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Zoltán Szabó Regression



Contact information

Email:

zoltan (dot) szabo (at) polytechnique (dot) edu

Web:

http://www.cmap.polytechnique.fr/~zoltan.szabo/

Zoltán Szabó Regression
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Outline

Linear regression.

Regularization:

Ridge regression.
Sparse coding, Lasso, group Lasso.

Non-linear extension.
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Examples
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House pricing

How much is our house worth?

We can check on the market:

various house s, their characteristics , and
prices.

Plot

Let us plot: house price vs. size!
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House pricing: (size, price) relation = ?
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House pricing

House price: y .

Feature of the house (square meter): x .

Dataset: tpxi , yi qu
n
i“1.

Goal: f “? such that f pxi q « yi ; example: f pxq “ b0` b1x .
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House pricing: multiple features

Probably size itself is not enough for accurate prediction.

x “

size (m2),

# of bathrooms,

# of bedrooms,

year built,

# of floors,

parking type,

heating,

cooling,

microwave, . . .

Example: f pxq “ 〈b, x〉 “
řp

i“1 bixi . (x0 “ 1: ok)
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Feature selection: relevant features = ?

Too many features might be hard to interpret / overfitting ñ
simple models .

Goal: find

the feature subset most relevant for house price prediction.

Zoltán Szabó Regression



Sparse coding as a classifier

Demo: face recognition.

Idea:

test image = sparse linear combination of the training set + error
error = corruption/occlusion.
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Sparse coding for classification – continued

Nice performance despite severe corruption.
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The prototypes can be time series: emotion recognition

FACS (facial action coding system):

Idea:

muscle activities ÞÑ emotion (happy/surprise/. . . ),

using time series: prediction is more accurate.

The same trick helps in action recognition: writing, sports,
games (Wii), . . .
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Additional structure : non-negativity (NMF)

How to impose additional structure?

yi : i th face image.

b, x: non-negative; x is also learned.
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Additional structure: structured sparsity

Natural images:

Structure: torus
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Resulting dictionary elements

Dictionary: sparse

structured sparse
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Resulting dictionary elements

Dictionary: sparse structured sparse
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The resulting dictionary: in action

Inpainting: new image - never seen!

PSNR (peak signal-to-noise ratio):

bigger is better,
in wireless communication: 20´ 25 dB,
in image & video compression: 30 dB.

We only show to the algorithm a fraction of the pixels!
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Illustration

30% of the pixels is missing
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Illustration

30% of the pixels is missing (PSNR = 36 dB):
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Illustration: continued

70% of the pixels is missing
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Illustration: continued

70% of the pixels is missing (PSNR = 29 dB):
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Collaborative filtering (similarly to inpainting)

pixel Ø (user, movie) rating:
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Other structures?

Left: hierarchical,

right: continuity on sub-intervals.

Example: hierarchical dictionary on faces. . .
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Hierarchically-structured NMF
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Regression: non-linear extension

Recall (house pricing): y « b0 ` b1x .

The px , yq relation may be highly non-linear: 1, x , x2 ÞÑ y .

Interactions might count: x1x2, x3x5 ÞÑ y .

In this case

f pxq “ 〈b, ϕpxq〉.
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Non-linear regression: xi -s = distributions

Goal: aerosol prediction = air pollution (climate).

Prediction using labelled bags:

bag := multi-spectral satellite measurements over an area,
label := local aerosol value.
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Other examples when xi -s are distributions ( bags )

time-series modelling: user = set of time-series,
computer vision: image = collection of patch vectors,
NLP: corpus = bag of documents,
network analysis: group of people = bag of friendship graphs, . . .

Needed: kpx , x 1q “ 〈ϕpxq, ϕpx 1q〉 .
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Until now

Goal: xi « f pxi q given tpxi , yi qu
n
i“1 samples.

Needed :

Meaning of ’«’: objective function.

Hypothesis class: F Q f .
Control of model complexity / (structured) sparsity.
Non-linear features.
Optimization algorithms.

Zoltán Szabó Regression



Until now

Goal: xi « f pxi q given tpxi , yi qu
n
i“1 samples.

Needed :

Meaning of ’«’: objective function.
Hypothesis class: F Q f .

Control of model complexity / (structured) sparsity.
Non-linear features.
Optimization algorithms.

Zoltán Szabó Regression
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Linear regression
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Least squares (LS): univarite case

Samples: tpxi , yi qu
n
i“1, xi , yi P R.

Prediction: ŷi “ f pxi q “ b0 ` b1xi .

b0: intercept, b1: slope.

Fitting a line :

We minimize the tŷi ´ yiu
n
i“1 residuals in quadratic sense.
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LS objective

Jpf q “
1

n

n
ÿ

i“1

rf pxi q ´ yi s
2 Ñ min

f P F
.

Hypothesis class: affine functions, i.e.

F “ tx ÞÑ b0 ` b1x : b0, b1 P Ru.
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Linear regression: multivariate case

Samples: tpxi , yi qu
n
i“1, xi P Rp, yi P R.

Hypothesis class: f pzq “ 〈b, z〉 “
řp

j“1 bjzj .

Prediction: ŷi “ f pxi q “ 〈b, xi 〉 “ xTi b.

Objective:

min
b

Jpbq :“
1

n

n
ÿ

i“1

ryi ´ f pxi qs
2

“
1

n

›

›

›

›

›

»

—

–

xT1
...

xTn

fi

ffi

fl

loomoon

X

b´

»

—

–

y1
...
yn

fi

ffi

fl

loomoon

y

›

›

›

›

›

2

2

“ 1
n pXb´ yqT pXb´ yq P R.

X is called the design matrix.
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Least squares objective

Objective to minimize:

Jpbq “
1

n
pXb´ yqT pXb´ yq Ñ min

bPRp
.

J is quadratic . ñ To get b̂:

0 “ BJpbq
Bb “

2

n
XT pXb´ yq.

This means

XTXb “ XTy ñ b “ pXTXq´1XTy.
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What did we get? – interpretation

Optimal coefficient:

b “ p XT
loomoon

pˆn

X
loomoon

nˆp

q´1 XT
loomoon

pˆn

y
loomoon

nˆ1

.

Prediction:

ŷ “ Xb “ XpXTXq´1XTy.

Zoltán Szabó Regression



Linear regression: remarks

ŷ “ XpXTXq´1XT
looooooomooooooon

“:H

y

H:

is called hat matrix.

projector to spanpx1, . . . , xnq.

ŷ “ Hy: linear smoothing.
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Linear regression: remarks-2

Recall

XTXb “ XTy.

What if XTX is not invertible?

Several options:

Take pseudo-inverse : pXTXq´, i.e. b “
`

XTX
˘´

XTy.

Replace XTX with XTX` cI (c ą 0): regularization.
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Option-1: pseudo-inverse

M :“ XTX

For any M P Rmˆn there is a unique M´ P Rnˆm:

MM´M “ M,

M´MM´ “ M´,

pMM´qT “ MM´,

pM´MqT “ pM´Mq.

Remains

Why is M´ useful? How to compute it?
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Pseudo-inverse: usefulness

Problem: Solution of

Mb “ y

might not exist or may not be unique.

The pseudo-inverse based solution b̂ “ M´y handles this issue and
it is ’optimal’.

smallest error : for any b P Rn

}Mb´ y}2 ě }Mb̂´ y}2.

smallest norm : among the b vectors for which ’=’ holds b̂
has minimal Euclidean norm.
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Zoltán Szabó Regression



Pseudo-inverse: usefulness

Problem: Solution of

Mb “ y

might not exist or may not be unique.

The pseudo-inverse based solution b̂ “ M´y handles this issue and
it is ’optimal’.

smallest error : for any b P Rn

}Mb´ y}2 ě }Mb̂´ y}2.

smallest norm : among the b vectors for which ’=’ holds b̂
has minimal Euclidean norm.

Zoltán Szabó Regression



Pseudo-inverse: properties

Generalization of inverse: if M´1 exists, then M´ “ M´1.

For Rmˆn Q 0: 0´ “ 0 P Rnˆm.

For Σ “ diagpσi q P Rmˆn diagonal:

Σ´ “ diagpσ´i q P R
nˆm,

σ´ “

#

1
σ if σ ‰ 0,

0 if σ “ 0

pM´q
´
“ M.

It commutes with transposition: pMT q´ “ pM´qT .

With scalar multiplication: pcMq´ “ 1
c M´ with c ‰ 0.
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For Σ “ diagpσi q P Rmˆn diagonal:

Σ´ “ diagpσ´i q P R
nˆm,

σ´ “

#

1
σ if σ ‰ 0,

0 if σ “ 0

pM´q
´
“ M.

It commutes with transposition: pMT q´ “ pM´qT .

With scalar multiplication: pcMq´ “ 1
c M´ with c ‰ 0.

Zoltán Szabó Regression



Pseudo-inverse: in case of linear independence

Linearly dependent vectors (2 examples):

If M P Rmˆn has linearly independent columns (hence
n ď m):

M´ “ pMTMq´1MT .

If M has linearly independent rows:

M´ “ MT pMMT q´1.
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Zoltán Szabó Regression



Pseudo-inverse: computation

One can get M´ from the SVD of M .

For an M P Rmˆn there is a

M “ UΣVT

factorization

, where

U P Rmˆm is orthogonal: UTU “ I.

V P Rnˆn is orthogonal.
Σ “ diagpσi q P Rmˆn is diagonal with non-negative entries, Œ.
σi : singular values.
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Pseudo-inverse: intuition

Let M P Rmˆm.

rotate ˝ scale ˝ rotate .
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SVD reveals ’everything’ on the matrix

Examples:

rank(M) = # of non-zero σi -s.

}M}F “
b

ř

i σ
2
i pMq. (Frobenius / Hilbert-Schmidt norm)

}M} “ σ1pMq. (operator norm)

Schatter p-norm:

}M}p “

˜

ÿ

i

σpi pMq

¸
1
p

, p P r1,8s.

Notes:

Spec.: p “ 2 (Frobenius), p “ 8 (operator norm), p “ 1
(nuclear/trace norm).
}M}8 ď }M}2 ď }M}1.
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Nuclear norm: intuition

Low-rank view:

M “
ÿ

i

σiuiv
T
j ,

}M}1 “ }σ}1 “
ÿ

i

|σi |
loomoon

σi

.

}σ}1 ’captures’ the # of nonzero σi . Low-rank structures (CF):
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Pseudo-inverse from SVD

Option-1:

For M “ UΣVT , we have M´ “ VΣ´UT .

Option-2:

XTX` cI

This corresponds to a certain form of regularization.
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Ridge regression
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From least squares to ridge regression

Least squares:

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2

loooooooooomoooooooooon

training error

.

Ridge regression:

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2

loooooooooomoooooooooon

training error

` λ }b}22
loomoon

regularization

.

λ ą 0: trade-off parameter,

}b}2
2 : ’complexity control’, uniqueness.
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Solution of ridge regression

Similarly to least squares:

0 “
BJpbq

Bb
’same’ calculation
ÝÝÝÝÝÝÝÝÝÝÑ

pXTX` λnIqb “ XTy,

b “ pXTX` λnIq´1XTy .

λnI: regularization.
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Ridge regression: linear smoother

Estimated coefficient:

b “ pXTX` λnIq´1XTy.

Prediction:

ŷ “ Xb

“ XpXTX` λnIq´1XT
loooooooooooomoooooooooooon

H

y.

Zoltán Szabó Regression



Ridge regression: linear smoother

Estimated coefficient:

b “ pXTX` λnIq´1XTy.

Prediction:
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Least squares, ridge regression, next?

Least squares:

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2.

Ridge regression:

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2 ` λ }b}22 .

Non-linear extension: We want to write

Jpbq “
1

n

n
ÿ

i“1

r〈b, ϕpxi q〉´ yi s
2 ` λ }b}2 .
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ϕpxq why?

Recall we are interested in:

Polynomial / higher order features:

ϕpxq “ r1; x ; x2; . . . ; xns,

ϕpxq “ rxixj spi ,jq.

Aerosol prediction: xi = i th distribution / bag.

Emotion recognition: xi “ time series of muscle activities.
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Quadratic & polynomial features

For simplicity in R2:

ϕpxq “
´

x2
1 ,
?

2x1x2, x
2
2

¯

,

〈ϕpxq, ϕpx1q〉 “?

〈»
–

x2
1?

2x1x2

x2
2

fi

fl ,

»

–

px 11q
2

?
2px 11qpx

1
2q

px 12q
2

fi

fl

〉
“ x2

1 px
1
1q

2 `
?

2
?

2
loomoon

2

x1x2px
1
1qpx

1
2q ` x2

2 px
1
2q

2

“
`

x1x
1
1 ` x2x

1
2

˘2

“

〈„
x1

x2



,

„

x 11
x 12

〉2

“ 〈x, x1〉2
“: kpx, x1q.

〈x, x1〉d “ 〈ϕpxq, ϕpx1q〉: ϕpxq = d-order polynomial. ñ Explicit
computation would be heavy!
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Zoltán Szabó Regression



Quadratic & polynomial features

For simplicity in R2:

ϕpxq “
´

x2
1 ,
?

2x1x2, x
2
2

¯

,

〈ϕpxq, ϕpx1q〉 “

〈»
–

x2
1?

2x1x2

x2
2

fi

fl ,

»

–

px 11q
2

?
2px 11qpx

1
2q

px 12q
2

fi

fl

〉
“ x2

1 px
1
1q

2 `
?

2
?

2
loomoon

2

x1x2px
1
1qpx

1
2q ` x2

2 px
1
2q

2

“
`

x1x
1
1 ` x2x

1
2

˘2

“

〈„
x1

x2



,

„

x 11
x 12

〉2

“ 〈x, x1〉2
“: kpx, x1q.

〈x, x1〉d “ 〈ϕpxq, ϕpx1q〉: ϕpxq = d-order polynomial. ñ

Explicit
computation would be heavy!

Zoltán Szabó Regression
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Classification motivation: linear separability

Idealized situation

Decision surface:

tx : 〈w, x〉 “ 0u

ñ

classes:

tx : 〈w, x〉 ě 0u tx : 〈w, x〉 ă 0u
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Classification motivation: non-linear separability

Idealized situation Real world

Decision surface (left):

tx : 〈w, x〉 “ 0u ñ

classes:

tx : 〈w, x〉 ě 0u tx : 〈w, x〉 ă 0u .
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Non-linear separability – continued

On the ellipse

, outside, inside:

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
“ 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ą 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ă 1

*

.

With polynomial feature: ϕpxq “ px2
1 , x1, 1, x

2
2 , x2q :

Decision surface: tx : 〈w, ϕpxq〉 “ 0u.

Classes: tx : 〈w, ϕpxq〉 ą 0u, tx : 〈w, ϕpxq〉 ă 0u.
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Non-linear separability – continued
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Decision surface: tx : 〈w, ϕpxq〉 “ 0u.

Classes: tx : 〈w, ϕpxq〉 ą 0u, tx : 〈w, ϕpxq〉 ă 0u.
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Non-linear separability – continued

On the ellipse, outside, inside:

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
“ 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ą 1

*

,

"

x :
px1 ´ c1q

2

a2
`
px2 ´ c2q

2

b2
ă 1

*

.

With polynomial feature: ϕpxq “ px2
1 , x1, 1, x

2
2 , x2q :

Decision surface: tx : 〈w, ϕpxq〉 “ 0u.

Classes: tx : 〈w, ϕpxq〉 ą 0u, tx : 〈w, ϕpxq〉 ă 0u.

Zoltán Szabó Regression



Kernel : similarity between features

Given: x and x 1 objects (images/texts/time
series/distributions).

Question: how similar they are?

Define features of the objects:

ϕpxq : features of x ,

ϕpx 1q : features of x 1.

Kernel: inner product of these features

kpx , x 1q :“
〈
ϕpxq, ϕpx 1q

〉
.

It is a simple extension of kpx, x1q “ xTx1; in that case ϕpxq “ x.
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Kernel examples on Rd (γ ą 0, p P Z`)

Polynomial kernel:

kpx, x1q “ p
〈
x, x1

〉
` γqp.

Gaussian kernel:

kpx, x1q “ e´γ}x´x1}22 .
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A few other examples :

Kernels exist on:

Trees, time series, strings,

mixture models, hidden Markov models or linear dynamical
systems,

sets, fuzzy domains, distributions,

groups
spec.
ÝÝÝÑ permutations,

graphs.
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Kernels, RKHS: Definition-2

Def-1 = feature space point of view, kpa, bq “ 〈ϕpaq, ϕpbq〉H.

Def-2 = constructive. k : X ˆ X Ñ R is a reproducing kernel of a

Hpilbertq Ă RX

kp¨, xq
loomoon

P H, f pxq “ xf , kp¨, xqyH
looooooooooomooooooooooon

reproducing property

.

spec.
ÝÝÝÑ kpx 1, xq “ xkp¨, x 1q, kp¨, xqyH. Hk “ t

řn
i“1 αikp¨, xi qu .

This is what we will use in non-linear ridge regression!

f pxq “ 〈b, x〉 Ø f pxq “ xf , ϕpxqyH.
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Kernels: Definition-3

Def-3: Gram matrix , optimization point of view.
Intuition: X :“ Rd , data matrix X “ rx1, . . . , xns P Rdˆn, then

G :“ XTX “
“

〈xi , xj〉2

‰n

i ,j“1
ľ 0.

i.e.

GT “ G psymmetryq,

vTGv “ vTXTXv “ }Xv}22 ě 0 p@v P Rdq.

k : X ˆ X Ñ R symmetric is positive definite if

G “ rkpxi , xjqs
n
i ,j“1 ľ 0 @n P Z`,@txiuni“1.

Importance

In non-linear ridge regression we will invert G` λnI ą 0!
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Zoltán Szabó Regression



Kernels: Definition-4 – motivation

Def-4 intuition: We want

pfnqnPN
}¨}
ÝÑ f ñ pfnpxqqnPN Ñ f pxq @x .

Example-1: For H :“ pC r0, 1s, }¨}8q

|fnpxq ´ f pxq| ď max
xPr0,1s

|fnpxq ´ f pxq| “ }fn ´ f }8
nÑ8
ÝÝÝÑ 0,

but no inner product in C r0, 1s (parallelogram rule: violated).
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Zoltán Szabó Regression



Kernels: Definition-4 – motivation

Def-4 intuition: We want

pfnqnPN
}¨}
ÝÑ f ñ pfnpxqqnPN Ñ f pxq @x .

Example-1: For H :“ pC r0, 1s, }¨}8q

|fnpxq ´ f pxq| ď max
xPr0,1s

|fnpxq ´ f pxq| “ }fn ´ f }8
nÑ8
ÝÝÝÑ 0,

but no inner product in C r0, 1s (parallelogram rule: violated).

Zoltán Szabó Regression



Kernels: Definition-4 – continued

Let us now try a Hilbert space: H “ L2r0, 1s Q fnpxq “ xn (simple).

fn
nÑ8
ÝÝÝÑ 0 :“ f ˚ P H since

lim
nÑ8

}fn ´ 0}L2r0,1s “ lim
nÑ8

ˆ
ż 1

0
x2ndx

˙1{2

“ lim
nÑ8

d

„

x2n`1

2n ` 1

x“1

x“0

“ lim
nÑ8

1
?

2n ` 1
“ 0,

but fnp1q “ 1 Û f ˚p1q “ 0.

In L2: norm convergence œ pointwise convergence .
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Kernels: Definition-4

Evaluation functional: δxpf q :“ f pxq is linear

δxpf ` gq

“ pf ` gqpxq “ f pxq ` gpxq “ δxpf q ` δxpgq,

δxpλf q “ pλf qpxq “ λf pxq “ λδxpf q.

Def-4 (evaluation point of view): H Ă RX Hilbert space,

δx : f P H ÞÑ f pxq P R

is continuous for all x P X .
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Relation of Definition 1-4

Def-1 (feature space):

kpa, bq “ 〈ϕpaq, ϕpbq〉H .

Def-2 (reproducing kernel, constructive):

kp¨, xq P H, f pxq “ xf , kp¨, xqyH.

Def-3 (Gram matrix): G “ rkpxi , xjqs ľ 0.

Def-4 (evaluation): δxpf q “ f pxq is continuous for all x .

All these definitions are equivalent , k
1:1
Ø Hk .

Trickiest direction (Moore-Aronszajn theorem):

k positive-definite function
construction
ÝÝÝÝÝÝÝÑ RKHS.
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Kernel puzzle

Let

X “ t0, 1u,

kpx , x 1q “

"

1, if x ‰ x 1

´1, if x “ x 1

*

.

Puzzle

Is k a kernel?

No!

kpx , xq “ 〈ϕpxq, ϕpxq〉H

“ }ϕpxq}2Hě 0 pGram with n “ 1q

,

kp0, 0q “ kp1, 1q “ ´1 pin our caseq.
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Zoltán Szabó Regression



Kernel puzzle

Let

X “ t0, 1u,

kpx , x 1q “

"

1, if x ‰ x 1

´1, if x “ x 1

*

.

Puzzle

Is k a kernel?

No!

kpx , xq “ 〈ϕpxq, ϕpxq〉H “ }ϕpxq}2Hě 0 pGram with n “ 1q,

kp0, 0q “ kp1, 1q “ ´1 pin our caseq.

Zoltán Szabó Regression
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Kernel ridge regression
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Kernel ridge regression

Given: tpxi , yi qu
n
i“1, H :“ Hk , yi P R.

Task (λ ą 0):

Jpf q “
1

n

n
ÿ

i“1

ryi ´ f pxi qs
2 ` λ }f }2H Ñ min

f PH
.

Analytical solution:

f pxq “ rkpx1, xq, . . . , kpxn, xqs
looooooooooooomooooooooooooon

1ˆn

pG` λnI
looomooon

nˆn

q´1 ry1; . . . ; yns
looooomooooon

nˆ1

,

G “ rkpxi , xjqs
n
i ,j“1 .

Question

How do we get this solution?
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looooooooooooomooooooooooooon

1ˆn

pG` λnI
looomooon

nˆn

q´1 ry1; . . . ; yns
looooomooooon

nˆ1

,

G “ rkpxi , xjqs
n
i ,j“1 .

Question

How do we get this solution?

Zoltán Szabó Regression



Kernel ridge regression

By the representer theorem

f pxq “
n
ÿ

i“1

aikp¨, xi q.

Multiplying the objective by n, using the reproducing property:

Jpf q “
n
ÿ

j“1

ryj ´ 〈f , kp¨, xjq〉Hs
2 ` λn }f }2H

“ }y ´ Ga}22 ` pλnqa
TGa

“ yTy ´ 2yTGa` aT
“

G2 ` pλnqG
‰

a.

Solving 0 “ BJ
Ba , one gets a˚ “ pG` λnIq´1y by

BaTBa

Ba
“

´

B` BT
¯

a,
BcTa

Ba
“ c.
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Representer theorem

Given: tpxi , yi qu
n
i“1, say classification/regression.

Goal:

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

,

r : monotonically increasing.

Example:

V p. . .q “
1

n

n
ÿ

i“1

rf pxi q ´ yi s
2 (regression),

V p. . .q “
1

n

n
ÿ

i“1

maxp1´ yi f pxi q, 0q (soft classification).
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Representer theorem – continued

. . . then

D solution in the form:

f ˚ “
řn

i“1 αikp¨, xi q , αi P R.

r : strictly increasing ñ @ solution is of this form.

Example: rpzq “ λz , λ ą 0.
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Representer theorem – proof

Objective

Jpf q “ V px1, y1, f px1q, . . . , xn, yn, f pxnqq ` r
´

}f }2Hk

¯

Ñ min
Hk

.

Decompose & Pythagorean theorem:

S “ span pkp¨, xi q, i “ 1, . . . , nq ,

f “ fS ` fK,

}f }2Hk
“ }fS}

2
Hk
` }fK}

2
Hk

loomoon

ě0

ě }fS}
2
Hk
.

In J

1st term: depends on fS only, f pxi q “ 〈f , kp¨, xi q〉Hk
“

〈fS ` fK, kp¨, xi q〉Hk
“ 〈fS , kp¨, xi q〉Hk

.

2nd term: can only decrease by neglecting fK (r Õ).
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Regression on labelled bags

Given:

labelled bags:
 `

P̂i , yi
˘(n

i“1
, P̂i : bag from Pi , N :“ |P̂i |.

test bag: P̂.

Estimator:

f̂ “ arg min
f PH

1

n

ÿn

i“1

”

f
`˘

´ yi

ı2
` λ }f }2H .

Prediction:

ŷ
`

P̂
˘

“ f̂
`

µP̂
˘

“ gT pG` nλIq´1y,

g “
“

K
`

µP̂, µP̂i

˘‰

,G “
“

K
`

µP̂i
, µP̂j

˘‰

, y “ ryi s.

Inner product of distributions

K
`

µP̂i
, µP̂j

˘

= ?
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Distribution representation via functions

P ÞÑ µP “
ş

X ϕpxqdPpxq .

Cdf:

P ÞÑ FPpzq “ Ex„Pχp´8,zqpxq.

Characteristic function:

P ÞÑ cPpzq “

ż

e i〈z,x〉dPpxq.

Moment generating function:

P ÞÑ MPpzq “

ż

e〈z,x〉dP pxq .

Trick

ϕ: on any kernel-endowed domain! ϕpxq :“ kp¨, xq, µP P Hk .
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How to compute K pµP̂, µQ̂q?
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Set kernel

Computation:

K pPm,Qnq :“ 〈µPm , µQn〉Hk
“

1

mn

m
ÿ

i“1

n
ÿ

j“1

kpxi , yjq.
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Local wrap-up

Least squares (λ “ 0):

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2 Ñ min

bPRp
.

Ridge regression (kpx, x1q “ 〈x, x1〉):

Jpbq “
1

n

n
ÿ

i“1

r〈b, xi 〉´ yi s
2 ` λ }b}22 Ñ min

bPRp
.

Kernel ridge regression:

Jpf q “
1

n

n
ÿ

i“1

r〈f , ϕpxi q〉Hk
looooomooooon

f pxi q

´yi s
2 ` λ }f }2Hk

Ñ min
f PHk

.
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Sparsity
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Sparse coding

Least squares (minor rescaling):

Jpbq “
1

2
}y ´ Xb}22 Ñ min

bPRp
.

Sparse coding :

Jpbq “
1

2
}y ´ Xb}22 Ñ min

bPRp :}b}0ďB
.

B P Z`: max # of non-zero coordinates in b.

Motivation

interpretability /computation / JPEG
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Sparse coding: solution

All subset method:

Easy: try all S Ă t1, . . . , pu, |S | ď B.

Solve: XS restriction of X to the columns in S ,

JpbSq “
1

2
}y ´ XSbS}

2
2 Ñ min

bSPRp
.

Pick the S for which JpbSq is minimal!

The end?
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Number of subsets

|S | “ 1:
`

p
1

˘

“ p.

|S | “ 2:
`

p
2

˘

“
ppp´1q

2 “ Opp2q.

...

|S | “ B:
`

p
B

˘

“ OppBq.

In total:
řB

i“1

`

p
i

˘

ě OppBq .

’Almost’ scalable!
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Sparse coding

Sparse coding-1:

Jpbq “
1

2
}y ´ Xb}22 Ñ min

bPRp :}b}0ďB
.

Sparse coding-2 (B P R`):

Jpbq “
1

2
}y ´ Xb}22 Ñ min

bPRp :}b}1ďB
, (1)

where }b}1 “
řp

i“1 |bi |.

Lasso: (1) is equivalent (for some λ ą 0) to

Jpbq “ 1
2 }y ´ Xb}22 ` λ }b}1 Ñ min

bPRp
.
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Rationale

}b}1: convex relaxation of }b}0.

If b is sparse and X is RIP: }¨}1 minimization is equivalent }¨}0.
In terms of objective:
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Lasso solver: ISTA/FISTA

Jpbq “
1

2
}y ´ Xb}22

loooooomoooooon

“:f pbq

` λ }b}1
loomoon

“:gpbq

Ñ min
b
.

f : smooth convex,

}∇f paq ´∇f pbq}2 ď L
ljhn

ą0

}a´ b}2 @a,b.

Example: f pbq “ 1
2 }y ´ Xb}22, smallest L “ λmax

`

XTX
˘

.

g : continuous, convex, often nonsmooth.
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ISTA ’=’ gradient descent

Gradient descent (δt ą 0):

bt “ bt´1 ´ δt∇f pbt´1q ô

bt “ arg min
b

„

f pbt´1q ` 〈b´ bt´1,∇f pbt´1q〉`
1

2δt
}b´ bt´1}

2
2



.

Quadratic approximation of f ` g at y:

{pf ` gqLpb, yq :“ f pyq ` 〈b´ y,∇f pyq〉` L

2
}b´ y}22 ` gpbq.ñ

pLpyq :“ arg min
b

{pf ` gqLpb, yq

“ arg min
b

«

gpbq `
L

2

›

›

›

›

b´

ˆ

y ´
1

L
∇f pyq

˙
›

›

›

›

2

2

ff

“ prox 1
L
g

ˆ

y ´
1

L
∇f pyq

˙

.
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Zoltán Szabó Regression



ISTA ’=’ gradient descent

Gradient descent (δt ą 0):

bt “ bt´1 ´ δt∇f pbt´1q ô

bt “ arg min
b

„

f pbt´1q ` 〈b´ bt´1,∇f pbt´1q〉`
1

2δt
}b´ bt´1}

2
2



.

Quadratic approximation of f ` g at y:

{pf ` gqLpb, yq :“ f pyq ` 〈b´ y,∇f pyq〉` L

2
}b´ y}22 ` gpbq.ñ

pLpyq :“ arg min
b

{pf ` gqLpb, yq

“ arg min
b

«

gpbq `
L

2

›

›

›

›

b´

ˆ

y ´
1

L
∇f pyq

˙
›

›

›

›

2

2

ff

“ prox 1
L
g

ˆ

y ´
1

L
∇f pyq

˙

.

Zoltán Szabó Regression
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ISTA: L given

1: Init: b0

2: for all t “ 1 : T do
3: bt “ pL pbt´1q Ø gradient descent + ’projection’

Notes:

L: does not have to be known – backtracking.

Convergence: O
`

1
T

˘

in J-sense.
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FISTA: L given

1: Init: y1 “ b0, δ1 “ 1
2: for all t “ 1 : T do
3: bt “ pL pytq

4: δt`1 “
1`
?

1`4δ2
t

2

5: yt`1 “ bt `
δt´1
δt`1

pbt ´ bt´1q

Notes:

L: not needed – backtracking.

Convergence: O
`

1
T 2

˘

in J-sense.
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Local summary: ISTA/FISTA

We can solve

Jpbq “
1

2
}y ´ Xb}22

loooooomoooooon

“:f pbq

` λ }b}1
loomoon

“:gpbq

Ñ min
b

type sparse coding problems quickly if

∇f : X,

proxg pvq “ arg min
y

„

gpyq `
1

2
}y ´ v}22



X.
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Prox: generalization of projection

proxg = Euclidean projection onto C if

gpyq “ IC pyq “

#

0 y P C ,

8 y R C .
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Prox: properties

Our case: gpyq “
ř

m |ym|.

Separable g : for gpyq “
řM

m“1 gmpymq

proxg py1, . . . , yMq “ rproxg1py1q; . . . ; proxgM pyMqs .

For gpyq “ |y |

proxκg pyq “

$

’

&

’

%

y ´ κ y ě κ,

0 |y | ď κ

y ` κ y ď ´κ.
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Lasso optimization: coordinate descent

Objective:

Jpbq “
1

2
}y ´ Xb}22 ` λ }b}1 .

Coordinate descent:

1: Init: b̂.
2: repeat
3: for all j “ 1 : p do
4: bj Ð arg minbj Jpbq .

5: until convergence

Zoltán Szabó Regression



Lasso: coordinate descent

Objective: Jpbq “ 1
2 }y ´ Xb}22 ` λ }b}1.

b˚j “ arg minbj Jpbq:

b˚j optimal ô 0 P
Brbj ÞÑJpbqs

Bbj
pb˚j q.

This gives

ρj “
n
ÿ

i“1

xij

˜

yi ´
n
ÿ

a“1;a‰j

baxia

¸

,

zj “
n
ÿ

i“1

pxijq
2,

b˚j “
1

zj
Spρj , λq,

where Sp¨, λq is the soft-thresholding at λ.
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Lasso: extensions – FISTA handles them

Structured sparse coding (λ ą 0):

Jpbq “
1

2
}y ´ Xb}22 ` λ

›

›

›
p}bG }2qGPG

›

›

›

1
Ñ min

b
,

G : group structure on t1, . . . , pu “ YGPG.

Non-overlapping group Lasso :

G = partition: face recognition.

prox: block soft-thresholding.
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G: sub-trees & X learning

Overlapping G example:
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Structured sparse coding in feature space

Example: time series,

Jpbq “
1

2
}y ´ Xb}2Hk

` λ
›

›

›
p}bG }2qGPG

›

›

›

1
Ñ min

bPRn
.

Idea:

X “ rϕpx1q, . . . , ϕpxnqs.

xi samples:

evolution of facial muscle activities,
possibly different length.

Gj : indices of samples from the j th emotion.

y “ ϕpxq: x = test time series.

kpx , x 1q “ 〈ϕpxq, ϕpx 1q〉Hk
.

Zoltán Szabó Regression



Structured sparse coding in feature space

Example: time series,

Jpbq “
1

2
}y ´ Xb}2Hk

` λ
›

›

›
p}bG }2qGPG

›

›

›

1
Ñ min

bPRn
.

Idea:

X “ rϕpx1q, . . . , ϕpxnqs.

xi samples:

evolution of facial muscle activities,
possibly different length.

Gj : indices of samples from the j th emotion.

y “ ϕpxq: x = test time series.

kpx , x 1q “ 〈ϕpxq, ϕpx 1q〉Hk
.

Zoltán Szabó Regression
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Rewriting

Reformulation:

Jpbq “
1

2

›

›

›

›

›

ϕpxq ´
n
ÿ

j“1

bjϕpxjq

›

›

›

›

›

2

Hk

` λ
›

›

›
p}bG }2qGPG

›

›

›

1
Ñ min

b
ô

J̃pbq “

ˆ

1

2
bTGb´ kTb

˙

loooooooooomoooooooooon

f pbq

`λ
›

›

›
p}bG }2qGPG

›

›

›

1
loooooooomoooooooon

gpbq

Ñ min
b
,

where G “ rkpxi , xjqs P Rnˆn, k “ rkpx , x1q; . . . ; kpx , xnqs P Rn.

Optimization: FISTA. Classification:

ĉ “ arg max
c

}bGc }2 .

Zoltán Szabó Regression
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Classification : original motivation of kernels, large margin

Typical task:

Trick: the problem can be easier in the feature space
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Classification

Given: tpxi , yi qu
n
i“1 samples, yi P t´1, 1u.

Idea

ŷi :“ f pxi q and yi should have the same sign!

Objective: non-linear SVMC

(C ą 0, primal)

min
f PHk ,ξ

C
n
ÿ

i“1

ξi
loomoon

misclassification error

`
1

2
}f }2Hk

, s.t. yi f pxi q ě 1´ ξi , ξi ě 0, @i .

Non-linear SVM (dual), still QP:

max
α

n
ÿ

i“1

αi ´
1

2

n
ÿ

i ,j“1

αiαjyiyjkpxi , xjq, s.t.
n
ÿ

i“1

αiyi “ 0, 0 ď αi ď C p@iq.
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Soft SVMC

Equivalent form:

min
f PHk ,ξ

C
n
ÿ

i“1

ξi `
1

2
}f }2Hk

, s.t. yi f pxi q ě 1´ ξi , ξi ě 0, @i .ô

min
f PHk

C
n
ÿ

i“1

max
´

1´ yi f pxi q, 0
¯

looooooooooomooooooooooon

“:hpyi f pxi qq

`
1

2
}f }2Hk

,

where hpuq “ maxp1´ u, 0q is the hinge loss .

We use hinge loss in classification instead of squared.

Zoltán Szabó Regression



Soft SVMC

Equivalent form:

min
f PHk ,ξ

C
n
ÿ

i“1

ξi `
1

2
}f }2Hk

, s.t. yi f pxi q ě 1´ ξi , ξi ě 0, @i .ô

min
f PHk

C
n
ÿ

i“1

max
´

1´ yi f pxi q, 0
¯

looooooooooomooooooooooon

“:hpyi f pxi qq

`
1

2
}f }2Hk

,

where hpuq “ maxp1´ u, 0q is the hinge loss .

We use hinge loss in classification instead of squared.

Zoltán Szabó Regression



Hard vs soft-SVM classification

The hinge loss is the convex envelope of the zero-one loss :

zpuq “ Iuă0, u “ yi f pxi q,

hpuq “ maxp1´ u, 0q.

-2 -1 0 1 2
0

1

2

3
zero-one loss

hinge loss

Zoltán Szabó Regression



Hard vs soft-SVM classification

The hinge loss is the convex envelope of the zero-one loss :

zpuq “ Iuă0, u “ yi f pxi q,

hpuq “ maxp1´ u, 0q.

-2 -1 0 1 2
0

1

2

3
zero-one loss

hinge loss

Zoltán Szabó Regression



Studied task: line fitting

Least squares, ridge regression, kernel ridge regression / classification:

Jpbq “
1

n

ÿn

i“1
r〈b, xi 〉´ yi s

2, Jpbq “
1

n

ÿn

i“1
r〈b, xi 〉´ yi s

2 ` λ }b}22 ,

Jpf q “
1

n

n
ÿ

i“1

rf pxi q ´ yi s
2 ` λ }f }2Hk

,

Jpf q “
1

n

n
ÿ

i“1

hpyi f pxi qq ` λ }f }
2
Hk
.

Lasso, group Lasso, kernel group Lasso:

Jpbq “
1

2
}y ´ Xb}22 ` λ }b}1 ,

Jpbq “
1

2
}y ´ Xb}22 ` λ

›

› p}bG }2qGPG

›

›

1
,

Jpbq “
1

2

›

›

›
ϕpxq ´

n
ÿ

j“1

bjϕpxjq
›

›

›

2

Hk

` λ
›

› p}bG }2qGPG

›

›

1
.
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Summary

Optimization:

Least squares, (kernel) ridge regression: closed form.

Lasso, (kernel) group Lasso:

coordinate descent,

ISTA
acceleration

ÝÝÝÝÝÝÑ FISTA.

SVMC: QP.

Applications: house pricing, feature selection, face
recognition, inpainting, collaborative filtering, aerosol
prediction, emotion classification.
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Zoltán Szabó Regression



Thank you for the attention!
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