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@ Linear regression.
@ Regularization:

o Ridge regression.
e Sparse coding, Lasso, group Lasso.

@ Non-linear extension.
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Examples
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@ How much is our house worth?
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@ How much is our house worth?
@ We can check on the market:

e various [house s, their |characteristics , and
@ prices.

Let us plot: house price vs. size! \
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House pricing: [(Size, price) relation| — ?

Price ($10°000)
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House price: y.

Feature of the house (square meter): x.
Dataset: {(x;j,yi)}".

Goal: [f =7 such that [f(X;) & y; ; example: f(x) = by + by x.

Linear

Zoltan Szabdé Regression



House pricing: 'multiple features

Probably size itself is not enough for accurate prediction. J
. =

e size (m?),

@ 7 of bathrooms,

@ # of bedrooms,

@ year built,

# of floors,
parking type,
heating,

cooling,

microwave, ..

Example: f(x) = (b,x) = >? | bixi. (xo = 1: ok)

Zoltan Szabé Regression



Feature selection: relevant features = 7

Too many features might be hard to interpret / overfitting = J

Goal: find

@ the _ most relevant for house price prediction.
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Sparse coding [as a classifier

Demo: face recognition.

g 8 8 8 ¥ &

Idea:

@ test image = sparse linear combination of the training set + error
@ error = corruption/occlusion.
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Sparse coding for classification — continued

@ Nice performance despite severe corruption.
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The prototypes can be time series: emotion recognition

FACS (facial action coding system):

Surprised

Happily
surprised
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The prototypes can be time series: emotion recognition

FACS (facial action coding system):

Surprised

Happily
surprised

Idea:

o [muscle’activities = emotion| (happy/surprise/...),
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The prototypes can be time series: emotion recognition

FACS (facial action coding system):

Surprised

Happily
surprised

Idea:

o [muscle’activities = emotion| (happy/surprise/...),

@ using time series: prediction is more accurate.
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The prototypes can be time series: emotion recognition

FACS (facial action coding system):

Surprised

Happily
surprised

Idea:
o |muiscle’activities = emotion (happy/surprise/...),
@ using time series: prediction is more accurate.
@ The same trick helps in action recognition: writing, sports,
games (Wii), ...
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Additional'structure: non-negativity (NMF)

How to impose additional structure? J

o y;i: ith face image.

@ b, x: non-negative; x is also learned.
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Additional structure: [structured sparsity

Natural images:

Structure: torus

Zoltdn Szabé Regression



Resulting dictionary elements

Dictionary: sparse
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Resulting dictionary elements

Dictionary: sparse
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The resulting dictionary: in action
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The resulting dictionary: in action

o |Inpainting: new image| - never seen!

@ PSNR (peak signal-to-noise ratio):

o bigger is better,
e in wireless communication: 20 — 25 dB,
e in image & video compression: 30 dB.
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The resulting dictionary: in action

o |Inpainting: new image| - never seen!

@ PSNR (peak signal-to-noise ratio):

o bigger is better,
e in wireless communication: 20 — 25 dB,
e in image & video compression: 30 dB.

We only show to the algorithm a fraction of the pixels! J
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[llustration

30% of the pixels is missing
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[llustration

30% of the pixels is missing (PSNR = 36 dB):
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[llustration: continued

70% of the pixels is missing
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[llustration: continued

70% of the pixels is missing (PSNR = 29 dB):
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Collaborative filtering (similarly to inpainting)

pixel < (user, movie) rating:

C AN ]
AL || e
BA| |k ¢ %
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Ed k|| ?| ¢

Zoltan Szabdé Regression



Other structures?

@ Left: hierarchical,
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Other structures?

@ Left: hierarchical,

@ right: continuity on sub-intervals.
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Other structures?

@ Left: hierarchical,

@ right: continuity on sub-intervals.

W] [CIT17m
(] (1] e

N (] ([ .
B | (.
I | [ .

Example: hierarchical dictionary on faces. .. J
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Hierarchically-structured NMF




Regression: non-linear extension

Recall (house pricing): y ~ by + by x.

o The (x, y) relation may be highly non-linear: [1,x,x% — y.
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Regression: non-linear extension

Recall (house pricing): y ~ by + by x.

o The (x, y) relation may be highly non-linear: [1,x,x% — y.

A ~ . -
Linear Non-Linear . Non-Linear
. . . .
L]
- L[] . I
* ° L] L) : . : L) L] *
. . ° . . . ® ° .. .
. . P e @ - -
. -
L[] .o . . . o ® . - R - . ®
. " o " . . . .
L)

@ Interactions might count: [X1%X2,%3X5| — .
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Regression: non-linear extension

Recall (house pricing): y ~ by + by x.

o The (x, y) relation may be highly non-linear: [1,x,x% — y.
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@ Interactions might count: [X1%X2,%3X5| — .

Zoltan Szabé Regression



Non-linear regressio distributions

@ Goal: aerosol prediction = air pollution (climate).

@ Prediction using labelled bags:
o bag := multi-spectral satellite measurements over an area,

o label := local aerosol value.
280
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Other examples when x;-s are distributions (-)

WWPL YL
\ W W \| W
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Lo, time se

ries
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vi‘v |

@ time-series modelling: user = set of time-series,

@ computer vision: image = collection of patch vectors,

@ NLP: corpus = bag of documents,

@ network analysis: group of people = bag of friendship graphs, ...

Zoltan Szabdé Regression



Other examples when x;-s are distributions ([bags!)

WA

@ time-series modelling: user = set of time-series,

@ computer vision: image = collection of patch vectors,

@ NLP: corpus = bag of documents,

@ network analysis: group of people = bag of friendship graphs, ...
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o Goal: x; ~ f(x;) given {(x;,y;)}"_; samples.
o Needed :

e Meaning of '~": objective function.
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o Goal: x; ~ f(x;) given {(x;,y;)}"_; samples.
o Needed :

e Meaning of '~": objective function.
e Hypothesis class: 5 f.
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o Goal: x; ~ f(x;) given {(x;,y;)}"_; samples.
o Needed :

e Meaning of '~": objective function.
e Hypothesis class: 5 f.
o Control of model complexity / (structured) sparsity.
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o Goal: x; ~ f(x;) given {(x;,y;)}"_; samples.
o Needed :

Meaning of '~": objective function.

Hypothesis class: F 5 f.

Control of model complexity / (structured) sparsity.
Non-linear features.
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o Goal: x; ~ f(x;) given {(x;,y;)}"_; samples.
o Needed :

Meaning of '~": objective function.

Hypothesis class: F 5 f.

Control of model complexity / (structured) sparsity.
Non-linear features.

Optimization algorithms.
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Linear regression
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Least squares (LS): univarite case

o Samples: {(x;,v;)}/_y, xi,yi € R.
e Prediction: §; = f(x;) = by + b1x;.
@ bg: intercept, by: slope.
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Least squares (LS): univarite case

e Samples: {(x;, i)}, xi,yi € R.
e Prediction: §; = f(x;) = by + b1x;.
@ bg: intercept, by: slope.

Fitting a line :

We minimize the {§; — y;}7_; residuals in quadratic sense. J
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1 n
—2 (%) y, — min .
n i=1 feF

Hypothesis class: affine functions, i.e.

Z{X'—>b0+b1XZb0,b1€R}.
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Linear regression: multivariate case

e Samples: {(x;,yi)}"_;, xi e RP, y; e R.
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Linear regression: multivariate case

e Samples: {(x;,yi)}"_;, xi e RP, y; e R.

o Hypothesis class: f(z) = (b,z) = 37, bz

Zoltan Szabé Regression



Linear regression: multivariate case

e Samples: {(x;,yi)}"_;, xi e RP, y; e R.
o Hypothesis class: f(z) = (b,z) = 37, bz
e Prediction: ; = f(x;) = (b,x;) = x/ b.
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Linear regression: multivariate case

Samples: {(xj,yi)}7_;, xi e RP, y; e R.

o Hypothesis class: f(z) = (b,z) = 37, bz
e Prediction: y; = f(x;) = (b,x;) = x,-Tb.
@ Objective:

mbin J(b) := %Z[Yi — F(x;)]?
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Linear regression: multivariate case

e Samples: {(x;,yi)}"_;, xi e RP, y; e R.
o Hypothesis class: f(z) = (b,z) = >)7_, bjz;.

4
e Prediction: y; = f(x;) = (b,x;) = Xin-
@ Objective:
1 1| P
inJ(b) == — i — (x> == S R
o J(b) = 5 3= AP = | ¢ b |
= Xp Yn 2
—— N~——
X y
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Linear regression: multivariate case

Samples: {(xj,yi)}7_;, xi e RP, y; e R.

o Hypothesis class: f(z) = (b,z) = 37, bz
e Prediction: y; = f(x;) = (b,x;) = x,-Tb.
@ Objective:
1 n 1 Xy 1 2
minJ(b) := — > lyi = F)PP = || b= |
=t X,Z— Yn 2
—_— —_—
X y

= 1Xb-y)"(Xb-y) ek
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Linear regression: multivariate case

Samples: {(xj,yi)}7_;, xi e RP, y; e R.

o Hypothesis class: f(z) = (b,z) = 37, bz
e Prediction: y; = f(x;) = (b,x;) = x,-Tb.
@ Objective:
1 n 1 Xy 1 2
minJ(b) := — > lyi = F)PP = || b= |
=t X,Z— Yn 2
—_— —_—
X y

= 1Xb-y)"(Xb-y) ek

@ X is called the design matrix.
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Least squares objective

Objective to minimize:

1(Xb —y)"(Xb —y) — min .

Jb) = =
() n beRP
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Least squares objective

Objective to minimize:

1(Xb —y)"(Xb —y) — min .

J(b) B E beRP

J is [quadratic. = To get b:

0=2b _ %XT(Xb —y).
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Least squares objective

Objective to minimize:

1(Xb —y)"(Xb —y) — min .

J(b) B E beRP

J is [quadratic. = To get b:

0=2b _ %XT(Xb —y).

This means

X™Xb=X"y = b=(X"X)"1XTy.
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What did we get? — interpretation

Optimal coefficient:
b=( X" X )1 X" 'y

Prediction:

—

X1
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Linear regression: remarks

§=XXTX)"IxTy
(S —
=:H
H:
@ is called hat matrix.
@ projector to span(Xi,...,Xp).

o ¥ = Hy: linear smoothing.
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Linear regression: remarks-2

Recall

XTXb =XTy.

What if X7 X is not invertible? J
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Linear regression: remarks-2

Recall

XTXb =XTy.

What if X7 X is not invertible? J

Several options:
o Take [pseudo-inverse: (X"X)~, i.e. b= (XTX)™ XTy.
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Linear regression: remarks-2

Recall

XTXb =XTy.

What if X7 X is not invertible? J

Several options:
o Take [pseudo-inverse: (X"X)~, i.e. b= (XTX)™ XTy.

o Replace XTX with [XTX + ¢l (c > 0): regularization.
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e M:=XTX

@ For any M € R™*" there is a unique M~ € R™™:

MM™M = M,
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e M:=XTX

@ For any M € R™*" there is a unique M~ € R™™:

MM™M = M,
MMM~ =M,
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e M:=XTX

@ For any M € R™*" there is a unique M~ € R™™:

MMM = M,
M~ MM~ = M~
(MM™)T = MM~
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e M:=XTX

@ For any M € R™*" there is a unique M~ € R™™:

MMM = M,
M~ MM~ = M~
(MM™)T = MM~

(M~M)T = (M~M).
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e M:=XTX

@ For any M € R™*" there is a unique M~ € R™™:

MMM = M,
M~ MM~ = M~
(MM™)T = MM~

(M~M)T = (M~M).
Why is M~ useful? How to compute it?
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Pseudo-inverse: usefulness

Problem: Solution of
Mb =y

might not exist or may not be unique.

Zoltan Szabé Regression



Pseudo-inverse: usefulness

Problem: Solution of
Mb =y

might not exist or may not be unique.

The pseudo-inverse based solution b= M~y handles this issue and

it is 'optimal’.

o |smallest error : for any b € R”

[Mb —y|, > [Mb —y|5.
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Pseudo-inverse: usefulness

Problem: Solution of
Mb =y

might not exist or may not be unique.

The pseudo-inverse based solution b= M~y handles this issue and

it is 'optimal’.

o |smallest error : for any b € R”
[Mb —yl[l; > [Mb —y|.

o |smallest norm : among the b vectors for which '=" holds b
has minimal Euclidean norm.
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Pseudo-inverse: properties

@ Generalization of inverse: if M~ exists, then M~ = M~ 1.
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Pseudo-inverse: properties

@ Generalization of inverse: if M~ exists, then M~ = M~ 1.
@ For R™"30: 0~ =0eR™™.
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Pseudo-inverse: properties

@ Generalization of inverse: if M~ exists, then M~ = M~ 1.

@ For R™"350: 07 =0eR™™.
e For X = diag(o;) € R™*" diagonal:

X" = diag(o; ) e R™™,

Zoltan Szabé Regression



Pseudo-inverse: properties

Generalization of inverse: if M1 exists, then M— = M1,
For R™*"350: 0— =0e R"™™M,
For X = diag(o;) € R™*" diagonal:

X" = diag(o; ) e R™™,
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Pseudo-inverse: properties

Generalization of inverse: if M1 exists, then M— = M1,
For R™*"350: 0— =0e R"™™M,
For X = diag(o;) € R™*" diagonal:

X" = diag(o; ) e R™™,

(M~)™ =M.

o It commutes with transposition: (MT)~™ = (M™)T.
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Pseudo-inverse: properties

Generalization of inverse: if M1 exists, then M— = M1,
For R™*"350: 0— =0e R"™™M,

For X = diag(o;) € R™*" diagonal:

X" = diag(o; ) e R™™,

if o =
o (M™) =M.
o It commutes with transposition: (MT)~™ = (M™)T.
o With scalar multiplication: (cM)~ = 1M~ with c # 0.
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Pseudo-inverse: in case of

Linearly dependent vectors (2 examples):
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Pseudo-inverse: in case of

Linearly dependent vectors (2 examples):

@ If M € R™*" has linearly independent columns (hence

n<m): M~ = (MTM)"IMT.
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Pseudo-inverse: in case of

Linearly dependent vectors (2 examples):

1? Tﬁ‘
@ If M € R™*" has linearly independent columns (hence
n<m): M~ = (MTM)'M7.
@ If M has linearly independent rows:

M~ =MT(MMT) L,
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Pseudo-inverse: computation

One can get M~ from the [SVD of M . J

For an M € R™*" there is a
M=UzV’

factorization
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Pseudo-inverse: computation

One can get M~ from the [SVD of M . J

For an M € R™*" there is a
M=UzV’

factorization, where
e Uc R™ ™ is orthogonal: UTU = 1.
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Pseudo-inverse: computation

One can get M~ from the [SVD of M . J

For an M € R™*" there is a
M=UzV’

factorization, where

e Uc R™ ™ is orthogonal: UTU = 1.
@ Ve R"™" is orthogonal.
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Pseudo-inverse: computation

One can get M~ from the [SVD of M . J

For an M € R™*" there is a
M=UzV’

factorization, where

e Uc R™ ™ is orthogonal: UTU = 1.
@ Ve R"™" is orthogonal.
e X = diag(o;) € R™*" is diagonal with non-negative entries, \.
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Pseudo-inverse: computation

One can get M~ from the [SVD of M . J

For an M € R™*" there is a
M=UzV’

factorization, where
e Uc R™ ™ is orthogonal: UTU = 1.
@ Ve R"™" is orthogonal.
e X = diag(o;) € R™*" is diagonal with non-negative entries, \.
@ oj: singular values.
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Pseudo-inverse: intuition

Let M e R™*™,

rotate o scale o rotate .
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SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.
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SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.

o M| =4/>.0%(M). (Frobenius / Hilbert-Schmidt norm)

]

Zoltan Szabé Regression



SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.
o M| =4/>.0%(M). (Frobenius / Hilbert-Schmidt norm)

]

e |[M| = o1(M). (operator norm)
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SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.

o [M|; =4/X;02(M). (Frobenius / Hilbert-Schmidt norm)
e |[M| = o1(M). (operator norm)
@ Schatter p-norm:

1
p

M|p=<ZJf’(M)> , pell o]

Notes:
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SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.

o M| =4/>.0%(M). (Frobenius / Hilbert-Schmidt norm)

1
e |[M| = o1(M). (operator norm)
@ Schatter p-norm:

1
p

M|p=<ZJf’(M)> , pell o]

Notes:
e Spec.: p =2 (Frobenius), p = o (operator norm), p =1
(nuclear/trace norm).
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SVD reveals 'everything' on the matrix

Examples:

e rank(M) = # of non-zero oj-s.

o M| =4/>.0%(M). (Frobenius / Hilbert-Schmidt norm)

1
e |[M| = o1(M). (operator norm)
@ Schatter p-norm:

1
p

M|p=<ZJf’(M)> , pell o]

Notes:
e Spec.: p =2 (Frobenius), p = o (operator norm), p =1
(nuclear/trace norm).
o [M], < [M]; < [M];.
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Nuclear norm: intuition

Low-rank view:
-
M = ZU,’U,’VJ- s
i

My = ol =7 loil .

1
g

Zoltan Szabé Regression



Nuclear norm: intuition

Low-rank view:
-
M = ZU,’U,’VJ- s
i

My = ol =7 loil .

1
g

|o||; 'captures’ the # of nonzero o;. [Low=rank structures (CF):

U ]
AL ke || &
B & - | $ | $
C A | | | ¥
D&I¥ i
Ed| s || ?| ¢
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Pseudo-inverse from SVD

Option-1:
@ For M =UXV'T, we have M— = VX UT.

Option-2:

This corresponds to a certain form of regularization.
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Ridge regression
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From least squares to ridge regression

@ Least squares:

training error
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From least squares to ridge regression

@ Least squares:

training error

@ Ridge regression:

n

Jb) = 23 [tbxi) — 2+ BB
i=1 ——

regularization

training error

e A > 0: trade-off parameter,

||b||§ : "complexity control’, uniqueness.
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Solution of ridge regression

Similarly to least squares:

_ aJ(b) 'same’ calculation

0 db
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Solution of ridge regression

Similarly to least squares:

0= aJ(b) 'same’ calculation
~ ob
(XTX + Anl)b = XTy,
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Solution of ridge regression

Similarly to least squares:

0= aJ(b) 'same’ calculation
~ ob
(XTX + Anl)b = XTy,

b= (XTX+Anl)"IXTy.
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Solution of ridge regression

Similarly to least squares:

0— aJ(b) 'same’ calculation
db
(XTX 4+ Anl)b = X"y,

b= (XTX+Anl)"IXTy.

Anl: regularization.
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Ridge regression:

Estimated coefficient:
b= (X"X+Anl)"1XTy.

Prediction:

<>
I

X

o
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Ridge regression:

Estimated coefficient:
b= (X"X+Anl)"1XTy.
Prediction:

§=Xb=XX"X+Anl)"IXTy.

H
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Least squares, ridge regression, next?

@ Least squares:

o Ridge regression:

1 n
J(b 72 (b,x;) — yi]* + A|b]3.

3
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Least squares, ridge regression, next?

@ Least squares:

o Ridge regression:

1 n
J(b *Z (b, x;) )//] +)‘”bH2

3

@ Non-linear extension: We want to write

J(b) =+ 3 [4b. o) — il + AlbIP.
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Recall we are interested in:

@ Polynomial / higher order features:

o(x) =[1;x; X2 .. ;x],
o(x) = [xix](ij)-
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Recall we are interested in:

@ Polynomial / higher order features:

o(x) =[1;x; X2 .. ;x],
o(x) = [xixi](ij)-

o Aerosol prediction: x; = it |distribution| / bag.
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©(x) why?

Recall we are interested in:

@ Polynomial / higher order features:

o(x) = [l;x;xz; oo xT,

p(x) = [xix] (i j)-

o Aerosol prediction: x; = ith _/ bag.

e Emotion recognition: x; = _ of muscle activities.

Happily
surprised
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )

{p(x), (X)) =7
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )

Xt (x1)?
{p(x),0(x)) = <[\@<21X2] : [\@(X{)2(Xé)]>

X2
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )
2

Xt (x1)
{p(x),0(x)) = <[\@<21X2] : [\f((xli))gx )]>

= X3 ()% + V2V2x1x(x) () + x5 (x3)°
2
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (va \/§X1X27 X22>
2

x? (x7)
{p(x),0(x)) = <[\@;1X2] : [\F(Xli)(xé)]>
3 (x3)?
= ()% + V22 x00(x) (36) + 33 (x5)?
2

= (X1X{ + X2X§)2
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )

Xt (x1)?
{e(x), 0(x)) =< Vx| | V2(x) () >
x5 (x5)?
= X3 ()% + V2V2x1x(x) () + x5 (x3)°
2

= (X1X{ + X2X§)2

) <{§j ’ Kﬂ>2 = X = k(x,X).
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )

Xt (x1)?
{e(x), 0(x)) =< Vx| | V2(x) () >
x5 (x5)?
= X3 ()% + V2V2x1x(x) () + x5 (x3)°
2

= (X1X{ + X2X§)2

) <{§j ’ Kﬂ>2 = X = k(x,X).

(x, ¥V = (p(x), o(x')): @(x) = d-order polynomial. =
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Quadratic & polynomial features

For simplicity in R?:

SO(X) = (X:%v \/§X1X27X22> )

Xt (x1)?
{e(x), 0(x)) =< Vx| | V2(x) () >
x5 (x5)?

Xt (x)? +\F\f2x1><2(x)( x5) + 3 (x5)?

(X1X1 + X2X2)2

) <{§j ’ Kﬂ>2 = X = k(x,X).

(x, ¥V = (p(x), o(x')): @(x) = d-order polynomial. = Explicit
computation would be heavy!
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Classification motivation: linear separability

Idealized situation

A
e © & ..
@ @
A ..
®a@
@
Decision surface:

{x:(w,x) =0}
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Classification motivation: linear separability

Idealized situation

A
o © & .
o . @
@ @
A ..
2aé
@
Decision surface:
{x:(w,x) =0} =
classes:
{x:(w,x) >0} {x:(w,x) <0}
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Classification motivation: non-linear separability

Idealized situation Real world
A B
o 20°
o © .0 @ .. @
®e o ¢ 0q0.0
® - '@ ® o
® g0 ® o . o%e ®
o0 @ €] @
® &) @

Decision surface (left):
{x:(w,x) =0} =
classes:
{x:(w,x) = 0} {x:(w,x) <0}.
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Non-linear separability — continued

On the ellipse

a2 b2

{x a—a)’ L e @) _ 1}
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Non-linear separability — continued

On the ellipse, outside

{x a—a)’ L e @) _ 1}7

a2 b2

{X: (a=a)  ba—a) 1}

a
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Non-linear separability — continued

On the ellipse, outside, inside:

fuo boma? bl ),

b2
a—a) | (e-o)?
{x ; " + b >17,
Ca—a) | (e o)
{x : 7 + % <13.
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Non-linear separability — continued

On the ellipse, outside, inside:

{x- (><1*<—‘1)2Jr X2*C2

322

{X'(Xl_cl)2+ 2—62 1{
T
}.

{X' (Xl —C1)2 i X2—C2

32

=1

\/

<1

With polynomial feature: (%) = (5, x1, L, x5, %) :

@ Decision surface: {x: (w,¢(x)) = 0}.
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Non-linear separability — continued

On the ellipse, outside, inside:

2
- —c

{x: (xa azcl) + X2 2 1}
_ 2 _

{x: ba a;l) ;e C2 > 1}
_ 2 _

{x: La a2C1) | be C2 < 1}

With polynomial feature: (%) = (5, x1, L, x5, %) :
@ Decision surface: {x: (w,¢(x)) = 0}.
o Classes: {x: (w,p(x)) > 0}, {x: (w,¢(x)) < 0}.
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WKernel: similarity between features

e Given: x and x’ objects (images/texts/time
series/distributions).
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WKernel: similarity between features

e Given: x and x’ objects (images/texts/time
series/distributions).

@ Question: how similar they are?
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WKernel: similarity between features

e Given: x and x’ objects (images/texts/time
series/distributions).

@ Question: how similar they are?

@ Define features of the objects:

©(x) : features of x,

©(x') : features of x'.

o Kernel: inner product of these features

T

It is a simple extension of k(x,x’) = x'x'; in that case p(x) = x. J

Zoltan Szabé Regression



Kernel examples on RY (v > 0,pe Z")

@ Polynomial kernel:
k(x,x') = ((x,x") +7)P.
@ Gaussian kernel:

k(x,x') = e VIx=xI3,

Zoltan Szabdé Regression



_BE——

Kernels exist on:
@ Trees, time series, strings,

@ mixture models, or linear dynamical
systems,

@ sets, fuzzy domains, distributions,
@ groups 2pee, permutations,

@ graphs.
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) c RY

k(-,x) € H, f(x) ={f k(- x))gc .
——

' reproducing property
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) c RY

k(-,x) € H, f(x) ={f k(- x))gc .
——

' reproducing property

k(X/,X) = <k('7xl)> k(',X)>g.(.

spec.
—_
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) c RY

k(-,x) € H, f(x) =< k(- x))g .
N ) N

' reproducing property

= k() = k(X)) [ B0 R G XON|
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Kernels, RKHS: Definition-2

@ Def-1 = feature space point of view, k(a, b) = (¢(a), ¢(b))4.
@ Def-2 = constructive. k: X x X — R is a |reproducing kernel of a
H(ilbert) c RY

k(-,x) € H, f(x) ={f k(- x))gc .
——

' reproducing property

= k() = k(X)) [ B0 R G XON|

This is what we will use in non-linear ridge regression!

f(x) = (b,x) < f(x) = <{f, p(x)s.
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.
o Intuition: X :=RY, data matrix X = [xg,...,x,] € R¥*" then

G : = XTX = [<Xi7)(j>2]7,j=1 > 0.
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.

o Intuition: X :=RY, data matrix X = [xg,...,x,] € R¥*" then
G :=XTX = [(x;,),]7,_; > 0.
i.e.
G'=G (symmetry),
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.

o Intuition: X :=RY, data matrix X = [xg,...,x,] € R¥*" then
G :=XTX = [(x;,),]7,_; > 0.
i.e.
G'=G (symmetry),

viGy =v X Xv = ||XVH§ >0 (YveRY).
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.

o Intuition: X :=RY, data matrix X = [xg,...,x,] € R¥*" then
G :=XTX = [(x;,),]7,_; > 0.
i.e.
G'=G (symmetry),

viGy =v X Xv = ||XVH§ >0 (YveRY).

@ k: X x X — R symmetric| is | positive definite| if

G= [k(X,',Xj)]ZJ':l >0 Vne Z+,V{X,' 7:1.
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Kernels: Definition-3

o Def-3: [Gram matrix|, optimization point of view.

o Intuition: X :=RY, data matrix X = [xg,...,x,] € R¥*" then
G :=XTX = [(x;,),]7,_; > 0.
i.e.
G'=G (symmetry),

viGy =v X Xv = ||XVH§ >0 (YveRY).

@ k: X x X — R symmetric| is | positive definite| if

G = [k(xi,x)]7j=1 =0 Vne ZF YV {xi}y.

Importance
In non-linear ridge regression we will invert G + Anl > 0!
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want

e Example-1: For H := (C[0,1], ])

[fa(x) — F(x)] < max_|fy(x) — F(x)| = | — fll, =20,
x€[0,1]
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Kernels: Definition-4 — motivation

@ Def-4 intuition: We want

e Example-1: For H := (C[0,1], ])

[fa(x) — F(x)] < max_|fy(x) — F(x)| = | — fll, =20,
x€[0,1]

but no inner product in C[0, 1] (parallelogram rule: violated).

Zoltdn Szabé Regression



Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

o f, =5, 0:= f* € H since

1 1/2
Tim [fy — O] 20 = lim (L indx)
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

o f, =5, 0:= f* € H since

- 1/2 x2n+1 x=1
. T n — |
n||—>moo an - OHLZ[O,l] - n||_>moo (J;) X dX) B ”Il_’moo [2n + 1:|x—0
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

° f, 2%, 0 := f* € H since

1/2 X2n+1 x=1
lim_|fo — O 20,1) = Iim( 2”dx> = lim [ }

n—o0 n—o0 2n+1 =0

lim ——=20,

n—ao \/2n +1
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Kernels: Definition-4 — continued

Let us now try a Hilbert space: 3 = L2[0,1] > f,(x) = x" (simple).

° f, 2%, 0 := f* € H since

1/2 X2n+1 x=1
lim_|fo — O 20,1) = Iim( 2”dx) = lim [ }

n—ao n—a0 2n+1 X—0
= lim ——=0,
n—ao \/2n +1

e but f,(1) = 1 - £*(1) = 0.

In L?: norm convergence = pointwise convergence . J
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

ox(f + &)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +8)(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f+8)(x) = f(x) + g(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (F+8)(x) = f(x) + g(x) = 0x(F) + dx(g),
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

O0x(f +g) = (F+g)(x) = f(x) + g(x) = () + ox(g),
8x(AF)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (M) (x)

Zoltan Szabé Regression



Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
Ix(AF) = (M) (x) = Af(x)
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Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (AF)(x) = Af(x) = Adx(f).




Kernels: Definition-4

e Evaluation functional: d,(f) := f(x) is linear

0x(f +g) = (f +g)(x) = f(x) + g(x) = 0«(f) + dx(g),
x(AF) = (AF)(x) = Af(x) = Adx(f).

o Def-4 (evaluation point of view): H = R¥ Hilbert space,
Oy :feH—f(x)eR

is continuous for all x ¢ X.
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Relation of Definition 1-4

@ Def-1 (feature space):
k(a,b) = (#(a), ¢(b))g -
@ Def-2 (reproducing kernel, constructive):
k(-,x) e X, f(x) =<{f, k(-, x))g.

o Def-3 (Gram matrix): G = [k(x;, x;)] > 0.

):
@ Def-4 (evaluation): dx(f) = f(x) is continuous for all x.
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Relation of Definition 1-4

@ Def-1 (feature space):

k(a, b) = (v(a), (b)) -

Def-2 (reproducing kernel, constructive):

k(-,x) e X, f(x) =<{f, k(-, x))g.

Def-3 (Gram matrix): G = [k(x;, xj)] > 0.

):
Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.

All these definitions are [equivalent|, k 2 H.

Trickiest direction (Moore-Aronszajn theorem):

k positive-definite function construction, RKHS.
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/>:{ -1, ifx=x }
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel? \
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel? \
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel?

k(x,x) = (p(x), p(3)gc = lo(x)ll3; >0 (Gram with n = 1),
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Kernel puzzle

Let

X ={0,1},

1, ifx#xX
k(X’X/):{ -1, ifx=x }

Is k a kernel? \

e(x))gc = le(x)5=0 (Gram with n = 1),
k(0,0) = k(1,1) = -1 (in our case).

Zoltan Szabé Regression



Kernel ridge regression
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Kernel ridge regression

o Given: {(xj,yi)}i_qy, H = Hy, yi e R.
e Task (A > 0):

1 n
Z flIz, —
- §: I+ A5 — min.
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Kernel ridge regression

o Given: {(xj,yi)}i_qy, H = Hy, yi e R.
e Task (A > 0):

1 n
Z flIz, —
- §: I+ A5 — min.

@ Analytical solution:

= " D7 yi; -5 val,
F(x) = [k(xa, %), .. kO, X)](G + Anl) ™" [y1; -5yl
1xn nxn nx1
G= [k(xiaxj)]?,jzl'
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Kernel ridge regression

o Given: {(xj,yi)}i_qy, H = Hy, yi e R.
e Task (A > 0):

1 n
Z fls, —
- §: I+ A5 — min.

@ Analytical solution:

= " D7y yvnl,
f(x) [k(xl,x), k(X ,X)J(G +Anl)" [ V)
1xn nxn nx1
G= [k(xiaxj)]?,jzl'

How do we get this solution?
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1

Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5
j=1
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1

Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5

— |y — Ga|3 + (An)a’ Ga
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1

Multiplying the objective by n, using the reproducing property:

J(F) = Dy — (£ k(ox))gcl? + An |15
j=1

ly — Ga|3 + (An)a’ Ga
y'y—2y"Ga+ aT[G2 + (An)G]a.
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1

Multiplying the objective by n, using the reproducing property:

2 X)) gc)? + An [ F]5

Jj=
|

ly — Ga|2 + (An)a’ Ga
y'y—2y"Ga+ aT[G2 + (An)G]a.

Solving 0 = 22, one gets a* = (G + Anl)~!
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Kernel ridge regression

By the representer theorem

F(x) = aik(-, x).

i=1

Multiplying the objective by n, using the reproducing property:

J(F) = Y[y — (F k(. ))gc)? + An | 5
j=1

— |y — Ga|3 + (An)a’ Ga
=y'y—2y"Ga+ aT[G2 + ()\n)G]a.

Solving 0 = 2, one gets a* = (G + Anl)~ly by
0a
TB o T
8a6a S~ (B+BT)a, == -
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S

e Given: {(x;,yi)}"_,, say classification/regression.

@ Goal:

— 2 i
J(E) = Va1, F 6. Yo Fxn)) + (17, ) — i,

r : monotonically increasing.
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S

e Given: {(x;,yi)}"_,, say classification/regression.

o Goal:
— 2\ o
J(E) = Va1, F 6. Yo Fxn)) + (17, ) — i,
r : monotonically increasing.

@ Example:

V() ==Y (%) — yil? (regression),

1 n
V(...)= - Z max(1 — y;f(x;),0) (soft classification).
i=1
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Representer theorem — continued

...then

o | solution in the form:
f* = Z?:l a,-k(-,x,-) s aj € R.

@ r: strictly increasing = V solution is of this form.

e Example: r(z) = Az, A > 0.
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Representer theorem — proof

Objective
2 .
J(F) = V(xt, y1, £(X0)s- - s X Vs F(30)) + 1 (HfHHJ ~ min.

Decompose & Pythagorean theorem:

S =span (k(-,xi),i=1,...,n),
f=fs+ 1,
2 2 2 2
[£15¢, = IFsll3e, + 1£105c, = [fsl3, -

>0
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Representer theorem — proof

Objective
JE) = Va1, FGa), o Xm Yo Fxa)) + 1 (1], ) — min.
k

Decompose & Pythagorean theorem:

S =span (k(-,xi),i=1,...,n),

f=fs+ 1,

2 2 2 2

[#15¢, = Ifsl5e, + [FLl5e, = Ifsae, -
>0

InJ

o 1st term: depends on fs only, f(x;) = (f, k(,xi))g, =
(fs + fi, k(- xi))gc, = (fss k(- Xi))ge, -
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Representer theorem — proof

Objective
JE) = Va1, FGa), o Xm Yo Fxa)) + 1 (1], ) — min.
k

Decompose & Pythagorean theorem:

S =span (k(-,xi),i=1,...,n),

f=fs+ 1,

2 2 2 2

[#15¢, = Ifsl5e, + [FLl5e, = Ifsae, -
>0

InJ

o 1st term: depends on fs only, f(x;) = (f, k(-, )3, =
(fs + fL, k(- xi)) g, = (fs, k(- xi))gq, -
@ 2nd term: can only decrease by neglecting | (r /).
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Regression on

@ Given:
o labelled bags: {(]@;,y,-)}LP P, bag from P;, N := |P;|.
o test bag: .
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Regression on

o Given:
o labelled bags: {(P;,y)}
e test bag: .

n

iy it bag from P;, N := ;.

@ Estimator:

N 1 n 2
f =argmin— ) _ [f s ) — ,-] + M]3 .
gm Dy |f(e,) — . |15

feature of IP;
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Regression on

e Given:
o labelled bags: {(P/,y:)}"_,, P;: bag from P;, N := |Py].
o test bag: P.

@ Estimator:

PN 1 n 2 2
f =argmin— ) | [f . —)/i] + A fll5e, -
fedt N 21:1 (1g,) Tk

@ Prediction:

¢
& = [K(ue15,)], G = [K(up,, ) ]y = il
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Regression on

e Given:
o labelled bags: {(P/,y:)}"_,, P;: bag from P;, N := |Py].
o test bag: P.

@ Estimator:
1

A n 2
f =argmin— ) | [f . —)/i] +>\||f“2 -
Fedix nZ,:1 (1g,) T

@ Prediction:

¢
& = [K(ue15,)], G = [K(up,, ) ]y = il
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Distribution representation via functions

P pp = {5 o(x)dP(x) .
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P — Fp(2) = Ex<pX(—c0,2)(X)-
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P — Fp(z) = ExapX(—c0,z)(X)-

@ Characteristic function:

P cp(z) = J e/ @X dP(x).
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P — Fp(2) = Ex<pX(—c0,2)(X)-

@ Characteristic function:
P cp(z) = J e/ @X dP(x).
@ Moment generating function:

P — Mp(z) = Je<27X>dIP> (x).
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Distribution representation via functions

P pp = {5 o(x)dP(x) .

o Cdf:

P — Fp(2) = Ex<pX(—c0,2)(X)-

@ Characteristic function:
P cp(z) = J e/ @X dP(x).
@ Moment generating function:

P — Mp(z) = Je<zvx>dIP> (x).

©: on any kernel-endowed domain! ¢(x) :
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How to compute K(u5, 1g)?

Powe
e o~ P

| .
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Set kernel

Computation:

1 m n

K(Pm, Qn) := (NIP’m7NQn>J{k = Z Z k(xi, yj)-

mn
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Local wrap-up

@ Least squares (A = 0):

1< :
,Z [(b,x;) — yi] 2 min.

3

beRP

e Ridge regression (k(x,x") = (x,x")):

n

1 .
J(b) = N Z[<b,x,‘> — P+ Hng — min .
i=1

o Kernel ridge regression:

1 ¢ :
J(F) = 4 21Fs 90a))gg, —vil? + M fl5e, — min .
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Sparsity
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Sparse coding

@ Least squares (minor rescaling):
J(b) = = |ly — Xb|5 — min .
(b) = 5 lly = Xb[; — min
o Sparse coding :
Jb) = Sy~ XbJZ > mi
=—|y— —  min .
i 2 beRre:|b|,<B

B € Z*: max # of non-zero coordinates in b.

interpretability /computation / JPEG
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Sparse coding: [Solution]

All subset method:
e Easy: tryall S {1,...,p}, |S| < B.
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Sparse coding: [Solution]

All subset method:
e Easy: tryall S {1,...,p}, |S| < B.
@ Solve: Xg restriction of X to the columns in S,

1 5 .
J(bs) = 5 ly — Xsbs|5 — br;"'e'ﬁp-
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Sparse coding: [Solution]

All subset method:
e Easy: tryall S {1,...,p}, |S| < B.
@ Solve: Xg restriction of X to the columns in S,

1 5 .
J(bs) = 5 ly — Xsbs|5 — br;"'e'ﬁp-

@ Pick the S for which J(bs) is minimal!
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Sparse coding: [Solution]

All subset method:
e Easy: tryall S {1,...,p}, |S| < B.
@ Solve: Xg restriction of X to the columns in S,

1 2 .
J(bs) = 5 ly — Xsbs|; — b'?elﬁp'
@ Pick the S for which J(bs) is minimal!

The end? J

Zoltan Szabé Regression



Number of subsets

o |S|=1:(§) =p.
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Number of subsets
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Number of subsets
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Number of subsets

o |S|=1:(§) =p.
o [S|=2: (5) =21 = 9(p?).
o |S|=B: (§) = 0(p®).

In total: 37, (°) = [O(p5) .

"Almost’ scalable! )
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Sparse coding

@ Sparse coding-1:

1 » .
J(b) = = |y — Xb|2 — .
(b) =2 ly 2 beriil

@ Sparse coding-2 (B e R"):
1 2 .
J(b) = S |ly = Xb[3 — _min (1)

2 beRe:|b|,<B’

where |bll; = X7, |bjl.
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Sparse coding

@ Sparse coding-1:

1 » .
J(b) = = |y — Xb|2 — .
(b) =2 ly 2 beriil

@ Sparse coding-2 (B e R"):

1 2 _
J(b) = = |y — Xb[3 — , 1
(b) =3 ly=Xblz = min _, (1)

where |bll; = X7, |bjl.

@ Lasso: (1) is equivalent (for some A > 0) to

J(b) = |3y = Xb|5 £ A bl — min .
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@ |b|;: convex relaxation of ||b],.
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@ |b|;: convex relaxation of ||b],.
o If b is sparse and X is RIP: ||-|; minimization is equivalent ||-|,.
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@ |b|;: convex relaxation of ||b],.
o If b is sparse and X is RIP: ||-|; minimization is equivalent ||-|,.
@ In terms of objective:
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Lasso solver: ISTA/FISTA

1 .
J(b) = 5 Iy = XbJ + A bl — min.
—

%/_J ]
—:f(b) =:g(b)
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Lasso solver: ISTA/FISTA

1 .
J(b) = 3 ly —XbJ3+ A[b], — min.
—— b

—:f(b) =:g(b)

@ f: smooth convex,

|Vf(a) ~ VF(b)l, < L Ja—b], Va,b.

>0
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Lasso solver: ISTA/FISTA

1 .
J(b) = 3 Iy — X[ + Al — min.
— b

—f(b) =&(b)

@ f: smooth convex,

[Vf(a)~ Vf(b)l, < L [a~b|, Vab.

>0

Example: f(b) = 1 |y — Xb|3, smallest L = Amax (XTX).
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Lasso solver: ISTA/FISTA

1 .
J(b) = 3 Iy — X[ + Al — min.
— b

—f(b) =&(b)

@ f: smooth convex,

[Vf(a)~ Vf(b)l, < L [a~b|, Vab.

>0

Example: f(b) = 1 |y — Xb|3, smallest L = Amax (XTX).

° g: continuous, convex, often nonsmooth.
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
bt = btf]_ - 5tVf(bt,1) =

1
b; = argmin [f(bt_l) + (b —b;_1,VF(bs_q1)) + %5, b — bt_1|§] .
b t
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
bt = btf]_ - 5tVf(bt,1) =

: 1
b; = arg min [f(bt_l) + (b —b;_1,VF(bs_q1)) + %5, [b— bt_1|§] )
b t
@ Quadratic approximation of f + g at y:

(F+ 8)u(b.y) = F(y) + (b—y. VF(y) + 5 [b—yl3+ g(b).
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
bt = btf]_ - 5tVf(bt,1) =

: 1
b; = arg min [f(bt_l) + (b —b;_1,VF(bs_q1)) + %5, [b— bt_1|§] )
b t
@ Quadratic approximation of f + g at y:

(F+ 8)u(b.y) = F(y) + (b—y. VF(y) + 5 [b—yl3+ g(b).

pL(y) == argbmin (?/—F\g)L(b,y)
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ISTA '=" gradient descent

e Gradient descent (0; > 0):
bt = btf]_ - 5tVf(bt,1) =

: 1
b, = argbmln [f(bt_l) + (b —b;_1,VF(bs_q1)) + %5, [b— bt_1|§] )
t
@ Quadratic approximation of f + g at y:

(F+ 8)u(b.y) = F(y) + (b—y. VF(y) + 5 [b—yl3+ g(b).
2
|

puy) == argmin (f + g), (b,y)

b

— arg min [g(b) + é ‘b - (y - in(y)>

b



ISTA '=" gradient descent

e Gradient descent (0; > 0):
bt = btf]_ - 5tVf(bt,1) =

: 1
b, = argbmln [f(bt_l) + (b —b;_1,VF(bs_q1)) + %5, b — bt_1|§] .
t
@ Quadratic approximation of f + g at y:

(F+ 8)u(b.y) = F(y) + (b—y. VF(y) + 5 [b—yl3+ g(b).
2
|

prly) = argmin (7 -+ £), (b,)

- argbmin [g(b) + é ‘b - (y - in(y)>

1
= proxi, (y - LVf(y)) :



ISTA: L given

1: Init: bg
2. forallt=1:T do
3: by = p (bt—1) < gradient descent + 'projection’
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ISTA: L given

1: Init: bg
2. forallt=1:T do
3: by = p (bt—1) < gradient descent + 'projection’

Notes:

@ L: does not have to be known — backtracking.
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ISTA: L given

1: Init: bg
2. forallt=1:T do
3: by = p (bt—1) < gradient descent + 'projection’

Notes:

@ L: does not have to be known — backtracking.

o Convergence: O (#) in J-sense.
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FISTA: L given

1. Init: y1 = bg, 61 =1
2: forallt=1:T do
33 by =pr(ye)

1+4/1+462
4 Opp1=—H—
6r—1

5 Yer1 = by + S (bt — b 1)
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FISTA: L given

1. Init: y1 = bg, 61 =1
2: forallt=1:T do
33 by =pr(ye)

1+4/1+462
4 Opp1=—H—
6r—1

5 Yer1 = by + S (bt — b 1)

Notes:

@ L: not needed — backtracking.
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FISTA: L given

1. Init: y1 = bg, 61 =1
2: forallt=1:T do
33 by =pr(ye)

1+4/1+462
4 Opp1=—H—
6r—1

5 Yer1 = by + S (bt — b 1)

Notes:

@ L: not needed — backtracking.

1

e Convergence: O () in J-sense.
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Local summary: ISTA/FISTA

We can solve

1 .
J(b) = 3 Iy = Xb[3+ A bl — min
—— b

—F(b) =g(b)

type sparse coding problems quickly if
ViV,

. 1
proxg(v) = arg min [g(y) + > ly — V’%] v
y
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Prox: generalization of projection

proxg = Euclidean projection onto C if

0 yeC(C,

gly) =lcly) = {OO yéC.
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Prox: properties

Our case: g(y) = >, [¥ml-
@ Separable g: for g(y) = Zf\n/’:l gm(Ym)

proxg(yi,...,Ym) = [proxg (¥1); . - . ; proxg, (ym)] -
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Prox: properties

Our case: g(y) = >, [¥ml-
@ Separable g: for g(y) = Zf\n/’:l gm(Ym)

proxg(yi,...,Ym) = [proxg (¥1); . - . ; proxg, (ym)] -

e For g(y) = |y

Shrinked Coefficients

dE kA e om s &
N

0 2 4
Coeflicients
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Lasso optimization: coordinate descent

@ Objective:
1 2
J(b) = 5 |y — Xb[; + A[b], .

@ Coordinate descent:
1. Init: b.
2: repeat
33 forallj=1:pdo
4 bj — argmin,, J(b) .
5

. until convergence
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Lasso: coordinate descent

o Objective: J(b) =1 |y — Xb|3 + A |b];.
e b¥ =argmin, J(b):

b¥ optimal « O e a[b%t;(b)](b}“).
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Lasso: coordinate descent

o Objective: J(b) =1 |y — Xb|3 + A |b];.
e b¥ =argmin, J(b):

b¥ optimal « O e a[b%t;(b)](b}“).
@ This gives

Sl $ o)

i=1 a=1;a#j

Zj = Z(Xij>27

i=1
b¥ = 15 DY
- (pﬁ )7

) )
Zj

where S(-, \) is the soft-thresholding at A.
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Lasso: extensions — FISTA handles them

Structured sparse coding (A > 0):

1
J(b) = ly = Xbl3 + A (Ibel») geg
2

— min,
1 b

G : group structure on {1,...,p} = Ugeg.
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Lasso: extensions — FISTA handles them

Structured sparse coding (A > 0):

1
J(b) = ly = Xbl3 + A (Ibel») geg
2

— min,
1 b
G : group structure on {1,...,p} = Ugeg.

Non-overlapping [group Lasso :

@ § = partition: face recognition.
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Lasso: extensions — FISTA handles them

Structured sparse coding (A > 0):

1
J(B) = 5 Iy = XbJ3 + A (Ibsl2) geg

— min,
1 b
G : group structure on {1,...,p} = Ugeg.

Non-overlapping [group Lasso :

@ § = partition: face recognition.

@ prox: block soft-thresholding.
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G: sub-trees & X learning

Overlapping G example:

Zoltan Szabd Regression



G: sub-trees & X learning

Overlapping G example:




Structured sparse coding

Example: time series,

— min .

1 2
J(b) = 5 Iy = Xb3, + | (Ibely)geg| — min

Idea:
o X = [Sp(xl)7 B (p(Xn)].
@ x; samples:

e evolution of facial muscle activities,
e possibly different length.
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Structured sparse coding

Example: time series,

— min .

1 2
J(b) = 5 Iy = Xb3, + | (Ibely)geg| — min

ldea:

o X = [Sp(xl)7 B (p(Xn)].

@ x; samples:
e evolution of facial muscle activities,
e possibly different length.

o G;: indices of samples from the j emotion.
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Structured sparse coding

Example: time series,

— min .

1 2
J(b) = 5 Iy = Xb3, + | (Ibely)geg| — min

ldea:

o X = [Sp(xl)7 B (p(Xn)].

@ x; samples:
e evolution of facial muscle activities,
e possibly different length.

o G;: indices of samples from the j emotion.

@ y = p(x): x = test time series.
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Structured sparse coding

Example: time series,

1
J(b) = 5 |y = XbJ, + A (Ibely) g

— min .
1 beR"

ldea:

o X =[p(x1),...,0(xn)]
X; samples:

e evolution of facial muscle activities,
e possibly different length.

G;: indices of samples from the jt emotion.

y = p(x): x = test time series.
k(x,x") = (o(x), (X)) ¢, -
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@ Reformulation:

2
n
Jb) = 3 [ = D el + A (1b6]) geg|, = min <
p .
T T T :
Jib) = <2b Gb —k b) + A (gl geg|, = min,
N S —

£(b) g(b)

where G = [k(x;, x;)] € R™", k = [k(x,x1);...; k(x,xn)] € R".
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@ Reformulation:

2
n
Jb) = 3 [ = D el + A (1b6]) geg|, = min <
p .
T T T :
Jib) = <2b Gb —k b) + A (gl geg|, = min,
N S —

£(b) g(b)

where G = [k(x;, x;)] € R™", k = [k(x,x1);...; k(x,xn)] € R".
@ Optimization: FISTA. Classification:

A

¢ = argmax|bg,|, -
o

Zoltan Szabé Regression



original motivation of kernels, large margin

o Typical task:
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original motivation of kernels, large margin

o Typical task:
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Classification

o Given: {(xj,y;)}"_, samples, y; € {—1,1}.

Vi = f(x;) and y; should have the same sign!
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Classification

o Given: {(xj,y;)}"_, samples, y; € {—1,1}.

Vi = f(x;) and y; should have the same sign!

@ Objective: non-linear SVMC (C > 0)
2 ; > 1 — £ > /.
fg(ln C Zg, Hfu}fk, st.yif(x)=1—¢&,& >0, Vi

mISC|aSSIfIC3tI0n error
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Classification

o Given: {(xj,y;)}"_, samples, y; € {—1,1}.

Vi = f(x;) and y; should have the same sign!

@ Objective: non-linear SVMC (C > 0, primal)

2 .
férj]—(ln C Zf: HfHJ-(kv st yif(xi) 21§, & =0, Vi.

mISC|aSSIfIC3tI0n error

@ Non-linear SVM (dual), still QP:

n
msz o — 2104 iogyiyik(xi, xj), s.t. Z ajyi =0,0 < a; < C(Vi).
i= /,J i=1
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Soft SVMC

Equivalent form:

n

1 2 .

fe"iﬁﬂg ;5,4—2 I3, st yif(xi) &is & i<
n

L2
15 mas (1 (6. 0) 1 5.

=:h(yif(x))
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Soft SVMC

Equivalent form:

n

: 1, 5 _

fgﬂ]-glg /—Zlgl + 2 H Hj'fk’ S Yi (X’) 5/ gl . <
n

1
inC (1_ (), ) 2 IR 7

=:h(yif(xi))
where h(u) = max(1 — u,0) is the 'hinge loss .

We use hinge loss in classification instead of squared. J
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Hard vs soft-SVM classification

The hinge loss is the [convex envelope of the zero-one loss :

z(u) =I,<o, u=yif(x),
h(u) = max(1 — u,0).
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Hard vs soft-SVM classification

The hinge loss is the [convex envelope of the zero-one loss :

z(u) =I,<o, u=yif(x),
h(u) = max(1 — u,0).

3 :
= zero-one loss
== hinge loss
2 L
1
0 L
-2 -1 0 1 2
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Studied task: _

@ Least squares, ridge regression, kernel ridge regression /

Jb) = TS [fbx) — il ) = S [{boxs) — il + A,
J) = 2 S 06) P+ A B,
i=1

1 n
= = 3 (i (x)) + A1,
i=1
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Studied task: _

@ Least squares, ridge regression, kernel ridge regression /

Jb) = TS [fbx) — il ) = S [{boxs) — il + A,
J) = 2 S 06) P+ A B,
i=1

1 n
= = 3 (i (x)) + A1,
i=1

@ Lasso, group Lasso, kernel group Lasso:

1
J(b) =3 |y = Xbl3 + b,
1
J(b) = S lly = Xbl5 + A (b ) geg I

J(b) = %H«p(x) - Z; bjw(Xj)H;k + Al (b6l eg -
p
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@ Optimization:
o Least squares, (kernel) ridge regression: closed form.
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@ Optimization:
o Least squares, (kernel) ridge regression: closed form.
o Lasso, (kernel) group Lasso:

@ coordinate dgscent,
o ISTA Zceleration, pigp
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@ Optimization:
o Least squares, (kernel) ridge regression: closed form.
o Lasso, (kernel) group Lasso:

@ coordinate dgscent,
o ISTA Zceleration, pigp

e SVMC: QP.
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@ Optimization:
o Least squares, (kernel) ridge regression: closed form.
o Lasso, (kernel) group Lasso:

@ coordinate descent,
o ISTA Zceleration, pigp

e SVMC: QP.

@ Applications: house pricing, feature selection, face
recognition, inpainting, collaborative filtering, aerosol
prediction, emotion classification.

Zoltan Szabdé Regression



Thank you for the attention!




