, }f }8 “ maxxPra,bs |f pxq|
˘

, p “ 8.
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Zoltán Szabó Kernel Methods



Normed space: examples

pR, | ¨ |q.
´

Rd , }x}p “ r
ř

i |xi |
ps

1
p

¯

, p P r0,8s.

p “ 2: }x}2 “
a

ř

i x
2
i (Euclidean),

p “ 1: }x}1 “
ř

i |xi | (Manhattan),
p “ 8: }x}8 “ maxi |xi | (maximum norm).

ˆ

C ra, bs, }f }p “
”

şb
a |f pxq|

pdx
ı

1
p

˙

, 1 ď p ă 8.

`

C ra, bs, }f }8 “ maxxPra,bs |f pxq|
˘

, p “ 8.

Zoltán Szabó Kernel Methods



Normed space: examples

pR, | ¨ |q.
´

Rd , }x}p “ r
ř

i |xi |
ps

1
p

¯

, p P r0,8s.

p “ 2: }x}2 “
a

ř

i x
2
i (Euclidean),

p “ 1: }x}1 “
ř

i |xi | (Manhattan),
p “ 8: }x}8 “ maxi |xi | (maximum norm).

ˆ

C ra, bs, }f }p “
”

şb
a |f pxq|

pdx
ı

1
p

˙

, 1 ď p ă 8.

`

C ra, bs, }f }8 “ maxxPra,bs |f pxq|
˘

, p “ 8.
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Inner product space (also called Euclidean space)

H: vector space over R. 〈¨, ¨〉 : H ˆHÑ R is an inner product
on H if for @αi P R, fi , f , g P H

1 〈α1f1 ` α2f2, g〉 “ α1 〈f1, g〉` α2 〈f2, g〉 (linearity),

2 〈f , g〉 “ 〈g , f 〉 (symmetry),

3 〈f , f 〉 ě 0; 〈f , f 〉 “ 0 ô f “ 0.

Notes:

1, 2 ñ bilinearity.

Inner product ñ

norm: }f } “
a

〈f , f 〉, angle: cospf , gq “
〈f , g〉
}f } }g}

.
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Inner product space: examples

´

Rd , 〈x, y〉 “ řd
i“1 xiyi

¯

.
´

Rd1ˆd2 , 〈A,B〉F “ trpATBq “
řd1

i“1

řd2
j“1 AijBij

¯

.
´

C ra, bs, 〈f , g〉 “
şb
a f pxqgpxqdx

¯

.
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Norm vs inner product

Relations:

| xf , gy | ď }f } ¨ }g} (CBS),

4 xf , gy “ }f ` g}2 ´ }f ´ g}2 (polarization identity),

}a` b}2 ` }a´ b}2 “ p˚q (parallelogram rule).

p˚q “ 〈a` b, a` b〉` 〈a´ b, a´ b〉

“ 2
´

}a}2 ` }b}2
¯

˘ 2 〈a, b〉 “ 2 }a}2 ` 2 }b}2 .

The parallelogram rule holds in an inner product space.
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Example when the parallelogram rule fails

C r0, 1s with }f }8 “ maxxPr0,1s |f pxq|:

f pxq :“ 1´ x , gpxq :“ x

,

}f ` g}28 ` }f ´ g}28 “ }1}
2
8 ` } 1´ 2x

loomoon

Pr´1,1s

}28 “ 12 ` 12 “ 2,

2
´

}f }28 ` }g}
2
8

¯

“ 2} 1´ x
loomoon

Pr0,1s

}28 ` 2} x
loomoon

Pr0,1s

}28 “ 2` 2 “ 4.

Characterization

A norm is induced by an inner product iff

}f ` g}2 ` }f ´ g}2 “ 2
´

}f }2 ` }g}2
¯

@f , g .
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Zoltán Szabó Kernel Methods



Example when the parallelogram rule fails

C r0, 1s with }f }8 “ maxxPr0,1s |f pxq|:

f pxq :“ 1´ x , gpxq :“ x ,

}f ` g}28 ` }f ´ g}28 “ }1}
2
8 ` } 1´ 2x

loomoon

Pr´1,1s

}28 “ 12 ` 12 “ 2,

2
´

}f }28 ` }g}
2
8

¯

“ 2} 1´ x
loomoon

Pr0,1s

}28 ` 2} x
loomoon

Pr0,1s

}28 “ 2` 2 “ 4.

Characterization

A norm is induced by an inner product iff

}f ` g}2 ` }f ´ g}2 “ 2
´

}f }2 ` }g}2
¯

@f , g .
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Completeness: motivation

tpfnqunPN Ă Q: 1, 1.4, 1.41, 1.414, 1.4142, ...

|fn ´ fm| can be arbitrary small for large enough pn,mq Ø Cauchy seq ,

but pfnq does not converge in Q R
?

2.
´

C r0, 1s, }¨}L2r0,1s

¯

: similarly

1
2 − 1

2n
1
2 + 1

2n
0 1

1
fn

1
n

Zoltán Szabó Kernel Methods



Completeness: motivation

tpfnqunPN Ă Q: 1, 1.4, 1.41, 1.414, 1.4142, ...

|fn ´ fm| can be arbitrary small for large enough pn,mq Ø Cauchy seq ,

but pfnq does not converge in Q R
?

2.

´

C r0, 1s, }¨}L2r0,1s

¯

: similarly

1
2 − 1

2n
1
2 + 1

2n
0 1

1
fn

1
n
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Hilbert space

Hilbert space := complete Euclidean space . Prototype:

L2pX , µq :“

#

f : X Ñ R : }f }2 “

„
ż

X
|f pxq|2dµpxq

1{2

ă 8

+

.

Specifically:

pRd , }¨}2q, or `2pNq “

$

&

%

panqnPN :

g

f

f

e

8
ÿ

n“1

a2
n ă 8

,

.

-

.

Recall: kpx , yq “ 〈ϕpxq, ϕpyq〉H

.

Banach space := complete normed space:

LppX , µq, pRd , }¨}pq, `ppNq, pC ra, bs, }¨}8q .
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Kernels, RKHS: Definition-2

Def-1 = feature space point of view, kpa, bq “ 〈ϕpaq, ϕpbq〉H.

Def-2 = constructive. k : X ˆ X Ñ R is a reproducing kernel of a

Hpilbertq Ă RX

kp¨, bq
loomoon

P H, f pbq “ xf , kp¨, bqyH
looooooooooomooooooooooon

reproducing property

.

spec.
ÝÝÝÑ kpa, bq “ xkp¨, aq, kp¨, bqyH. Hk “ t

řn
i“1 αikp¨, xi qu .
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Kernels: Definition-3

Def-3: Gram matrix , optimization point of view.
Intuition: X :“ Rd , data matrix X “ rx1, . . . , xns P Rdˆn, then

G :“ XTX “
“

〈xi , xj〉2

‰n

i ,j“1
ľ 0.

i.e.

GT “ G psymmetryq,

vTGv “ vTXTXv “ }Xv}22 ě 0 p@v P Rdq.

k : X ˆ X Ñ R symmetric is positive definite if

G “ rkpxi , xjqs
n
i ,j“1 ľ 0 @n P Z`,@txiuni“1.
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Kernels: Definition-4 – motivation

Def-4 intuition: We want

pfnqnPN
}¨}
ÝÑ f ñ pfnpxqqnPN Ñ f pxq @x .

Example-1: For H :“ pC r0, 1s, }¨}8q

|fnpxq ´ f pxq| ď max
xPr0,1s

|fnpxq ´ f pxq| “ }fn ´ f }8
nÑ8
ÝÝÝÑ 0,

but no inner product in C r0, 1s (as we saw it – parallelograms).

Zoltán Szabó Kernel Methods



Kernels: Definition-4 – motivation

Def-4 intuition: We want

pfnqnPN
}¨}
ÝÑ f ñ pfnpxqqnPN Ñ f pxq @x .

Example-1: For H :“ pC r0, 1s, }¨}8q

|fnpxq ´ f pxq| ď max
xPr0,1s

|fnpxq ´ f pxq| “ }fn ´ f }8
nÑ8
ÝÝÝÑ 0,

but no inner product in C r0, 1s (as we saw it – parallelograms).
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Kernels: Definition-4 – continued

Let us now try a Hilbert space: H “ L2r0, 1s Q fnpxq “ xn (simple).

1 fn
nÑ8
ÝÝÝÑ 0 :“ f ˚ P H since

lim
nÑ8

}fn ´ 0}L2r0,1s “ lim
nÑ8

ˆ
ż 1

0
x2ndx

˙1{2

“ lim
nÑ8

d

„

x2n`1

2n ` 1

x“1

x“0

“ lim
nÑ8

1
?

2n ` 1
“ 0,

2 but fnp1q “ 1 Û f ˚p1q “ 0.

In L2: norm convergence œ pointwise convergence .
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Kernels: Definition-4

Evaluation functional: δxpf q :“ f pxq is linear

δxpf ` gq

“ pf ` gqpxq “ f pxq ` gpxq “ δxpf q ` δxpgq,

δxpλf q “ pλf qpxq “ λf pxq “ λδxpf q.

Def-4 (evaluation point of view): H Ă RX Hilbert space,

δx : f P H ÞÑ f pxq P R

is continuous for all x P X .
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Relation of Definition 1-4

Def-1 (feature space):

kpa, bq “ 〈ϕpaq, ϕpbq〉H .

Def-2 (reproducing kernel, constructive):

kp¨, bq P H, f pbq “ xf , kp¨, bqyH.

Def-3 (Gram matrix): G “ rkpxi , xjqs ľ 0.

Def-4 (evaluation): δxpf q “ f pxq is continuous for all x .

All these definitions are equivalent , k
1:1
Ø Hk .

Trickiest direction (Moore-Aronszajn theorem):

k positive definite function
construction
ÝÝÝÝÝÝÝÑ RKHS.
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Example: every kernel is positive definite

aTGa “
n
ÿ

i“1

n
ÿ

j“1

aiajkpxi , xjq

piq
“

C

n
ÿ

i“1

aiϕpxi q,
n
ÿ

j“1

ajϕpxjq

G

H

piiq
“

›

›

›

›

›

n
ÿ

i“1

aiϕpxi q

›

›

›

›

›

2

H

ě 0.
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Kernels: further examples

X “ Rd , γ ą 0: kpx , yq “ 〈ϕpxq, ϕpyq〉H

kppx, yq “ p〈x, y〉` γqp, kG px, yq “ e´γ}x´y}22 ,

kepx, yq “ e´γ}x´y}2 , kC px, yq “ 1`
1

γ }x´ y}22
.

X = strings:

r -spectrum kernel: # of common ď r -substrings.

X = time-series: dynamic time-warping.
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Kernel examples – continued

Matérn kernel: flexible family, well-suited for approximation (RFF)

kpx, yq “ k0px´ yq “
21´v

Γpvq

˜?
2v }x´ y}2

σ

¸v

Kv

˜?
2v }x´ y}2

σ

¸

,

pk0pωq “
2d`vπ

d
2 Γpv ` d{2qv v

Γpvqσ2v

ˆ

2v

σ2
` 4π2 }ω}22

˙´pv`d{2q

ą 0 @ω P Rd ,

where

Kv : modified Bessel function of the second kind of order v ,
Γptq “

ş8

0 x t´1e´xdx : Gamma function (t ą 0).

Specific cases:

For v “ 1
2 : one gets kpx , yq “ e´

}x´y}2
σ . Gaussian kernel: v Ñ8.
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Kernel puzzle

Let

X “ t0, 1u,

kpx , x 1q “

"

1, if x ‰ x 1

´1, if x “ x 1

*

.

Puzzle

Is k a kernel?

No!

kpx , xq “ 〈ϕpxq, ϕpxq〉H

“ }ϕpxq}2Hě 0 pGram with n “ 1q

,

kp0, 0q “ kp1, 1q “ ´1 pin our caseq.

Easy-to-check conditions for a k : X ˆ X Ñ R function to be

kernel ?
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Kernel factory

We know: kpx, yq “ xTy is a kernel.

A few useful rules :
1 Non-negative shift. k: kernel ñ k ` γ: kernel (γ P Rě0). Why?

ð Gram.
2 Cone. If km : X ˆ X Ñ R kernel, αm ě 0 (m “ 1, . . . ,M), then

M
ÿ

m“1

αmkmpx , yq “

ÿ

m

αm〈ϕmpxq, ϕmpyq〉Hm

“ 〈ϕpxq, ϕpyq〉H ,

ϕpxq “ p
?
α1ϕ1pxq, . . . ,

?
αMϕMpxqq P H :“ ‘M

m“1Hm.

Example: ‘M
m“1R “ RM .
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Kernel factory – continued

4 Product. If pkmq
M
m“1 are kernels on Xm, then

pbM
m“1kmq

`

px1, . . . , xMq ,
`

x 11, . . . , x
1
M

˘˘

“

M
ź

m“1

km
`

xm, x
1
m

˘

.

Thus, pkmq
M
m“1 : X ˆ X Ñ R kernels ñ

śM
m“1 kmpx , x

1q: kernel on X .
Recall: bM

m“1km will be in HSIC.
Consequence (γ ě 0, p P Z`):

kpx, yq“ p〈x, y〉2 ` γq
p

is a kernel.
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Kernel factory : product indeed

Intuition for M “ 2 and assuming ϕmpxq P Rdm :

pk1 b k2q
`

px , yq, px 1, y 1q
˘

“ k1px , x
1qk2py , y

1q

“
〈
ϕ1pxq, ϕ1px

1q
〉
H1

〈
ϕ2pxq, ϕ2px

1q
〉
H2

“ ϕ1pxq
Tϕ1px

1qϕ2pxq
Tϕ2px

1q

“ tr
´

ϕ1pxq
Tϕ1px

1qϕ2pxq
Tϕ2px

1q

¯

“ tr
´

ϕ2px
1qϕ1pxq

Tϕ1px
1qϕ2pxq

T
¯

“

›

›

›
ϕ1px

1qϕ2pxq
T

looooooomooooooon

PRd1ˆd2

›

›

›

F
,

where }A}F “
b

ř

ij A2
ij is the Frobenius norm.
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Kernel factory

6 Limit. If pknqnPN are kernels on X , then

kpx , x 1q :“ lim
nÑ8

knpx , x
1q

is a kernel. Why?

ð Gram.
Example (γ ą 0):

kpx, yq “ eγ〈x,y〉2 “
ÿ

nPN

pγ 〈x, y〉2q
n

n!

Reason: polynomial kernel & limit rule.
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Zoltán Szabó Kernel Methods



Kernel factory – continued

7 Pre-post multiplication. k kernel on X , f : X Ñ R, then

k̃px , yq “ f pxqkpx , yqf pyq

is a kernel. Check (feature view):

k̃px , yq “ f pxqkpx , yqf pyq

“ f pxq〈ϕpxq, ϕpyq〉Hf pyq
“

〈
f pxqϕpxq
looomooon

“:ϕ̃pxq

, f pyqϕpyq
〉
H
.

Example (Gaussian kernel, γ ą 0): previous example & new rule

kpx, yq “ e´γ}x´y}22

“ e´γ}x}
2

e2γ〈x,y〉2e´γ}x}
2

by using }x´ y}22 “ }x}
2
2 ` }y}

2
2 ´ 2 〈x, y〉.
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Kernel factory: Rd & Bochner theorem

We focus on continuous bounded shift-invariant kernels :

Theorem (Bochner’s theorem [Wendland, 2005], k Ø Λ: sym.)

kpx´ yq “ k0px´ yq “

ż

Rd

e´i〈x´y,ω〉dΛpωq,

where Λ is a finite Borel measure (w.l.o.g. probability).
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Shift-invariant kernels on R [Sriperumbudur et al., 2010b]

For Poisson kernel: σ P p0, 1q.

kernel name k0
pk0pωq

Gaussian e´
x2

2σ2 σe´
σ2ω2

2

Laplacian e´σ|x|
b

2
π

σ
σ2`ω2

B2n`1-spline ˚2n`2χr´ 1
2 ,

1
2 s
pxq 4n`1

?
2π

sin2n`2pω2 q
ω2n`2

Sinc sinpσxq
x

a

π
2χr´σ,σspωq

Poisson 1´σ2

σ2´2σ cospxq`1

?
2π

ř8

j“´8 σ
|j|δpω ´ jq

Dirichlet
sinp

p2n`1qx
2 q

sinp x
2 q

?
2π

ř8

j“´8 δpω ´ jq

Fejér 1
n`1

sin2 pn`1qx
2

sin2p x
2 q

?
2π

řn
j“´n

´

1´ |j|
n`1

¯

δpω ´ jq

Cosine cospσxq
a

π
2 rδpω ´ σq ` δpω ` σqs

For x P Rd : k0pxq “
śd

j“1 k0pxjq, pk0pωq “
śd

j“1
pk0pωjq.
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Kernels in action: classification, regression,

dimensionality reduction
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Classification , regression

Given: tpxi , yi qu
n
i“1, yi P t´1, 1u .

Goal: find an f classifier such that f pxq « y .

Regression similarly: yi P R.
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Classification , regression

Given: tpxi , yi qu
n
i“1, yi P t´1, 1u .

Goal: find an f classifier such that f pxq « y .
Regression similarly: yi P R.
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Dimensionality reduction: intuition

Given: a set of observations X “ txiu
n
i“1 Ă RD .

Goal: find X 1 “
 

x
1

i

(n

i“1
Ă Rd ’preserving’ the geometry of X .

d ! D: compression (images, music, . . .).
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Classification: SVM
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Support vector machine (SVM) for classification

Which separating line is the ’best’?
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Support Vector Machine (SVM)

SVM answer: the one with the largest margin.
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SVM formulation: hard classification

Hyperplane: fw,bpxq “ 〈w, x〉` b.

w: normal vector, b: offset.

Goal:

max
w,b

2

}w}2
loomoon

margin

ô min }w}22 , s.t.

#

〈w, xi 〉` b ě 1 if yi “ 1,

〈w, xi 〉` b ď ´1 otherwise.
loooooooooooooooooooomoooooooooooooooooooon

correction classification

Shortly,

min
w,b
}w}22, s.t. yi p〈w, xi 〉` bq ě 1,@i .

Decision: ŷ “ sign p〈w, x〉` bq.
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SVM formulation: soft classification

Hard classification objective:

min
w,b
}w}22 s.t. yi p〈w, xi 〉` bq ě 1,@i .

There might not be solution! (non-linearly separable case)

Soft classification objective:

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

ξi s.t. yi p〈w, xi 〉` bq ě 1´ ξi , ξi ě 0, @i .

Linear penalty on misclassification.
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SVM formulation: soft classification

Soft classification objective:

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

ξi , s.t. yi p〈w, xi 〉` bq ě 1´ ξi , ξi ě 0 p@iq.

Lagrangian function: with αi ě 0, βi ě 0 p@iq

Lpw, b, ξ;α,βq “ objective - Lagrangian multipliers ˆ conditions

“
1

2
}w}22 ` C

n
ÿ

i“1

ξi ´
n
ÿ

i“1

αi ryi p〈w, xi 〉` bq ´ 1` ξi s ´
n
ÿ

i“1

βiξi .

Solving for BL
Bprimal “ 0, we get . . .
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SVM formulation: soft classification

Lpw, b, ξ;α,βq “

“
1

2
}w}22 ` C

n
ÿ

i“1

ξi ´
n
ÿ

i“1

αi ryi p〈w, xi 〉` bq ´ 1` ξi s ´
n
ÿ

i“1

βiξi .

Optimality equations:

0 “
BL

Bw
“ w ´

n
ÿ

i“1

αiyixi pw Ø αq,

0 “
BL

Bb
“

n
ÿ

i“1

αiyi ,

0 “
BL

Bξi
“ C ´ αi ´ βi .

Plugging these equations back to L, we have . . .
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SVM formulation: soft classification

Dual form:

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjx
T
i xj

looooooooooooooooomooooooooooooooooon

quadratic in α

, s.t. 0 ď αi ď C ,
n
ÿ

i“1

αiyi “ 0

loooooooooooooomoooooooooooooon

linear in α

.

b ð yi pw
T
i xi ` bq “ 1 ð αi ą 0 [complementary slackness].

QP: solvers are available.
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If linear separability does not hold

Until this point:
(almost) linearly separable case.

Now:
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If linear separability does not hold: kernel trick
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Nonlinear SVM

Linear SVM (dual):

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjx
T
i xj , s.t.

n
ÿ

i“1

αiyi “ 0, 0 ď αi ď C p@iq.

Nonlinear SVM (dual):

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjkpxi , xjq, s.t.
n
ÿ

i“1

αiyi “ 0, 0 ď αi ď C p@iq.

Nonlinear SVM (primal):

min
f PHk ,ξ

1

2
}f }2Hk

` C
n
ÿ

i“1

ξi , s.t. yi f pxi q ě 1´ ξi , ξi ě 0, @i .
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Kernel ridge regression
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Kernel ridge regression

Given: tpxi , yi qu
n
i“1, H :“ Hk , yi P R.

Task (λ ą 0):

Jpf q “
1

n

n
ÿ

i“1

ryi ´ f pxi qs
2 ` λ }f }2H Ñ min

f PH
.

Analytical solution (raised at distribution regression):

f pxq “ rkpx1, xq, . . . , kpxn, xqs pG` λnI q
´1ry1; . . . ; yns,

G “ rkpxi , xjqs
n
i ,j“1 .

Question

How do we get this solution?
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Kernel ridge regression

By the representer theorem

f pxq “
n
ÿ

i“1

aikp¨, xi q.

Multiplying the objective by n, using the reproducing property:

Jpf q “
n
ÿ

j“1

ryj ´ 〈f , kp¨, xjq〉Hs2 ` λn }f }
2
H

“ }y ´ Ga}22 ` pλnqa
TGa

“ yTy ´ 2yTGa` aT
“

G2 ` pλnqG
‰

a.

Solving 0 “ BJ
Ba , one gets a˚ “ pG` λnIq´1y by

BaTBa

Ba
“

´

B` BT
¯

a,
BcTa

Ba
“ c.
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Summary (July 18)

Motivation: infoT objectives, hypothesis testing.

Kernels, RKHS: definitions, construction.

Kernel applications: classification, ridge regression.
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Notes
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Properties of k control that of Hk

[Steinwart and Christmann, 2008, Chapter 4]:

k: bounded [supx ,yPX kpx , yq ď C ] ñ @f P Hk is bounded

:

|f pxq| “
ˇ

ˇ

ˇ
〈f , kp¨, xq〉Hk

ˇ

ˇ

ˇ

CBS
ď }f }Hk

}kp¨, xq}Hk
looooomooooon

?
kpx ,xq

.

k: continuous ñ Hk : separable
“

`2pNq
‰

.

k: bounded and continuous ñ @f P Hk is bounded &
continuous.

k P Cm ñ @f P Hk is m-times continuously differentiable.

k: analytic ñ @f P Hk is analytic.
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Hard vs soft-SVM classification

Recall:

Hard SVM:

min
w,b

1

2
}w}22 , s.t. yi p〈w, xi 〉` bq ě 1,@i .

Soft SVM:

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

ξi s.t. yi p〈w, xi 〉` bq ě 1´ ξi , ξi ě 0, @i

.ô

where hpuq “ maxp1´ u, 0q is the hinge loss .
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min
w,b

1

2
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Soft SVM:

min
w,b,ξ

1

2
}w}22 ` C
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i“1

ξi s.t. yi p〈w, xi 〉` bq ě 1´ ξi , ξi ě 0, @i .ô

min
w,b,ξ

1

2
}w}22 ` C

n
ÿ

i“1

max
´

1´ yi
`

〈w, xi 〉` b
looooomooooon

“f pxi q

˘

, 0
¯

loooooooooooooooooomoooooooooooooooooon

“:hpyi f pxi qq

,

where hpuq “ maxp1´ u, 0q is the hinge loss .
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Hard vs soft-SVM classification – continued

The hinge loss is the convex envelope of the zero-one loss :

zpuq “ Iuă0, u “ yi f pxi q,

hpuq “ maxp1´ u, 0q.

-2 -1 0 1 2
0

1

2

3
zero-one loss

hinge loss

Zoltán Szabó Kernel Methods



Hard vs soft-SVM classification – continued

The hinge loss is the convex envelope of the zero-one loss :

zpuq “ Iuă0, u “ yi f pxi q,

hpuq “ maxp1´ u, 0q.

-2 -1 0 1 2
0

1

2

3
zero-one loss

hinge loss
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Representer theorem
[Schölkopf et al., 2001, Yu et al., 2013]

Given: tpxi , yi qu
n
i“1, say classification/regression.

Goal:

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

,

r : monotonically increasing.

Example:

V p. . .q “
1

n

n
ÿ

i“1

maxp1´ yi f pxi q, 0q (soft classification),

V p. . .q “
1

n

n
ÿ

i“1

rf pxi q ´ yi s
2 (regression).
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Representer theorem – continued

. . . then

D solution in the form:

f ˚ “
řn

i“1 αikp¨, xi q , αi P R.

r : strictly increasing ñ @ solution is of this form.

Example: rpzq “ λz , λ ą 0.
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Representer theorem – proof

Objective

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

.

Decompose & Pythagorean theorem:

S “ span pkp¨, xi q, i “ 1, . . . , nq ,

f “ fS ` fK,

}f }2Hk
“ }fS}

2
Hk
` }fK}

2
Hk

loomoon

ě0

ě }fS}
2
Hk
.

In J

1st term: depends on fS only, f pxi q “ 〈f , kp¨, xi q〉.

2nd term: can only decrease by neglecting fK (r Õ).
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Parameter selection Ñ cost: C , kernel parameter: σ

M-fold cross-validation [θ :“ pC , σq]:
1 Split data:

training set (Xtr ,Ytr ): Xval,i ,Yval,i , i “ 1, . . . ,M.
test set: Xte , Yte .

2 For fixed θ: evaluate the average error while

trained on: XtrzXval,i , YtrzYval,i ,
tested on: Xval,i , Yval,i .

3 θ˚ :“ minimizer of CV error.

4 Report: performance of θ˚ on Xte , Yte .
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PCA and its kernelized version

Zoltán Szabó Kernel Methods



PCA: intuition

Task: find the best d-dimensional subspace approximating
txiu

n
i“1 Ă RD .
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PCA example: 100%
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PCA example: 100% Ñ 1%
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PCA example: 100% Ñ 2%
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PCA example: 100% Ñ 5%
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PCA example: 100% Ñ 10%
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PCA example: 100% Ñ 20%
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PCA formulation: d “ 1

We are looking for the best one-dimensional projection.

E:= empirical/population expectation: Ex “ 1
N

řN
i“1 xi .

Assumption: Ex “ 0.

centering: x Ñ x´ Ex.
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PCA: projection

Projection (}w}2 “ 1):

x̂ “ 〈w, x〉w.

zero mean: 0
?
“ Ex̂ “ E r〈w, x〉ws

“
〈
w,Ex

ljhn

“0

〉
w.
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PCA: min residual ô max squared projection

Goal: E }x´ x̂}22 Ñ minw.

Residual ñ objective:

}x´ x̂}22 “ }x´ 〈w, x〉w}22

}w}22“1
“ }x}22 ´ 〈w, x〉2

ñ

E }x´ x̂}22 “ E
”

}x}22 ´ 〈w, x〉2
ı

“ E }x}22
loomoon

independent of w

´E 〈w, x〉2
ô

Solution

maximizes the mean squared projection.
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PCA: max squared projection ô max variance of
projection

By using Ey2 “ pEyq2 ` varpyq:

max
w
Ð E 〈w, x〉2

“
`

E 〈w, x〉
l jh n

“0

˘2
` varp〈w, x〉q.

To sum up:

Minimize MSE of the residual : min
w

E }x´ x̂}22 ô

Maximize mean squared projection : max
w

E 〈w, x〉2
ô

Maximize variance of the projection : max
w

varp〈w, x〉q.
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PCA: Optimization

By the bilinearity of cov:

var p〈w, x〉q “ cov
´

wTx,wTx
¯

“ wT covpxqw “: wTΣw Ñ max
}w}2“1

.

Lagrange function, solving for ’derivatives = 0’:

Lpw, λq “ wTΣw
loomoon

“objective

´λpwTw ´ 1
loooomoooon

“condition

q ñ

0 “
BLpw, λq

Bλ
“ ´pwTw ´ 1q,

0 “
BLpw, λq

Bw
“ 2Σw ´ 2λw ñ

Solution

w˚: eigenvector associated to λmaxpΣq.
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PCA: d ě 1
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PCA (d ě 1): basis, approximation

Goal: approximate with a d-dimensional subspace.

ONB in the subspace (WTW “ I):

W “ rw1, . . . ,wd s P RDˆd ,

Approximation:

x̂ “
d
ÿ

i“1

〈wi , x〉wi “ WWTx.
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PCA (d ě 1): min residual ô max squared projection

Using WTW “ I

}x´ x̂}22 “
›

›

›
x´WWTx

›

›

›

2

2

“ xT
´

I´WWT
¯´

I´WWT
¯

loooooooooooooooomoooooooooooooooon

“I´2WWT`WWT WWT“I´WWT

x

“ }x}22 ´
›

›

›
WTx

›

›

›

2

2
,

E }x´ x̂}22 “ E }x}22
loomoon

independent of W

´E
›

›

›
WTx

›

›

›

2

2
.

Thus minw E }x´ x̂}22 ô maxw E
›

›WTx
›

›

2

2
.
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PCA (d ě 1): max squared projection ô max variance of
projection

Let y “ WTx:

E }y}22 ´ }Ey}22 “ varpyq?

“ E

«

ÿ

i

y2
i

ff

´
ÿ

i

pEyi q2 “
ÿ

i

varpyi q ñ

E
›

›

›
WTx

›

›

›

2

2
´

›

›

›
E
“

WTx
‰

l jh n

“WTEx“0

›

›

›

2

2
“

ÿ

i

var
´´

WTx
¯

i

¯

Ñ max
W

.
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PCA: d ě 1

The d principal components:

twiu
d
i“1 “ top d eigenvectors of Σ “ covpxq.

Σ: symmetric, positive semi-definite ñ twiu: ONS, λi ě 0.

Variance decomposition: covpxq “
řD

i“1 λiwiw
T
i .

Energy preserved using d components:
řd

i“1 λi ñ

R2 “ R2pdq :“

řd
i“1 λi

řD
i“1 λi

P r0, 1s.

In practice: choose d such that R2 « 0.8´ 0.9.
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Zoltán Szabó Kernel Methods



PCA: d ě 1

The d principal components:

twiu
d
i“1 “ top d eigenvectors of Σ “ covpxq.

Σ: symmetric, positive semi-definite ñ twiu: ONS, λi ě 0.

Variance decomposition: covpxq “
řD

i“1 λiwiw
T
i .

Energy preserved using d components:
řd

i“1 λi ñ

R2 “ R2pdq :“

řd
i“1 λi

řD
i“1 λi

P r0, 1s.

In practice: choose d such that R2 « 0.8´ 0.9.
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Kernel PCA: idea for ’d “ 1’ Ø f

Let H “ Hk .

Objective function:

Jpf q “
1

n

n
ÿ

i“1

〈
f , ϕpxi q ´

1

n

n
ÿ

j“1

ϕpxjq

loooooooooomoooooooooon

“:ϕ̃pxi q

〉2

“ varpf q Ñ max
f :}f }Hď1

.

The solution can be searched in the form (H Q f Ø a P Rn):

f “
n
ÿ

i“1

ai ϕ̃pxi q

since component K span ptϕ̃pxi qu
n
i“1q has no contribution.

We will get an eigenvalue problem for a.
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(Empirical) covariance operator

C :“
1

n

n
ÿ

i“1

ϕ̃pxi q b ϕ̃pxi q.

c b d is the analogue of cdT :

pc b dqpeq “ c 〈d , e〉H .

Similarly to the finite-dimensional case:

Cfj “ λj fj .

Challenge

How do we solve this eigenvalue problem?
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Computation of Cfj

Assume j is fixed (Cf “ λf ):

Cf “

«

1

n

n
ÿ

i“1

ϕ̃pxi q b ϕ̃pxi q

ff

f

b def
“

1

n

n
ÿ

i“1

ϕ̃pxi q

〈
ϕ̃pxi q,

n
ÿ

j“1

aj ϕ̃pxjq

〉
H

“
1

n

n
ÿ

i“1

ϕ̃pxi q
n
ÿ

j“1

aj k̃pxi , xjq

with G̃ “ HGH “

”

k̃pxi , xjq
ın

i ,j“1
, H “ In ´

En
n .
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Eigenvalue problem

We want to solve Cf “ λf , Cf “ 1
n

řn
i“1 ϕ̃pxi q

řn
j“1 aj k̃pxi , xjq.

Idea: multiple by ϕ̃pxr q

〈ϕ̃pxr q, λf 〉H “
〈
ϕ̃pxr q, λ

n
ÿ

j“1

aj ϕ̃pxjq

〉
H

“ λ
n
ÿ

j“1

aj G̃rj

looomooon

pG̃aqr

,

〈ϕ̃pxr q,Cf 〉H “
〈
ϕ̃pxr q,

1

n

n
ÿ

i“1

ϕ̃pxi q
n
ÿ

j“1

aj k̃pxi , xjq

〉
H

“
1

n

n
ÿ

i“1

G̃ri

n
ÿ

j“1

aj G̃ij

looomooon

pG̃aqi

“
1

n
pG̃2aqr .

Eigenvalue problem: G̃2a “ nλG̃a, i.e. G̃a “ pnλqa.
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Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

f1 “
n
ÿ

i“1

a1i ϕ̃pxi q, G̃a1 “ λ1a1,

f2 “
n
ÿ

j“1

a2j ϕ̃pxjq, G̃a2 “ λ2a2.

one has

0
?
“ 〈f1, f2〉H

“

〈
n
ÿ

i“1

a1i ϕ̃pxi q,
n
ÿ

j“1

a2j ϕ̃pxjq

〉
H

“ aT
1 G̃a2 “ aT

1 λ2a2.

Zoltán Szabó Kernel Methods



Orthogonal eigenvectors in kernel PCA

Taking two (eigenvector, eigenvalue) pairs:

f1 “
n
ÿ

i“1

a1i ϕ̃pxi q, G̃a1 “ λ1a1,

f2 “
n
ÿ

j“1

a2j ϕ̃pxjq, G̃a2 “ λ2a2.

one has

0
?
“ 〈f1, f2〉H “

〈
n
ÿ

i“1

a1i ϕ̃pxi q,
n
ÿ

j“1

a2j ϕ̃pxjq

〉
H

“ aT
1 G̃a2 “ aT

1 λ2a2.
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Orthogonality ñ projection is easy

Projection of a new x˚ to the first d-PCs:

Π rϕ̃ px˚qs “
d
ÿ

j“1

〈ϕ̃ px˚q , fj〉H fj .

For fixed f “ fj , using f “
řn

i“1 ai ϕ̃pxi q:

〈ϕ̃ px˚q , f 〉H f “
ÿ

i

ai k̃ pxi , x
˚q f “

n
ÿ

i ,j“1

aiaj k̃ pxi , x
˚q ϕ̃pxjq.
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Orthogonality ñ projection is easy
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ÿ
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ai k̃ pxi , x
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n
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aiaj k̃ pxi , x
˚q ϕ̃pxjq.
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In denoising application: PCA vs kernel PCA

The pre-image problem to solve: xx˚ “ arg minxPX }ϕ̃pxq ´ Π rϕ̃ px˚qs}2H.
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Kernel-based Divergence & Independence

Measures
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KL Divergence and Mutual Information Alternatives

Mean embedding:

µP “

ż

X
ϕpxqdPpxq

Maximum mean discrepancy:

MMDkpP,Qq “ }µkpPq ´ µkpQq}Hk
.

Hilbert-Schmidt independence criterion, k “ k1 b k2:

HSICk pPq “ MMDk pP,P1 b P2q ,

pk1 b k2q
`

px , yq, px 1, y 1q
˘

“ k1px , x
1qk2py , y

1q.

Kernel Canonical Correlation Analysis:

KCCApPxy q “ sup
f PHk ,gPH`

corrpf pxq, gpyqq.
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Independence measures – History of KCCA

Given: random variable px , yq P X ˆ Y, px , yq „ Pxy .

Goal: measure the dependence of x and y .

Desiderata for a QpPxy q independence measure [Rényi, 1959]:

1. QpPxy q is well-defined,
2. QpPxy q P r0, 1s,
3. QpPxy q “ 0 iff. x K y .
4. QpPxy q “ 1 iff. y “ f pxq or x “ gpyq.
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Independence measures

He showed:

QpPxy q “ sup
f ,g

corrpf pxq, gpyqq

satisfies 1-4.

Too ambitious:

computationally intractable.
many functions.
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Independence measures: restriction to continuous functions

CbpX q “ tf : X Ñ R, bounded continuousu would also work.

Still too large!

Idea:

certain Hk function classes are dense in CbpX q.
computationally tractable.
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Wanted

Independence measure,

distance,

inner product

measures/estimates on probability distributions

without density estimation!
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Kernel Canonical Correlation Analysis

(KCCA)
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KCCA: definition

Given: k : X ˆ X Ñ R, ` : Y ˆ Y Ñ R.

Associated:

feature maps ϕpxq “ kp¨, xq, ψpyq “ `p¨, yq,
RKHS-s Hk , H`.

KCCA measure of px , yq P X ˆ Y

ρKCCApx , y ;Hk ,H`q “ sup
f PHk ,gPH`

corrpf pxq, gpyqq,

corrpf pxq, gpyqq “
covxy pf pxq, gpyqq

a

varx f pxq vary gpyq
.
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KCCA: notes

Optimization domain: Hk ˆH` Q pf , gq.

By reproducing property: we will get a finite-D task.

k,` linear: traditional CCA.

In practice: we have tpxn, ynqu
N
n“1 samples from px , yq.

Recall the reproducing property

f pxq “ 〈f , kp¨, xq〉Hk
@f P Hk , x P X .
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KCCA: empirical estimate

ycovxy pf pxq, gpyqq “
1

N

N
ÿ

n“1

”

f pxnq ´
1

N

N
ÿ

i“1

f pxi q

looooooooooomooooooooooon

〈f ,ϕpxnq´ 1
N

řN
i“1 ϕpxi q〉Hk

ı”

gpynq ´
1

N

N
ÿ

i“1

gpyi q

looooooooooomooooooooooon

〈g ,ψpynq´ 1
N

řN
i“1 ψpyi q〉H`

ı

“
1

N

N
ÿ

n“1

〈f , ϕ̃pxnq〉Hk

〈
g , ψ̃pynq

〉
H`
,

Similarly:

xvarx f pxq “
1

N

N
ÿ

n“1

”

f pxnq ´
1

N

N
ÿ

i“1

f pxi q
ı2
“

1

N

N
ÿ

n“1

〈f , ϕ̃pxnq〉2
Hk
,

xvarygpyq “
1

N

N
ÿ

n“1

〈
g , ψ̃pynq

〉2

H`
.
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KCCA: empirical estimate

f : appears only as 〈f , ϕ̃pxnq〉Hk
[similarly: g as

〈
g , ψ̃pynq

〉
H`

]. ñ

@ component of f K

span
´

tϕ̃pxnqu
N
n“1

¯

“

#

N
ÿ

n“1

cnϕ̃pxnq, c “ rcns P RN

+

has no affect in the objective.

Key idea

Enough to consider f “
řN

i“1 ci ϕ̃pxi q, g “
řN

i“1 di ψ̃pyi q.
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KCCA: empirical estimate

Using that f “
řN

i“1 ci ϕ̃pxi q, g “
řN

i“1 di ψ̃pyi q:

〈f , ϕ̃pxnq〉Hk
“

N
ÿ

i“1

ci 〈ϕ̃pxi q, ϕ̃pxnq〉Hk

“

N
ÿ

i“1

ci k̃pxi , xnq “ pc
T G̃xqn,〈

g , ψ̃pynq
〉
H`
“ pdT G̃y qn,

with the centered kernels (k̃ , ˜̀) and Gram matrices (G̃x , G̃y ).

Until now

All the objective terms can be expressed by c, d, G̃x , G̃y .
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Zoltán Szabó Kernel Methods



KCCA: empirical estimate

Using that f “
řN

i“1 ci ϕ̃pxi q, g “
řN

i“1 di ψ̃pyi q:

〈f , ϕ̃pxnq〉Hk
“

N
ÿ

i“1

ci 〈ϕ̃pxi q, ϕ̃pxnq〉Hk
“

N
ÿ

i“1

ci k̃pxi , xnq “ pc
T G̃xqn,

〈
g , ψ̃pynq

〉
H`
“ pdT G̃y qn,

with the centered kernels (k̃ , ˜̀) and Gram matrices (G̃x , G̃y ).

Until now

All the objective terms can be expressed by c, d, G̃x , G̃y .
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KCCA: empirical estimate

ycovxy pf pxq, gpyqq “
1

N

N
ÿ

n“1

〈f , ϕ̃pxnq〉Hk

〈
g , ψ̃pynq

〉
H`
,

xvarx f pxq “
1

N

N
ÿ

n“1

〈f , ϕ̃pxnq〉Hk

2, xvarygpyq “
1

N

N
ÿ

n“1

〈
g , ψ̃pynq

〉
H`

2,

and we have

〈f , ϕ̃pxnq〉Hk
“ pcT G̃xqn,

〈
g , ψ̃pynq

〉
H`
“ pdT G̃y qn.

Thus,

ycovxy pf pxq, gpyqq “
1

N
cT G̃x G̃yd,

xvarx f pxq “
1

N
cT pG̃xq

2c, xvarygpyq “
1

N
dT pG̃y q

2d.
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KCCA: finite-D form

Empirical estimate of KCCA:

{ρKCCA
temp

px , y ;Hk ,H`q “ sup
cPRN ,dPRN

cT G̃x G̃yd
b

cT pG̃xq
2c
b

dT pG̃y q
2d
.

In practice (κ ą 0):

{ρKCCApx , yq :“ {ρKCCApx , y ;Hk ,H`, κq

“ sup
cPRN ,dPRN

cT G̃x G̃yd
b

cT
`

G̃x ` κIN
˘2

c
b

dT
`

G̃y ` κIN
˘2

d
.

Question

How do we solve it?
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KCCA: solution

Stationary points of {ρKCCApx , yq:

0 “
B{ρKCCApx , yq

Bc
, 0 “

B{ρKCCApx , yq

Bd
,

which simplifies to

G̃x G̃yd “
pcT G̃x G̃ydqpG̃x ` κINq

2c

cT pG̃x ` κINq2c
, G̃y G̃xc “

pdT G̃y G̃xcqpG̃y ` κINq
2d

dT pG̃y ` κINq2d
.

Normalization:

pc,dq: solution ñ pac, bdq: solution a, b P Rzt0u.
denominators :“ 1.
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KCCA: final task

Find the maximal eigenvalue, λ :“ cT G̃x G̃yd, of the generalized
eigenvalue problem:

„

0 G̃x G̃y

G̃y G̃x 0

 „

c
d



“ cT G̃x G̃yd

„

pG̃x ` κINq
2 0

0 pG̃y ` κINq
2

 „

c
d



Az “ λBz.
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KCCA as an independence measure

If x K y , then ρKCCApx , y ;Hk ,H`, κq “ 0. Opposite direction:

For ’rich’ Hk , H`

[Bach and Jordan, 2002, Gretton et al., 2005b].

Enough: universal kernel on a compact metric domain (later).

Example (γ ą 0):

Gaussian: kpx , x 1q “ e´γ}x´x 1}
2

2 .

Laplacian kernel: kpx , x 1q “ e´γ}x´x 1}
2 .
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KCCA: regularization

In fact, we estimated

ρKCCApx , y ;Hk ,H`, κq “ sup
f PHk ,gPH`

corrpf pxq, gpyq;κq,

corrpf pxq, gpyq;κq “
covxy pf pxq, gpyqq

b

varx f pxq ` κ }f }
2
Hk

b

vary gpyq ` κ }g}
2
H`

.

Regularization is important: With κ “ 0, λ P t0,˘1u ñ

ρKCCApx , y ;Hk ,H`, κq “ 1

would be data-independently [Gretton et al., 2005b],
[Bach and Jordan, 2002].

For consistent KCCA estimate:
κN Ñ 0 [Leurgans et al., 1993](spline-RKHS),
[Fukumizu et al., 2007] (general RKHS).
analysis: covariance operators.
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KCCA: symmetry, other form

For a
„

0 G̃x G̃y

G̃y G̃x 0

 „

c
d



“ cT G̃x G̃yd

„

pG̃x ` κINq
2 0

0 pG̃y ` κINq
2

 „

c
d



.

prc,ds, λ) solution ñ pr´c; ds,´λq: solution. Thus, eigenvalues:

tλ1,´λ1, . . . , λN ,´λNu.

Adding the r.h.s. to both sides:

„

pG̃x ` κINq
2 G̃x G̃y

G̃y G̃x pG̃y ` κINq
2

 „

c
d



“ p1` λq

„

pG̃x ` κINq
2 0

0 pG̃x ` κINq
2

 „

c
d



with eigenvalues t1` λ1, 1´ λ1, . . . , 1` λN , 1´ λNu.
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KCCA: M-variables

2-variables [px , yq]:

„

pG̃x ` κINq
2 G̃x G̃y

G̃y G̃x pG̃y ` κINq
2

 „

c
d



“ p1` λq

„

pG̃x ` κINq
2 0

0 pG̃x ` κINq
2

 „

c
d



For M-variables (pairwise dependence):

»

—

—

—

–

pG̃1 ` κINq
2 G̃1G̃2 . . . G̃1G̃M

G̃2G̃1 pG̃2 ` κINq
2 . . . G̃2G̃M

...
...

...

G̃MG̃1 G̃MG̃2 . . . pG̃M ` κINq
2

fi

ffi

ffi

ffi

fl

»

—

—

—

–

c1

c2
...

cM

fi

ffi

ffi

ffi

fl

“

γ

»

—

—

—

–

pG̃1 ` κINq
2 0 . . . 0

0 pG̃2 ` κINq
2 . . . 0

...
...

0 0 . . . pG̃M ` κINq
2

fi

ffi

ffi

ffi

fl

»

—

—

—

–

c1

c2
...

cM

fi

ffi

ffi

ffi

fl

.
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Centered Gram matrix

In short

G̃x “ HGxH with H “ IN ´
EN
N ; H; EN P RNˆN .

pG̃xqij “ k̃pxi , xjq “
〈
ϕ̃pxi q, ϕ̃pxjq

〉
Hk

“
〈
ϕpxi q ´

1

N

N
ÿ

n“1

ϕpxnq, ϕpxjq ´
1

N

N
ÿ

m“1

ϕpxmq
〉
Hk

“ pGxqij ´
1

N

N
ÿ

m“1

pGxqim ´
1

N

N
ÿ

n“1

pGxqni ´
1

N2

N
ÿ

n,m“1

pGxqnm

“

ˆ

Gx ´ Gx
EN

N
´

EN

N
Gx ´

EN

N
Gx

EN

N

˙

ij

,

“ pHGxHqij ,

H: symmetric (H “ HT ), idempotent (H2 “ H).
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Recall: outlier-robust image registration (it was KCCA)
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KCCA: finished.
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Mean embedding: from kernel trick to mean trick

Recall:

ϕpxq P Hk : feature of x P X .
Kernel: kpx , x 1q “ 〈ϕpxq, ϕpx 1q〉Hk

.

Mean embedding:

Feature of P:

µP “ Ex„Prϕpxqs P Hk .

Inner product: 〈µP, µQ〉Hk
“ Ex„P,x 1„Qkpx , x

1q.

µP: well-defined for all distributions (bounded k).

Intuition of MMD and HSIC estimation follows

MMDkpP,Qq “ }µkpPq ´ µkpQq}Hk
,

HSICk pPq “ MMDk pP,P1 b P2q .
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Maximum Mean Discrepancy (MMD)
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Few analytic expressions exist: examples
[Gretton et al., 2007, Muandet et al., 2011]

Assume: P “ Npm1,Σ1q, Q “ Npm2,Σ2q.

kpx , yq K pµP, µQq “ 〈µP, µQ〉Hk

e´
γ
2
}x´y}22 e´

1
2 pm1´m2q

T pΣ1`Σ2`γIq
´1
pm1´m2q

|γΣ1`γΣ2`I |
1
2

p1` 〈x , y〉q2 p1` 〈m1,m2〉q2 ` tr pΣ1Σ2q `m1Σ2m1 `m2Σ1m2

p1` 〈x , y〉q3 p1` 〈m1,m2〉q3 ` 6mT
1 Σ1Σ2m2 ` 3 p1` 〈m1,m2〉qˆ

rtr pΣ1Σ2q `m1Σ2m1 `m2Σ1m2s
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MMD estimator: intuition
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MMD estimator: intuition

{MMD2pP,Qq “ ĚGP,P `ĘGQ,Q ´ 2ĘGP,Q (without diagonals in ĚGP,P, ĘGQ,Q)

:
{MMD & zHSIC illustration credit: Arthur Gretton
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MMD estimator: mean of kernel values

Feature of a distribution: µP “ Ex„Pϕpxq.

MMD = difference between feature means:

MMD2pP,Qq “ }µP ´ µQ}2Hk

“ }µP}
2
Hk
` }µQ}

2
Hk
´ 2 〈µP, µQ〉Hk

“

ż

X

ż

X
kpx , x 1qdPpxqdPpx 1q `

ż

X

ż

X
kpy , y 1qdQpyqdQpy 1q

´ 2

ż

X

ż

X
kpx , yqdPpxqdQpyq.

{MMD2
upP,Qq “ ĚGP,P `ĘGQ,Q ´ 2ĘGP,Q

using txiu
m
i“1 „ P, tyju

n
j“1 „ Q samples.

Computational complexity: O
`

pm ` nq2
˘

, quadratic.
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Hilbert-Schmidt Independence Criterion

(HSIC)

Zoltán Szabó Kernel Methods



HSIC: intuition. X : images, Y : descriptions
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HSIC intuition: Gram matrices

Empirical estimate:

{HSIC2 “
1

n2

〈
G̃x , G̃y

〉
F
.

HSICpPxy q“ MMD pPxy ,Px b Py q.
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Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMD2pP,Qq “ Ex„P,x 1„Pkpx , x
1q ` Ey„Q,y 1„Qkpy , y

1q

´ 2Ex„P,y„Qkpx , yq.

Question

Can we rewrite HSIC in terms of expected kernel values ?

HSIC2px , yq “ ExyEx 1y 1kpx , x
1q`py , y 1q ` Exx 1kpx , x

1qEyy 1`py , y
1q

´ 2Exy

“

Ex 1kpx , x
1qEy 1`py , y

1q
‰

.

Empirical estimation results in

{HSIC2
bpx , yq “

1

n2

〈
G̃x , G̃x

〉
F
.

Zoltán Szabó Kernel Methods



Idea of the HSIC estimator

MMD in terms of kernel evaluations:

MMD2pP,Qq “ Ex„P,x 1„Pkpx , x
1q ` Ey„Q,y 1„Qkpy , y

1q

´ 2Ex„P,y„Qkpx , yq.

Question

Can we rewrite HSIC in terms of expected kernel values ?

HSIC2px , yq “ ExyEx 1y 1kpx , x
1q`py , y 1q ` Exx 1kpx , x

1qEyy 1`py , y
1q

´ 2Exy

“

Ex 1kpx , x
1qEy 1`py , y

1q
‰

.

Empirical estimation results in

{HSIC2
bpx , yq “

1

n2

〈
G̃x , G̃x

〉
F
.
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Cocktail party: HSIC demo
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ISA reminder

x “ As, s “
”

s1; . . . ; sM
ı

,

where sm-s are non-Gaussian & independent.

Goal: txtuTt“1 Ñ W “ A´1, tstuTt“1,

Objective function:

ŝ “ Wx,

JpWq “ I
´

ŝ1, . . . , ŝM
¯

Ñ min
W

.
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ISA: source, observation

Hidden sources (s):

Observation (x):
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ISA: source, observation

Hidden sources (s):

Observation (x):
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ISA: estimated sources using HSIC, ambiguity

Estimated sources (ŝ):

Performance (ŴA), ambiguity:
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ISA: estimated sources using HSIC, ambiguity

Estimated sources (ŝ):

Performance (ŴA), ambiguity:
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Conjecture: ISA separation theorem [Cardoso, 1998]

ISA = ICA + permutation.

zHSICpŝi , ŝjq. Here: dimpsmq “ 3.

Basis of the state-of-the-art ISA solvers.

Sufficient conditions [Szabó et al., 2012]:

sm: spherical.
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ISA separation theorem

For dimpsmq “ 2: less is sufficient.

Invariance to

90˝ rotation: f pu1, u2q “ f p´u2, u1q “ f p´u1,´u2q “ f pu2,´u1q.

permutation and sign: f p˘u1,˘u2q “ f p˘u2,˘u1q.
Lp-spherical: f pu1, u2q “ h p

ř

i |ui |
pq pp ą 0q.
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Universal kernel (see KCCA)
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Universality

Let C pX q “ tf : X Ñ R continuousu.

Definition

Assume:

X : compact metric space.

k: continuous kernel on X .

k is called (c)-universal [Steinwart, 2001] if Hk is dense in
pC pX q, } ¨ }8q.

X assumption ñ

C pX q “ CbpX q “ tf : X Ñ R continuous boundedu
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Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then

kpx , xq ą 0 for all x P X .

Every restriction of k to an X 1 Ď X compact set is universal.

ϕpxq “ kp¨, xq is injective, i.e.

ρkpx , yq “ }ϕpxq ´ ϕpyq}Hk

is a metric.

The normalized kernel

k̃px , yq :“
kpx , yq

a

kpx , xqkpy , yq

is universal.
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Zoltán Szabó Kernel Methods



Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then

kpx , xq ą 0 for all x P X .

Every restriction of k to an X 1 Ď X compact set is universal.

ϕpxq “ kp¨, xq is injective, i.e.

ρkpx , yq “ }ϕpxq ´ ϕpyq}Hk

is a metric.

The normalized kernel

k̃px , yq :“
kpx , yq

a

kpx , xqkpy , yq

is universal.
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Universal Taylor kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

For an C8 Q f : p´r , rq Ñ R

f ptq “
8
ÿ

n“0

ant
n t P p´r , rq, r P p0,8s.

If an ą 0 @n, then

kpx , yq “ f p〈x , y〉q

is universal on X :“
 

x P Rd : }x}2 ď
?
r
(

.
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Universal kernels, α ą 0

kpx, yq “ eα〈x,y〉: previous result with an “
αn

n! .

kpx, yq “ e´α}x´y}22 : exp. kernel & normalization.

kpx, yq “ p1´ 〈x, y〉q´α binomial kernel

on X compact Ă tx P Rd : }x}2 ă 1u.

f ptq “ p1´ tq´α “
ř8

n“0

ˆ

´α

n

˙

p´1qn

loooooomoooooon

ą0

tn (|t| ă 1),

where
`

b
n

˘

“
řn

i“1
b´i`1

i .
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Universality: notes

k : universal ô P ÞÑ µP is injective on finite signed measures
(Hahn-Banach).

Thus, universal ñ characteristic .
Extensions of c-universality to non-compact spaces:

c0-universality, cc-universality, . . . [Carmeli et al., 2010,
Sriperumbudur et al., 2010a, Simon-Gabriel and Schölkopf, 2016].
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Characteristic property, i.e. when MMD is a

metric?
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Polynomial kernels are not characteristic

[Sriperumbudur et al., 2010b]:

kpx, yq “ 〈x, y〉: linear kernel (L “ 1).

MMD2
kpP,Qq “ }mP ´mQ}

2 , mP “

ż

X
xdPpxq.

kpx, yq “ p〈x, y〉` 1q2 (L “ 2):

MMD2
kpP,Qq “ 2 }mP ´mQ}

2
`

›

›

›
ΣP ´ΣQ `mPmT

P ´mQmT
Q

›

›

›

2

F
,

where }¨}F : Frobenious norm; ΣP: cov. matrix w.r.t. P.
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MMD in terms of characteristic functions

Using Bochner’s theorem:

MMD2pP,Qq “
ż

Rd

ż

Rd

kpx, yqdpP´QqpxqdpP´Qqpyq

“

ż

Rd

ż

Rd

ż

Rd

e´i〈x´y,ω〉dΛpωqdpP´QqpxqdpP´Qqpyq

“

ż

Rd

„
ż

Rd

e´i〈x,ω〉dpP´Qqpxq


loooooooooooooooomoooooooooooooooon

cPpωq´cQpωq

„
ż

Rd

e i〈y,ω〉dpP´Qqpyq


looooooooooooooomooooooooooooooon

cPpωq´cQpωq

dΛpωq

“

ż

Rd

|cPpωq ´ cQpωq|
2 dΛpωq “ }cP ´ cQ}

2
L2pΛq.
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Simple description for shift-invariant kernels on Rd

Theorem ([Sriperumbudur et al., 2010b])

k is characteristic iff. supppΛq “ Rd , where

kpx, x1q “

ż

Rd

e´i〈x´x1,ω〉dΛpωq.

Example on R:

kernel name k0
pk0pωq supp

`

pk0

˘

Gaussian e´
x2

2σ2 σe´
σ2ω2

2 R
Laplacian e´σ|x|

b

2
π

σ
σ2`ω2 R

Sinc sinpσxq
x

a

π
2χr´σ,σspωq r´σ, σs

Similar characterization D on ’Bochner domains’
[Berg et al., 1984, Fukumizu et al., 2009].
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MMD is a specific integral probability metric ( IPM )

F “
!

f P Hk : }f }Hk
“ 1

)

: unit ball in Hk .

MMDpP,Qq “ }µP ´ µQ}Hk

“ sup
f PF

〈f , µP ´ µQ〉Hk

“ sup
f PF
pPf ´Qf q, Pf :“

ż

X
f pxqdPpxq.

IPMs [Zolotarev, 1983, Müller, 1997].
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IPM: other F examples giving metric

F “ CbpX q with X metric space.

F “ tf : }f }8 :“ supxPX |f pxq| ď 1u:

bounded functions.
total variation distance.

F “
!

f : }f }L :“ supx‰y
|f pxq´f pyq|
ρpx ,yq ď 1

)

:

Kantorovich metric
X : separable metric
ÝÝÝÝÝÝÝÝÝÝÝÑ Wasserstein distance.

TV upper bounds MMD [Sriperumbudur et al., 2010b]:

MMDkpP,Qq ď sup
xPX

a

kpx , xqTV pP,Qq.
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IPM: other F examples giving metric – continued

F “ tf : }f }BL :“ }f }8 ` }f }L ď 1u

bounded Lipschitz functions,
Dudley metric.

F “
 

χp´8,ts : t P Rd
(

:

characteristic functions of half-intervals.
Kolmogorov distance.
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Empirical estimation of IPMs

[Sriperumbudur et al., 2012]:

Kantorovich, Dudley metric: linear programming task.

MMD: easier.
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I-characteristic property, i.e. when HSIC is

an independence measure?
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Central in applications: characteristic property

HSIC, k “ bM
m“1km, x “ pxmq

M
m“1:

HSICk pPq :“ MMDk

´

P,bM
m“1Pm

¯

, k
`

x , x 1
˘

:“
M
ź

m“1

km
`

xm, x
1
m

˘

.

k “ bM
m“1km will be called I-characteristic if

HSICkpPq“ 0 ô P “ bM
m“1Pm.

Recall (MMD): k is called characteristic if

MMDkpP,Qq“ 0 ô P “ Q.

bM
m“1km: universal ñ characteristic ñ I-characteristic.

Relation? Conditions in terms of km-s?
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bM
m“1km : I-char char universal

pkmq
M
m“1 : char -universal/

[Sriperumbudur et al., 2011]

[Sriperumbudur et al., 2011]
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Existing Results, M “ 2

[Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:

k1&k2: universal ñ k1 b k2: universal (ñ I-characteristic).

Distance covariance [Lyons, 2013, Sejdinovic et al., 2013b]:

k1&k2: characteristic ô k1 b k2: I-characteristic.

Question

Extension to M ě 2?

Main Challenge

’bkm: I-characteristic ô km: characteristic (@m)’ does NOT hold.

Zoltán Szabó Kernel Methods



Existing Results, M “ 2

[Blanchard et al., 2011, Waegeman et al., 2012, Gretton, 2015]:

k1&k2: universal ñ k1 b k2: universal (ñ I-characteristic).

Distance covariance [Lyons, 2013, Sejdinovic et al., 2013b]:

k1&k2: characteristic ô k1 b k2: I-characteristic.

Question

Extension to M ě 2?

Main Challenge

’bkm: I-characteristic ô km: characteristic (@m)’ does NOT hold.
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Results [Szabó and Sriperumbudur, 2018]

Proposition (characteristic property)

bM
m“1km: characteristic ñ pkmq

M
m“1 are characteristic.

ö [|Xm| “ 2, kmpx , x
1q “ 2δx ,x 1 ´ 1]

Proposition (I-characteristic property)

k1, k2: characteristic ñ k1 b k2: I-characteristic.

ð: for @M ě 2.

k1, k2, k3: characteristic œ b3
m“1km: I-characteristic [Ex].

Proposition (Xm “ Rdm , km: continuous, shift-invariant, bounded)

pkmq
M
m“1-s are characteristic ô bM

m“1km: I-characteristic ô
bM

m“1km: characteristic.

Proposition (Universality)

bM
m“1km: universal ô pkmq

M
m“1 are universal.
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bM
m“1km : I-char char universal

pkmq
M
m“1 : char universal

P
ro

p
.

/ Example
P

ro
p

.

Prop. pM“2q /

Example pMě3q

/
[Sriperumbudur et al., 2011]

[Sriperumbudur et al., 2011]
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Hypothesis Testing
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Two-sample testing: recall

Given:

X “ txiuni“1 „ P, Y “ tyjunj“1 „ Q.

Example: xi = i th happy face, yj = j th sad face.

Problem: using X , Y test

H0 : P “ Q, vs

H1 : P ‰ Q.
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Zoltán Szabó Kernel Methods



Ingredients of two-sample test

Test statistic: λ̂n “ λ̂npX ,Y q, random.
Significance level: α “ 0.01.
Under H0: PH0p λ̂n ď Tα

looomooon

correctly accepting H0

q “ 1´ α.

Under H1: PH1pTα ă λ̂nq “ Ppcorrectly rejecting H0q =: power.

0 20 40 60 80
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λ̂n
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Two-sample test using MMD asymptotics: H0

Under H0 [Gretton et al., 2007, Gretton et al., 2012]
U-statistics
ÝÝÝÝÝÝÑ

n {MMD2
upP,Pq „

8
ÿ

i“1

λi
`

z2
i ´ 2

˘

,

where zi „ Np0, 2q i.i.d.,
ż

X
k̃px , x 1qvi pxqdPpxq “ λivi px

1q, k̃px , x 1q “
〈
ϕpxq ´ µP, ϕpx

1q ´ µP
〉
Hk
.

−0.04 −0.02 0 0.02 0.04 0.06 0.08
0
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Null approximations; test statistics: quadratic in time

Small sample size: permutation test.

Medium sample size:
gamma approximation:

0 5 10 15
0

0.1

0.2

0.3

0.4

x
p

α
,β

(x
)

 

 

α=2,β=1

truncated expansion [Gretton et al., 2009].

Large sample size:
online techniques [Gretton et al., 2012] (large var),
recent linear methods (soon).
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Independence testing with HSIC

Similary story [Gretton et al., 2008, Pfister et al., 2017]:

Null asymptotics:

8
ÿ

i“1

λiz
2
i , zi „ Np0, 1q.

In practice: permutation-test/gamma-approximation.
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Related work

2-sample testing: block-MMD [Zaremba et al., 2013]

varŒ

3-variable interaction [Sejdinovic et al., 2013a].
Goodness-of-fit [Chwialkowski et al., 2016].
Time-series:

independence (stationary Ñ shift) [Chwialkowski and Gretton, 2014],
wild bootstrap: [Chwialkowski et al., 2014, Rubenstein et al., 2016].

block-HSIC [Zhang et al., 2017]:

RFF acceleration.

Conditional independence & RFF [Strobl et al., 2017].
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Linear-time Tests
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Linear-time ’MMD’

Idea [Chwialkowski et al., 2015]

, [Jitkrittum et al., 2016]

Replace }¨}Hk
in MMD with }¨}L2pVq. Metric a.s. for analytic &

characteristic k “ kσ.

Plug-in estimate: Opnq-time. Whitened test statistic: χ2
J null. Power opt.

ρpP,Qq “

g

f

f

e

1

J

J
ÿ

j“1

rµPpvjq ´ µQpvjqs2, V “ tvjuJj“1,

ρ̂pP,Qq “
z̄Tn z̄n
J

, z̄n “
1

n

n
ÿ

i“1

rkpxi , vjq ´ kpyi , vjqs
J
j“1

loooooooooooooomoooooooooooooon

“:zpxi ,yi q

,

λ̂n“ nz̄Tn Σ´1
n z̄n, Σn “ycov ptzpxi , yi qu

n
i“1q ,

pσ˚,V˚q “ arg max
σ,V

λ, λ “ nmTΣ´1m.
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Zoltán Szabó Kernel Methods



Linear-time ’MMD’

Idea [Chwialkowski et al., 2015]

, [Jitkrittum et al., 2016]

Replace }¨}Hk
in MMD with }¨}L2pVq. Metric a.s. for analytic &

characteristic k “ kσ.

Plug-in estimate: Opnq-time. Whitened test statistic: χ2
J null.

Power opt.

ρpP,Qq “

g

f

f

e

1

J

J
ÿ

j“1

rµPpvjq ´ µQpvjqs2, V “ tvjuJj“1,

ρ̂pP,Qq “
z̄Tn z̄n
J

, z̄n “
1

n

n
ÿ

i“1

rkpxi , vjq ´ kpyi , vjqs
J
j“1

loooooooooooooomoooooooooooooon

“:zpxi ,yi q

,

λ̂n“ nz̄Tn Σ´1
n z̄n, Σn “ycov ptzpxi , yi qu

n
i“1q ,

pσ˚,V˚q “ arg max
σ,V

λ, λ “ nmTΣ´1m.
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Linear-time ’MMD’

Idea [Chwialkowski et al., 2015], [Jitkrittum et al., 2016]

Replace }¨}Hk
in MMD with }¨}L2pVq. Metric a.s. for analytic &

characteristic k “ kσ.

Plug-in estimate: Opnq-time. Whitened test statistic: χ2
J null. Power opt.

ρpP,Qq “

g

f

f

e

1

J

J
ÿ

j“1

rµPpvjq ´ µQpvjqs2, V “ tvjuJj“1,

ρ̂pP,Qq “
z̄Tn z̄n
J

, z̄n “
1

n

n
ÿ

i“1

rkpxi , vjq ´ kpyi , vjqs
J
j“1

loooooooooooooomoooooooooooooon

“:zpxi ,yi q

,

λ̂n“ nz̄Tn Σ´1
n z̄n, Σn “ycov ptzpxi , yi qu

n
i“1q ,

pσ˚,V˚q “ arg max
σ,V

λ, λ “ nmTΣ´1m.
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Linear-time ’HSIC’ [Jitkrittum et al., 2017]

Use different norm of the witness function (u):

HSICpx , yq “ }µxy ´ µx b µy }Hk1bk2
, upv,wq “ µxy pv,wq ´ µxpvqµy pwq,

FSICpx , yq “

g

f

f

e

1

J

J
ÿ

j“1

u2pvj ,wjq, V “ tpvj ,wjqu
J
j“1 ,

“ }u}L2pVq .

Whitening ñ χ2
J null. Computation: Opnq. Power optimization.

Alternative view: upv,wq “ covxypk1px, vq, k2py,wqq “ pv,wqth entry of

Cxy “ Exy rϕ1pxq b ϕ2pyqs ´ µx b µy .
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Zoltán Szabó Kernel Methods



Until now

We

assumed analytic, characteristic, bounded kernels.

replaced the RKHS norm with L2pVq norm.

In linear-time ’MMD’ and ’HSIC’, respectively:

P “ Qô µP´Q“ 0,

P “ P1 b P2 ô µP´P1bP2“ 0.
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Goodness-of-fit

[Jitkrittum et al., 2017],
[Chwialkowski et al., 2016, Liu et al., 2016]

Let d “ 1. Stein operator of model p

pTpf qpxq “
rppxqf pxqs1

ppxq
“ rlog ppxqs1f pxq ` f 1pxq.

Under lim|x |Ñ8 f pxqppxq “ 0 (integration by parts):

p “ q ñ Ex„qpTpf qpxq “ 0.

Let us take the unit ball of Hk :

sup
}f }Hk

ď1
Ex„qpTpf qpxq “ }g}Hk

, gpvq “ Ex„q
Bx rppxqkpx , vqs

ppxq
.

For universal k :

p “ q ô g “ 0 (witness) .

L2pVq trick goes through.
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Numerical Illustrations
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2-sample testing: parameter settings

Gaussian kernel (σ). α “ 0.01. J “ 1. Repeat 500 trials.
Report rejection rate of H0

Compare 4 methods

ME-full: Optimize V and σ.
ME-grid: Optimize σ. Random V [Chwialkowski et al., 2015].
MMD-quad: Test with quadratic-time MMD [Gretton et al., 2012].
MMD-lin: Test with linear-time MMD [Gretton et al., 2012].

Optimize kernels to power in MMD-lin, MMD-quad.
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NLP: discrimination of document categories

5903 NIPS papers (1988-2015).
Keyword-based category assignment into 4 groups:

Bayesian inference, Deep learning, Learning theory, Neuroscience

d “ 2000 nouns. TF-IDF representation.

Problem nte ME-full ME-grid MMD-quad MMD-lin
1. Bayes-Bayes 215 .012 .018 .022 .008

2. Bayes-Deep 216 .954 .034 .906 .262

3. Bayes-Learn 138 .990 .774 1.00 .238

4. Bayes-Neuro 394 1.00 .300 .952 .972

5. Learn-Deep 149 .956 .052 .876 .500

6. Learn-Neuro 146 .960 .572 1.00 .538

Performance of ME-full rOpnqs is comparable to MMD-quad rOpn2qs.
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NLP: most/least discriminative words

Aggregating over trials; example: ’Bayes-Neuro’.

Most discriminative words:

spike, markov, cortex, dropout, recurr, iii, gibb.

learned test locations: highly interpretable,
’markov’, ’gibb’ (ð Gibbs): Bayesian inference,
’spike’, ’cortex’: key terms in neuroscience.

Least discriminative ones:

circumfer, bra, dominiqu, rhino, mitra, kid, impostor.
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Distinguish positive/negative emotions

Karolinska Directed Emotional Faces (KDEF) [Lundqvist et al., 1998].
70 actors = 35 females and 35 males.
d “ 48ˆ 34 “ 1632. Grayscale. Pixel features.

` :
happy neutral surprised

´ :
afraid angry disgusted

Problem nte ME-full ME-grid MMD-quad MMD-lin
˘ vs. ˘ 201 .010 .012 .018 .008

` vs. ´ 201 .998 .656 1.00 .578

Learned test location (averaged) =

Zoltán Szabó Kernel Methods



Independence testing: parameters

k1, k2: Gaussian. J “ 10.
Report: rejection rate of H0.
Compare 6 methods:

Method Description Tuning Test size Complexity

NFSIC-opt Studied Gradient descent n{2 Opnq
NFSIC-med No tuning Random locations n Opnq
QHSIC Full HSIC Median heuristic n Opn2q

NyHSIC Nyström + HSIC Median heuristic n Opnq
FHSIC RFF + HSIC Median heuristic n Opnq
RDC RFF + CCA Median heuristic n Opn log nq
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Demo-1: million song data

Song pxq vs. year of release pyq.

Western commercial tracks from 1922 to 2011
[Bertin-Mahieux et al., 2011].
x P R90: audio features.
Left: break px , yq pairs, i.e. H0; right: H1 is true.
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Demo-2: videos and captions

Youtube video pxq vs. caption pyq.

VideoStory46K [Habibian et al., 2014]
x P R2000: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].
y P R1878: bag of words. TF.
Left: break px , yq pairs, i.e. H0; right: H1 is true.

Zoltán Szabó Kernel Methods



Demo-2: videos and captions

Youtube video pxq vs. caption pyq.

VideoStory46K [Habibian et al., 2014]
x P R2000: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].
y P R1878: bag of words. TF.
Left: break px , yq pairs, i.e. H0; right: H1 is true.
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Goodness-of-Fit Demo
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Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Robbery events (lat/long coordinates) „ q.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Model p: 2-component Gaussian mixture.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Score surface

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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‹ “ optimized v.
No robbery in Lake Michigan.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Model p: 10-component Gaussian mixture.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Capture the right tail better.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Still, does not capture the left tail.

Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Sharp boundary (geography of Chicago) ‰ Gaussian tails. Ñ
interpretable features
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Summary

Motivation: infoT objectives, hypothesis testing.

Kernels, RKHS: definitions, construction.

Kernel applications: classification, ridge regression, PCA.

MMD, HSIC, KCCA.

Characteristic, universal, I-characteristic property.

Hypothesis testing: quadratic & linear-time methods.
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Thank you for the attention!
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Zoltán Szabó Kernel Methods



Journal of Machine Learning Research, 6:1169–1198.

Fukumizu, K., Bach, F. R., and Gretton, A. (2007).
Statistical consistency of kernel canonical correlation analysis.
Journal of Machine Learning Research, 8:361–383.

Fukumizu, K., Gretton, A., Schölkopf, B., and Sriperumbudur,
B. K. (2009).
Characteristic kernels on groups and semigroups.
In Advances in Neural Information Processing Systems (NIPS),
pages 473–480.

Fukumizu, K., Song, L., and Gretton, A. (2013).
Kernel Bayes’ rule: Bayesian inference with positive definite
kernels.
Journal of Machine Learning Research, 14:3753–3783.
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Zoltán Szabó Kernel Methods



Journal of the Royal Statistical Society, Series B
(Methodological), 55(3):725–740.

Liu, Q., Lee, J., and Jordan, M. (2016).
A kernelized Stein discrepancy for goodness-of-fit tests.
In International Conference on Machine Learning (ICML),
pages 276–284.

Lloyd, J. R., Duvenaud, D., Grosse, R., Tenenbaum, J. B., and
Ghahramani, Z. (2014).
Automatic construction and natural-language description of
nonparametric regression models.
In AAAI Conference on Artificial Intelligence, pages
1242–1250.

Lodhi, H., Saunders, C., Shawe-Taylor, J., Cristianini, N., and
Watkins, C. (2002).
Text classification using string kernels.
Journal of Machine Learning Research, 2:419–444.
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