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Motivation: 'classical’ information theory

@ Kullback-Leibler divergence:

KL (P,Q) = JRC, p(x) log [58] dx.
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Motivation: 'classical’ information theory

@ Kullback-Leibler divergence:

KL@&@):tkdp@)mg[Zgg]dx

@ Mutual information:
/@:M@@ﬁ@J
Properties:

Q /(P)>0.
Q@ I/(P)=0<P=a" P,

Alternatives: Rényi, Tsallis, L? divergence. .. Typically: 'X = R% . J
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Kernels on R?: generalization of xy

X =R, >0 k(x,y) = (p(x), o(¥))s
kP(x?Y) = (<X7Y> + 7)p7 k(;(X, Y) = ei’YHX7yH§7

1
ke(x,y) = e VIx¥lz, ke(x,y) =1+ —.
7 lx—yl3
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Kernels on R?: generalization of xy

X =R? y>0: k(x,y) = (p(x), e(¥))3

ko(x,y) = ((x,y) + 7P, ka(x,y) = e xvl5,

1
ke(x,y) = e~ VIxYla, ke(x,y) =1+ —.
v [x —yl3
Kernels exist on various domains! J
-
L, time series w4t NI
WMAMMM A M A *
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_ Some IKEFEIEAFEedMsmais: (v

@ Trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002], time series
[Cuturi, 2011], strings [Lodhi et al., 2002],

@ mixture models, or linear dynamical systems
[Jebara et al., 2004],

@ sets [Haussler, 1999, Gartner et al., 2002], fuzzy domains
[Guevara et al., 2017], distributions
[Hein and Bousquet, 2005, Martins et al., 2009, Muandet et al., 2011],

e groups [Cuturi et al., 2005] 2% permutations [Jiao and Vert, 2016],

@ graphs [Vishwanathan et al., 2010, Kondor and Pan, 2016].
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Kernel, RKHS: intuition

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (¢(a), p(b))s, (Va,be X).

Zoltan Szabd From Distance Covariance to HSIC



Kernel, RKHS: intuition

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (¢(a), p(b))s, (Va,be X).

o Reproducing kernel of a 3 = R*:

k(- a) e I, F(b) = (F, k(- b))sc

——

l reproducing property
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Kernel, RKHS: intuition

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (¢(a), p(b))s, (Va,be X).

o Reproducing kernel of a 3 = R*:

k(- a) e I, F(b) = (F, k(- b))sc

——

l reproducing property

k(a7 b) = <k(/ a)? k(v b)>9‘f

spec.
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Kernel, RKHS: intuition

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (¢(a), p(b))s, (Va,be X).

o Reproducing kernel of a 3 = R*:

k(- a) e I, F(b) = (F, k(- b))ss.

——

l reproducing property

T, k(a, b) = Ck(-2), k(-, b))se. [ = (D GKC )]
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Kernels: +2 definitions

@ Def-1 (feature space):

k(a, b) = (p(a), (b))ge -
@ Def-2 (reproducing kernel, constructive):

k(-,b) € H, f(b)= {f,k(-,b))s.
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Kernels: +2 definitions

@ Def-1 (feature space):

k(a, b) = (p(a), (b))ge -
@ Def-2 (reproducing kernel, constructive):

o Def-3 (Gram matrix): G = [k(x;, x;)]7;_; € R™" > 0.
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Kernels: +2 definitions

Def-1 (feature space):

k(a, b) = (p(a), (b))ge -

Def-2 (reproducing kernel, constructive):

k(-,b) € H, f(b)= {f,k(-,b))s.

Def-3 (Gram matrix): G = [k(x;, x;)]7,_; € R™*" > 0.

):
Def-4 (evaluation): d(f) = f(x) is continuous for all x.

(]
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Kernels: +2 definitions

Def-1 (feature space):

k(a, b) = (p(a), (b))ge -

Def-2 (reproducing kernel, constructive):

k(-,b) € H, f(b)= {f,k(-,b))s.

Def-3 (Gram matrix): G = [k(x;, x;)]7,_; € R™*" > 0.

):
Def-4 (evaluation): d(f) = f(x) is continuous for all x.

(]

All these definitions are [equivalent , k 4 H.

@ We represent distributions in RKHSs: [up € Hx |.
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Distribution representation

P pp = {5 o(x)dP(x) .
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Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)
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Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)

@ Characteristic function:

P cp(z) = j e’ @XdP(x).
Rd

Zoltan Szabd From Distance Covariance to HSIC



Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)

@ Characteristic function:

P cp(z) = j e’ @XdP(x).
Rd

@ Moment generating function:

P Mp(z) = f eZXdP (x).
Rd
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Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F]p(Z) = IE><~IP’X(—c>o,z) (X)

@ Characteristic function:

P cp(z) = f e’ @XdP(x).
Rd

@ Moment generating function:

P Mp(z) = f eZXdP (x).
Rd

p: on any kernel-endowed domain!
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Distribution representation: on kernel-enriched domains

Mean embedding:

e Dirac measure: J — k(-, x).
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Distribution representation: on kernel-enriched domains

Mean embedding:
e Dirac measure: dx — k(-,x). Generally:

up = f k(-, x)dP(x) € H.
N

Bochner integral
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Distribution representation: on kernel-enriched domains

Mean embedding:
e Dirac measure: dx — k(-,x). Generally:

up = f k(-, x)dP(x) € H.
N

Bochner integral

o Jup < §[k(-,x)sq, dB(x) <
H_/

k(x,x)
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Distribution representation: on kernel-enriched domains

Mean embedding:
e Dirac measure: 6y — k(-,x). Generally:

up = f k(-, x)dP(x) € Hy.
&

Bochner integral

o Jup = ([ k(- x)]4, dP(x) £ 0. Assume: bounded k.
%/_/

k(x,x)
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Mean embedding — MMD, HSIC

@ Mean embedding:

pp = L{ k(-,x)dP(x) € Hy.
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Mean embedding — MMD, HSIC

@ Mean embedding:

@ Maximum mean discrepancy:

MMDy (P, Q) = ||k (P) — pk(Q) ]3¢, -
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Mean embedding — MMD, HSIC

"KL divergence & mutual information’ on kernel-endowed domains.

@ Mean embedding:

wk(P) = J k(-,x)dP(x) € Hy.
x
@ Maximum mean discrepancy:

MMDy (P, Q) = ||k (P) — pk(Q) ]3¢, -

e Hilbert-Schmidt independence criterion, k = @M_, km:

HSIC (P) = MMDy (P,@ﬁﬂzlpm)
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Mean embedding — MMD, HSIC

"KL divergence & mutual information’ on kernel-endowed domains.

@ Mean embedding:

wk(P) = J k(-,x)dP(x) € Hy.
x
@ Maximum mean discrepancy:

MMD (P, Q) = |luk(P) — puk(Q)] 3¢, -
e Hilbert-Schmidt independence criterion, k = @M_, km:

HSIC, (P) = MMDy (P,@ﬁntlpm) ,

_ oM
= | et (B) ~ @11t (B |
cross-covariance operator

®IA7/1’:19_C’<m

MMD, HSIC: easy to estimate! )




Mean embedding, MMD: & review

@ Applications:

two-sample testing [Borgwardt et al., 2006, Gretton et al., 2012],
domain adaptation [Zhang et al., 2013], -generalization

[Blanchard et al., 2017],

kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013]

e approximate Bayesian computation [Park et al., 2016], probabilistic

programming [Schélkopf et al., 2015],
model criticism [Lloyd et al., 2014, Kim et al., 2016], goodness-of-fit
[Balasubramanian et al., 2017],
distribution classification [Muandet et al., 2011, Lopez-Paz et al., 2015],
[Zaheer et al., 2017], distribution regression [Szabé et al., 2016],
[Law et al., 2018],

[Kusano et al., 2016].

@ Review [Muandet et al., 2017].

Switching to HSIC ... J
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MMD =<, HSIC

MMD with k = @M k.

M
k (x,x’) = H Km (Xm,x,'n) ,

m=1

HSIC, (P) := MMD, (P,@Q{lem) :
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MMD £, HSIC

MMD with k = ®@M_ k,

M
Hkm me m7

HSIC, (P) := MMD, (P,@mzlﬂ”m) :

Applications :
@ blind source separation [Gretton et al., 2005],

e feature selection [Song et al., 2012], post selection inference
[Yamada et al., 2018],

@ independence testing [Gretton et al., 2008], causal inference
[Mooij et al., 2016, Pfister et al., 2017, Strobl et al., 2017].
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Central in applications:

e MMD: k is called characteristic [Fukumizu et al., 2008] if

MMD4(P,Q) =0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].
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Central in applications:

e MMD: k is called characteristic [Fukumizu et al., 2008] if

MMD4(P,Q) =0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].

o HSIC: k = ®M_, ky, will be called Z-characteristic if

HSIC,(P) =0 < P = QY _,P,,.
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Central in applications:

e MMD: k is called characteristic [Fukumizu et al., 2008] if

MMD4(P,Q) =0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].

o HSIC: k = ®M_, ky, will be called Z-characteristic if

HSIC,(P) =0 < P = QY _,P,,.

° ®ﬁ\n/’:1km: universal = characteristic = Z-characteristic.
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Central in applications: [characteristic property

e MMD: k is called characteristic [Fukumizu et al., 2008] if
MMD(P,Q) = 0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].

o HSIC: k = ®M_, k, will be called Z-characteristic if

HSIC,(P) =0 < P = @M_,P,,.

° ®,’\,/,’:1km: universal = characteristic = Z-characteristic.

o Characteristic properties of @V_, k, _?
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Known: description of characteristic property on R¢

For continuous bounded shift-invariant kernels on R¢:

k(x,x") = ko(x — x) ® J e @ N (W)
Rd

(%): Bochner's theorem.
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Known: description of characteristic property on R¢

For continuous bounded shift-invariant kernels on R¢:
k(x,x') = ko(x — x') & J e X @) A () =
]Rd
[k (P) = 1 (Q) g, = lep — ol 2(n) -

(%): Bochner's theorem, cp: characteristic function of P.
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Known: description of characteristic property on R¢

For continuous bounded shift-invariant kernels on R¢:
k(x,x') = ko(x — x') & f e X @) A () =
]Rd
[k (P) = 1 (Q) g, = lep — ol 2(n) -

(%): Bochner's theorem, cp: characteristic function of P.

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supp(\) = RY.
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Examples on R; similarly R?

kernel name kg ko (w) supp (ko)
. _ X2 o2w?

Gaussian e 252 ce” 2 R
H —olx| 2_o

Laplacian e \/:UZJMQ R

. 1 sj 2n+2
Bap1-spline = X[_%%](X) 42;% R

Sinc M (ot \/7X o’o’] [70‘ U]
\/27r2.:_n( — n‘il )5(w /) {0,+£1,+2 ..., +n}

2n+2

1 sin
n+1 sinz(—

Fejér

)

NI [
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013]:
k1&ko>: characteristic & ki ® k»: Z-characteristic.
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013]:
k1&ko>: characteristic & ki ® k»: Z-characteristic.

Extension to M > 2.

~
~

=z
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:

Pi—P,#0= Up,—p, 7 0.
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
Pi—P,#0= Up,—p, 7 0.

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VEF € Mp(X) \{0} & F(X) =0 = |pgl5;, > 0.
— ——
finite signed measures on X’ § § k(x,x")dF(x)dF(x")
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
Pi—P,#0= Up,—p, 7 0.

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VEF € Mp(X) \{0} & F(X) =0 = |pgl5;, > 0.
— ——
finite signed measures on X’ § § k(x,x")dF(x)dF(x")

o Witness construction :

IF € Mp(X)\{0} & F(X') = 0 for which | |3, = 0.
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
P, —P, #0= pup,—p, #0.

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF e Mp(X) \{0} & F(X) =0=  |uglf, >0.
~— —
finite signed measures on X X.X SX k(x,x")dF (x)dF (x)

o Witness construction :

F € Mp(X)\{0} & F(X) =0 for which H/@Hg(k =0.
~ —_—
A:=(aj) eq1(A)=0 eqa(A)=0
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

o Characteristic property:
Py —P>#0= up,—p, #0.

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) = 0= lpl5e, > 0.
) . H—J
finite signed measures on X’ SX SX k(x,x")dF (x)dF(x")

o Witness construction :

IF € Mp(X)\{0} & F(X) =0 for which x5, = 0.
v - ~— N S
A:=(aj) eq1(A)=0 eq2(A)=0

Example: X, = {1,2}, km(x,x") = 265 — 1 (solvable for A + 0).
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ki, ko, k3: characteristic BB ®3 _,kn,: Z-characteristic

o X, =1{1,2}, 7x, = P({1,2}), km(x,x') = 205 —1, M =3.
@ Then

o (km)3,_,: characteristic.
° ®?,,:1 km: is not T-characteristic. Witness:

. 1 . . 1 . 1
P1,1,1 = 57 P1,1,2 = 107 P121 = 107 P1,2,2 = 107
. 1 _ 1 . 1 _ 1
P2,1,1 = 5’ P2,12 = 10’ P221 = 10’ P222 = 10

Zoltan Szabd From Distance Covariance to HSIC



-7Z-characteristicity: analytical solution

Parameter: z = (2, z1, ..., 25) € [0,1]°.
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252

(1 1 1 1 1 1
We chose: z = (107 10° 10° 107 10° 10)-
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252

L, (l 111 1 1 versality: helos?
We chose: z = (15, 75> 16> 15> 16+ 15) - [Universality: helps?
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ki, ko: universal, ks: char BB ®> _,kn: Z-characteristic

° Xm = {172}' TXn = ?({1)2})' M =3.

o ki(x,x") = ko(x,x") = dx x: universal.

o k3(x,x") = 20, — 1: characteristic.

e Different constraints & P(z) solution; same witness: useful.

1 1 1
P111 = 5’ P112 = 10’ P121 = 10’ P122 = 10
B 1 B 1 B 1 B 1
P211 = 5’ P2,12 = 10’ P221 = 10’ P222 = 10
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

° ®n"f:1km: characteristic = (km)f‘n”:1 are characteristic.
° Bl [ Xn| = 2, km(x,X") = 20, v — 1]
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

° ®n"f:1km: characteristic = (km)f‘n”:1 are characteristic.
° Bl [ Xn| = 2, km(x,X") = 20, v — 1]

Proposition (Z-characteristic property)

ki, ko: characteristic = ki ® ky: Z-characteristic.
<=: for VM = 2.

ki, ko, k3: characteristic =& ®?n:1km: T-characteristic [Ex].

ki, ko: universal, k3: char B8] ®3 _,km: I-characteristic [Ex]. )
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)

The followings are equivalent:
(i) (km)M_,-s are characteristic.
(i) ®M_, km: I-characteristic.

(i) ®M_,km: characteristic.
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)
The followings are equivalent:

(i) (km)M_,-s are characteristic.

(i) ®M_, km: I-characteristic.

(i) ®M_,km: characteristic.

We already know
(iii) = (if) = (/).
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)
The followings are equivalent:

(i) (km)M_,-s are characteristic.

(i) ®M_, km: I-characteristic.

(i) ®M_,km: characteristic.

We already know
(iii) = (if) = (/).
Remains: (iii) < (/). Proof: Bochner theorem,

supp (A®¥:1km) = xM_ supp(Ay,).
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)
The followings are equivalent:

(i) (km)M_,-s are characteristic.

(i) ®M_, km: I-characteristic.

(i) ®M_,km: characteristic.

We already know
(iii) = (if) = (/).
Remains: (iii) < (/). Proof: Bochner theorem,

supp (A®¥:1km) = xM_ supp(Ay,).

Proposition (Universality)

QM _ k: universal < (km)M_, are universal.
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The tricky direction: if (k,)™_, are universal ...

m=1

Goal: injectivity of pu = pugm . on Mp(X), i.e.

2

pp=0=TF = 0.
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The tricky direction: if (k,)™_, are universal ...

m=1

Goal: injectivity of pu = pugm . on Mp(X), i.e.

pp=0=TF = 0.

Enough:
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0= UF = J ®nl\;’=1km('7xm)dF(X)7
X
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0= = f Ot K-+ ) A (),
X
J
0= f TT X0 (6m) @1 Kine X0m) AF(x), VB,
X m=1

0=F (xM_1Bn) = L WM p ) dE(x), VB,
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0= = f Ot K-+ ) A (),
X
J
0= f TT X0 (6m) @1 Kine X0m) AF(x), VB,
X m=1

0=F (xM_1Bn) = L WM p ) dE(x), VB,

We proceed by induction (J =0,..., M).
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We studied the validness of HSIC. )

@ HSIC = product structure:
o Space: X = xM_ X, Kernel: k =@M_ kn,.
o =MMD(P, ®nPp) = |cross-cov. op.||s, -

o Complete answer in terms of kp,-s .
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We studied the validness of HSIC. )

@ HSIC = product structure:
o Space: X = xM_ X, Kernel: k =@M_ kn,.
o =MMD(P, ®nPp) = |cross-cov. op.||s, -
o Complete answer in terms of kp,-s .
e ITE toolkit, JMLR:
https://bitbucket.org/szzoli/ite/

Z. Szabd, B. K. Sriperumbudur. Characteristic and Universal
Tensor Product Kernels. JMLR 18(233):1-29, 2018.
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