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Kernel

, RKHS, mean embedding

Kernel: K px , yq “ xϕpxq, ϕpyqyH, p@x , y P X q.

Examples:

K px , yq “ e´γ}x´y}2
2 Ðbounded,

K px , yq “ eγ〈x,y〉 Ðunbounded.

RKHS: HK “ t
řn

i“1 αiK p¨, xi qu Ă RX . ϕpxq “ K p¨, xq
loomoon

P HK .

We represent distributions in RKHSs: µP :“
ş

X ϕpxqdPpxq P HK .
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Data types with kernels : pX ,K q

Trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002], time series
[Cuturi, 2011], strings [Lodhi et al., 2002],
mixture models, hidden Markov models or linear dynamical systems
[Jebara et al., 2004],
sets [Haussler, 1999, Gärtner et al., 2002], fuzzy domains
[Guevara et al., 2017], distributions
[Hein and Bousquet, 2005, Martins et al., 2009, Muandet et al., 2011],

groups [Cuturi et al., 2005]
spec.
ÝÝÝÑ permutations [Jiao and Vert, 2018],

graphs [Vishwanathan et al., 2010, Kondor and Pan, 2016].

Back to mean embeddings: µP
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Very natural representation

P ÞÑ µP “
ş

X ϕpxqdPpxq .

Cdf:

P ÞÑ FPpyq “ Ex„Pχp´8,yqpxq.

Characteristic function:

P ÞÑ cPpyq “

ż

Rd

e i〈y ,x〉dPpxq.

Moment-generating function:

P ÞÑ MPpyq “

ż

Rd

e〈y ,x〉dP pxq .

Trick

ϕ: on any kernel-endowed domain!
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Towards Outlier-Robust Statistical Inference on Kernel-Enriched Domains



Very natural representation

P ÞÑ µP “
ş

X ϕpxqdPpxq .

Cdf:

P ÞÑ FPpyq “ Ex„Pχp´8,yqpxq.

Characteristic function:

P ÞÑ cPpyq “

ż

Rd

e i〈y ,x〉dPpxq.

Moment-generating function:

P ÞÑ MPpyq “

ż

Rd

e〈y ,x〉dP pxq .

Trick

ϕ: on any kernel-endowed domain!

Zoltán Szabó
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Mean embedding (D)

, MMD

µP “
ş

X ϕpxqdPpxq exists ô
ş

X }ϕpxq}HK
loooomoooon

?
Kpx ,xq

dPpxq ă 8.

Maximum mean discrepancy ():

MMDpP,Qq “ }µP ´ µQ}HK

Until now

We have defined µP and MMDpP,Qq.
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Mean embedding, MMD: applications & review

Applications:

two-sample testing [Borgwardt et al., 2006, Gretton et al., 2012],
domain adaptation [Zhang et al., 2013], -generalization
[Blanchard et al., 2017],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013]
approximate Bayesian computation [Park et al., 2016], probabilistic
programming [Schölkopf et al., 2015],
model criticism [Lloyd et al., 2014, Kim et al., 2016], goodness-of-fit
[Balasubramanian et al., 2017],
distribution classification [Muandet et al., 2011, Lopez-Paz et al., 2015],
[Zaheer et al., 2017], distribution regression [Szabó et al., 2016],
[Law et al., 2018],
topological data analysis [Kusano et al., 2016].

Review [Muandet et al., 2017].
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Easy to estimate them!

Given: pxnqnPrNs „ P samples. µ̂P “
1
N

ř

nPrNs K p¨, xnq.

{MMDpP,Qq “ }µ̂P ´ µ̂Q}HK

“

g

f

f

e

1

N2

ÿ

i ,jPrNs

rK pxi , xjq ` K pyi , yjq ´ 2K pxi , yjqs pV-statq,

or
“

1

NpN ´ 1q

ÿ

i ,jPrNs
i‰j

rK pxi , xjq ` K pyi , yjqs ´
2

N2

ÿ

i ,jPrNs

K pxi , yjq.
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Goal of our work

Designing outlier-robust mean embedding and MMD estimators.

Interest: unbounded kernels .

exponential kernel: K px , yq “ eγ〈x,y〉.
polynomial kernel: K px , yq “ p〈x , y〉` γqp.
string, time series or graph kernels.

Issue with average

A single outlier can ruin it.
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Towards Outlier-Robust Statistical Inference on Kernel-Enriched Domains



Existing work

Robust KDE [Kim and Scott, 2012]:

µP “ arg min
f PHK

ż

X
}f ´ K p¨, xq}2HK

dPpxq

,

µP,L “ arg min
f PHK

ż

X
L
´

}f ´ K p¨, xq}HK

¯

dPpxq,

µ̂P,N,L “ arg min
f PHK

1

N

ÿ

nPrNs

L
´

}f ´ K p¨, xnq}HK

¯

,

µ̂P,N,L,t : iterative approximation of µ̂P,N,L,
tÑ8
ÝÝÝÑ µ̂P,N,L.

Adaptation to KCCA [Alam et al., 2018], relaxation to Hilbert
spaces [Sinova et al., 2018].

Consistency : For finiteD features [Sinova et al., 2018]

µ̂P,N,L
NÑ8
ÝÝÝÝÑ µP,L. (empirical M-estimator in Rd)
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Towards Outlier-Robust Statistical Inference on Kernel-Enriched Domains



Existing work

Robust KDE [Kim and Scott, 2012]:

µP “ arg min
f PHK

ż

X
}f ´ K p¨, xq}2HK

dPpxq,

µP,L “ arg min
f PHK

ż

X
L
´

}f ´ K p¨, xq}HK

¯

dPpxq,

µ̂P,N,L “ arg min
f PHK

1

N

ÿ

nPrNs

L
´

}f ´ K p¨, xnq}HK

¯

,

µ̂P,N,L,t : iterative approximation of µ̂P,N,L,
tÑ8
ÝÝÝÑ µ̂P,N,L.

Adaptation to KCCA [Alam et al., 2018], relaxation to Hilbert
spaces [Sinova et al., 2018].

Consistency : For finiteD features [Sinova et al., 2018]

µ̂P,N,L
NÑ8
ÝÝÝÝÑ µP,L. (empirical M-estimator in Rd)

Zoltán Szabó
Towards Outlier-Robust Statistical Inference on Kernel-Enriched Domains



Our building block: Median-Of-meaNs in 1d, pxnqnPrNs

Goal

Estimate mean while being resistant to contemination.

MON :

1 Partition: x1, . . . , xN{Q
loooooomoooooon

S1

, . . . , xN´N{Q`1, . . . , xN
loooooooooomoooooooooon

SQ

.

2 Compute average in each block:

a1 “
1

|S1|

ÿ

iPS1

xi , . . . , aQ “
1

|SQ |

ÿ

iPSQ

xi .

3 Estimate EX : medqPrQsaq .
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Idea on MMD (mean embedding: similarly)

1 Use the IPM representation:

MMDpP,Qq “ sup
f PBK

〈f , µP ´ µQ〉HK
.

2 Replace the expectation with MON :

{MMDQpP,Qq “ sup
f PBK

med
qPrQs

!

1
|Sq |

ř

jPSq
f pxjq ´

1
|Sq |

ř

jPSq
f pyjq

)

.

For Q “ 1, we get back the V-stat MMD estimator.

What can we show about this MONK estimator?
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Consistency & outlier-robustness of {MMDQpP,Qq

Assumptions :

1 The # of samples contaminated can be (almost)

half of the # of blocks :

tpxnj , ynj qu
Nc
j“1, Nc ď Qp1{2´ δq, δ P p0, 1{2s .

Clean data: Nc “ 0, δ “ 1
2 .

2 Assume: TrpΣPq, TrpΣQq make sense, i.e.

ΣP “ Ex„P rpK p¨, xq ´ µPq b pK p¨, xq ´ µPqs ,ΣQ P L1pHK q.

Minimal 2nd-order condition . Note: }A} ď }A}HS
(*)
ď }A}1.
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Consistency & outlier-robustness of {MMDQpP,Qq

Then, for any η P p0, 1q such that Q “ 72δ´2 ln p1{ηq satisfies
Q P

`

Nc{
`

1
2 ´ δ

˘

,N{2
˘

, with probability at least 1´ η

ˇ

ˇ

ˇ

{MMDQpP,Qq ´MMDpP,Qq
ˇ

ˇ

ˇ

ď

12 max

ˆ

b

p}ΣP}`}ΣQ}q lnp1{ηq
δN , 2

b

Tr pΣPq`Tr pΣQq
N

˙

δ
.
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Discussion:

1 N-dependence: O
´

1?
N

¯

is optimal for MMD estimation

[Tolstikhin et al., 2016].
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Discussion:
2 Σ-dependence:

Optimal sub-Gaussian deviation bound for mean estimation
under minimal 2nd-order condition even on Rd

[Lugosi and Mendelson, 2019] – long-lasting open question.

They rely on tournament procedure: numerically hard.

Most practical convex relaxation [Hopkins, 2018]: O
`

N24
˘

.
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Discussion:
3 δ-dependence:

Larger δ means less outliers,

the bound becomes tighter,
one needs less blocks.

optimal?
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ˇ
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ˆ
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p}ΣP}`}ΣQ}q lnp1{ηq
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Tr pΣPq`Tr pΣQq
N

˙

δ
.

Discussion:
4 breakdown point – asymptotic concept:

median ñ Using Q blocks is resistant to Q{2 outliers.
Q can grow with N, as (almost) N{2.
Breakdown point can be 25%.
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Then, for any η P p0, 1q such that Q “ 72δ´2 ln p1{ηq satisfies
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˘
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˘
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ˇ
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ˇ
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ˆ

b

p}ΣP}`}ΣQ}q lnp1{ηq
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Tr pΣPq`Tr pΣQq
N

˙

δ
.

Discussion:
5 Unknown Q:

One choose Q adaptively by the Lepski method.
Same guarantee but with increased computional cost.
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Towards Outlier-Robust Statistical Inference on Kernel-Enriched Domains



Numerical demo: quadratic kernel, Nc “ 5 outliers

1 No outliers / bounded kernel: MONK is a safe alternative.
2 Relevant case: outliers & unbounded kernel.

P :“ N
`

µ1, σ
2
1

˘

‰ Q :“ N
`

µ2, σ
2
2

˘

. µm, σm „ Ur0, 1s, fixed.
N P t200, 400, . . . , 2000u.
5-5 corrupted samples: pxqNn“N´4 “ 2000, pynq

N
n“N´4 “ 4000.

pP,Q,K q: MMDpP,Qq is analytic.
Performance:

100 MC simulations,
median and quartiles.
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Numerical demo: quadratic kernel, Nc “ 5 outliers
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DNA analysis: 2-sample testing

Discrimination of 2 DNA categories (EI, IE).

Subsequent String Kernel (K ).

Significance level: α “ 0.05.

Performance:

4000 MC simulations,
mean ˘ std of {MMD´ q̂1´α.

q̂1´α: Using 150 bootstrap permutations.
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DNA analysis: plots

Inter-class: EI-IE

, Intra-class: EI-EI (IE-IE)
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DNA analysis: plots

Inter-class: EI-IE, Intra-class: EI-EI (IE-IE)
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Summary

Focus: Outlier-robust mean embedding & MMD estimation.

Technique: median-of-means.

Finite-sample guarantees (optimality), excessive resistance to
contamination.

Preprint, code:

MONK – Outlier-Robust Mean Embedding Estimation by
Median-of-Means, TR

(http://arxiv.org/abs/1802.04784).
https://bitbucket.org/TimotheeMathieu/monk-mmd
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Thank you for the attention!
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Computational complexity of MMD estimators

N: sample number, Q: number of blocks, T : number of iterations.

Method Complexity

U-Stat O
`

N2
˘

MONK BCD O
`

N3 ` T
“

N2 ` Q logpQq
‰˘

MONK BCD-Fast O
´

N3

Q2 ` T
”

N2

Q ` Q logpQq
ı¯
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Pseudo-code: 2-sample testing

Input: Two samples: pXnqnPrNs, pYnqnPrNs. Number of
bootstrap permutations: B P Z`. Level of the test: α P p0, 1q.
Kernel function with hyperparameter θ P Θ: Kθ.
Split the dataset randomly into 3 equal parts:

rNs “

3
9ď

i“1

Ii , |I1| “ |I2| “ |I3|.

Tune the hyperparameters using the 1st part of the dataset:

θ̂ “ arg max
θPΘ

Jθ :“ {MMDθ ppXnqnPI1 , pYnqnPI1q .

Estimate the p1´ αq-quantile of {MMD
pθ

under the null, using B
bootstrap permutations from pXnqnPI2 Y pYnqnPI2 : q̂1´α.
Compute the test statistic on the third part of the dataset:

Tθ̂ “
{MMD

pθ
ppXnqnPI3 , pYnqnPI3q .

Output: Tθ̂ ´ q̂1´α.
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