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@ We are given paired samples. Task: test independence.
@ Examples:
o (song, year of release) pairs
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@ Examples:
o (song, year of release) pairs

e (video, caption) pairs
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@ We are given paired samples. Task: test independence.
@ Examples:
o (song, year of release) pairs

e (video, caption) pairs

?
° {(Xivy/)};;l — Hy: ny = PXPy, Hi - ny # PXIP)y.
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Covariance

Idea: Py, — C,y.

@ Covariance matrix

Cy =Ey [(X —Ex) (y — Ey) T]
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Covariance

Idea: Py, — C,y.

@ Covariance matrix

Coy = Exy [(X —Ex) (y — Ey) T] ,

S=1Cyle

Zoltan Szabé Data-Efficient Independence Testing



Covariance

Idea: Py, — C,y.

@ Covariance matrix

Coy = Exy [(X —Ex) (y — Ey) T] ,

?
S=[Colle 20
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Covariance

Idea: Py, — C,y.

@ Covariance matrix

Coy = Exy [(X —Ex) (y — Ey) T] ,

S=|Cylr 20 o linear dependence.

Zoltan Szabé Data-Efficient Independence Testing



Covariance

Idea: Py, — C,y.

o Covariance matrix
Co = By [(X — Ex) (y — Ey) T] )
S=|Cylr 20 o linear dependence.

o Covariance operator: take features of x and y

Gy = Exy [((x) = Exp(x)) @ (¥ (y) — By (y))]
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Covariance

Idea: Py, — C,y.

o Covariance matrix
Co = By [(X — Ex) (y — Ey) T] )
S=|Cylr 20 o linear dependence.

o Covariance operator: take features of x and y

Co = Exy [(p(x) = Exp(x)) @ (d(y) — Eyib(y))],
S= HCXyHHs-
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Target:

Gy = Exy [((x) = Exp(x)) ® (¥ (y) = Ey(y))], S =[Cylps-

We need

° ¢, Exp(x), ®,
° 5=0<;>xj_y.

[l s -

@ Estimator, fast?

Zoltan Szabé Data-Efficient Independence Testing



One-page summary

° HnyHH53
o Characterizes independence.

o Estimation: slow = O (nz).
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One-page summary

° HnyHH53

o Characterizes independence.
o Estimation: slow = O (n?).
e 'Sampled’ |G |:
o Independence: v in O(n)-time.
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One-page summary

° HnyHH53
o Characterizes independence.
o Estimation: slow = O (n?).
e 'Sampled’ |G |:
o Independence: v in O(n)-time.
o Features: optimized for power.
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One-page summary

° HnyHH53
o Characterizes independence.
o Estimation: slow = O (n?).
e 'Sampled’ |G |:
o Independence: v in O(n)-time.
o Features: optimized for power.
o ICML-2017: accepted [Jitkrittum et al., 2017].
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Features, distribution representation:
2 EXQO<X)
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Distribution — function: examples

e Cumulative density function:

P— F(z) =P(x < 2)
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Distribution — function: examples

e Cumulative density function:

P— F(z) =P(x < z) = Ex~pl(—c0,2) (x).
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Distribution — function: examples

e Cumulative density function:
P F(z) = P(x < 2) = Exapl(—o0,2) ().

@ Characteristic function:

P cp(z) = J e/ AP (x).
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Distribution — function: examples

e Cumulative density function:
P F(z) = P(x < 2) = Exapl(—o0,2) ().

@ Characteristic function:
P cp(z) = J e/ AP (x).
@ Moment generating function:

P — Mp(z) = f eZXdP (x).
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Distribution — function: examples

e Cumulative density function:
P F(z) = P(x < 2) = Exapl(—o0,2) ().

@ Characteristic function:
P cp(z) = J e/ AP (x).
@ Moment generating function:

P — Mp(z) = f eZXdP (x).

P> pip = §p(x)dP(x).
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Distribution — function: examples

Wanted:

P up = f@(X)d]P’(X)-
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Distribution — function: examples

Wanted:

P up = f@(X)d]P’(X)-

@ How to choose ?
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Distribution — function: examples

Wanted:

P up = f@(X)d]P’(X)-

@ How to choose ?

@ How to interpret the integral?
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Distribution — function: examples

Wanted:

P up = f@(X)d]P’(X)-

@ How to choose ?

@ How to interpret the integral?

Answers:

@ We use kernels. — Computational tractability: v/
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Distribution — function: examples

Wanted:

P up = f@(X)d]P’(X)-

@ How to choose ?

@ How to interpret the integral?

Answers:
@ We use kernels. — Computational tractability: v/

@ Expectation: Bochner integral.
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Kernel, RKHS definition(s) — feature: ¢

Given: X set.

Definition

Kernel: k(a, b) = (p(a), p(b))s, F: Hilbert space.
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Kernel, RKHS definition(s) — feature: ¢

Given: X set.
Definition
Kernel: k(a, b) = (p(a), p(b))s, F: Hilbert space.

Reproducing kernel of an 7 = R* Hilbert space,
e k(-,b) e X,
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Kernel, RKHS definition(s) — feature: ¢

Given: X set.
Definition
Kernel: k(a, b) = (p(a), p(b))s, F: Hilbert space.

Reproducing kernel of an 7 = R* Hilbert space,
e k(-,b) e X,

o (f,k(-,b)ys = f(b).
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Kernel, RKHS definition(s) — feature: ¢

Given: X set.
Definition
Kernel: k(a, b) = (p(a), p(b))s, F: Hilbert space.

Reproducing kernel of an 7 = R* Hilbert space,
e k(-,b) e X,

o (f, k(-,b))sc = f(b). Note: k(a, b) = (k(-,a), k(-, b)ds.
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Kernel examples: X = R9 6 > 0

@ Gaussian kernel:

la—bl3

kG(aa b) =e 202
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Kernel examples: X = R9 6 > 0

@ Gaussian kernel:

la—bl3

kg(a,b) = e 202

@ Polynomial kernel:

kp(a, b) = ((a, b) + 0)".
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Kernel examples: X = R9 6 > 0

@ Gaussian kernel:

la—bl3

kc(a,b) = e 207 .

@ Polynomial kernel:
ko(a, b) = ((a,b) +0)".

o Matérn kernel:

VBla—bly 5a— b3\ e
kM,g(a,b)=<1+ ; + 3 e T .
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Distribution representation, Bochner integral

e Kernel/mean embedding:

P— up = J k(-,x) dP(x) € H.

=p(x)eH
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Distribution representation, Bochner integral

e Kernel/mean embedding:

P— up = J k(-,x) dP(x) € H.

=p(x)eH

e Existence: Jup <\ [|k(+, x) |4, dP(x) < o0.
Hi
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Distribution representation, Bochner integral

e Kernel/mean embedding:
P pup = J k(-,x) dP(x) e Hy.
——
=p(x)eHk
o Existence: Jup < § [k(-,x)[ 4, dP(x) < 0.
—_——

=q/k(x,x)
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Distribution representation, Bochner integral

e Kernel/mean embedding:
P pup = J k(-,x) dP(x) e Hy.
——
=p(x)eHk
o Existence: Jup < § [k(-,x)[ 4, dP(x) < 0.
—_——

=q/k(x,x)
e Example: bounded k, e.g. Gaussian kernel.
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Exy[( o(x) ~Exp(x)) _® (2¥() —W)]

v v [ v v
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Exy[( o(x) ~Exp(x)) _® (2¥() —W)]

v v [ v v

Question: a® b, H1 ® Ho. J
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Intuition of a® b, a := p(x) € Hy, b:

o If aec R, be R%, then ab’ € R%:*%,
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Intuition of a® b, a := p(x) € Hy, b:

o If aec R, be R%, then ab’ € R%:*%,

e For g e R®
(7) = 4(07)
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Intuition of a® b, a := p(x) € Hy, b:

o If aec R, be R%, then ab’ € R%:*%,

e For g e R®
(abT) g=a (ng) — a(b,g) e R%,

ab” : R% — R linear mapping.
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Intuition of a® b, a := p(x) € Hy, b:

o If aec R, be R%, then ab’ € R%:*%,

e For g e R®
(abT) g=a (ng) — a(b,g) e R%,

ab” : R% — R linear mapping.

o Alternatively
R>fT <abT) g

ab” i R% x R% — R bilinear form.
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Intuition of a® b, a := p(x) € Hy, b:

o If aec R, be R%, then ab’ € R%:*%,

e For g e R®
(abT) g=a (ng) — a(b,g) e R%,

ab” : R% — R linear mapping.

o Alternatively
RafT (abT) g = (f,a)(g,b)

ab” i R% x R% — R bilinear form.
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Definition of a® b, H; ® H>,

@ ae Hjy, be Hy: Hilbert spaces.

@ a® b is the bilinear form:

(a®@b)(f,g) = (f,a)qs, (&, b)g,, (f,g)€IH1xIHa.
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Definition of a® b, H; ® H>,

@ ae Hjy, be Hy: Hilbert spaces.

@ a® b is the bilinear form:

(a®@b)(f,g) = (f,a)qs, (&, b)g,, (f,g)€IH1xIHa.

@ Finite linear combinations of a ® b-s:

L= {Z c,-(a,-@b,-),c,- eR,a; € Hq, b € g’fg} .
i=1
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Definition of a® b, H; ® H>,

ae Hy, be Hy: Hilbert spaces.

a® b is the bilinear form:

(a®@b)(f,g) = (f,a)qs, (&, b)g,, (f,g)€IH1xIHa.

Finite linear combinations of a ® b-s:

L= {Z c,-(a,-@b,-),c,- eR,a; € Hq, b € g’fg} .

i=1

Define inner product on £, extended by linearity

(a1 ® b1, a2 ® bo) := (a1, a2)qq, (b1, b2)g, -
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Definition of a® b, H; ® H>,

ae Hy, be Hy: Hilbert spaces.

a® b is the bilinear form:

(a®@b)(f,g) = (f,a)qs, (&, b)g,, (f,g)€IH1xIHa.

Finite linear combinations of a ® b-s:

L= {Z c,-(a,-@b,-),c,- eR,a; € Hq, b € g’fg} .

i=1

Define inner product on £, extended by linearity

(a1 ® b1, a2 ® bo) := (a1, a2)qq, (b1, b2)g, -

H1 ® Hy: completion of L.
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Tensor product of RKHSs

Theorem ([Berlinet and Thomas-Agnan, 2004])
o Let Hq := Hy, Hy := Hy RKHSs with kernel k and £.
o Then H, ® H, is RKHS with kernel

k@L: (X xY)x (X x)Y) >R,
(k®£) ((X17y1)7 (X27y2)) = k(X17X2)£(YI7Y2)’
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Tensor product of RKHSs

Theorem ([Berlinet and Thomas-Agnan, 2004])
o Let Hq := Hy, Hy := Hy RKHSs with kernel k and £.
o Then H, ® H, is RKHS with kernel

k@L: (X xY)x (X x)Y) >R,
(k®£) ((X17y1)7 (X27y2)) = k(X17X2)£(YI7Y2)’

Intuition:
@ inner product on X and ) — inner product on X x ).

e X = video, ) = caption.
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Hilbert-Schmidt independence criterion (HSIC)

HSIC:

HSIC(x,y) := | Cay g, g1,

= HMPXY - MPXp}’Hg‘Ck®g :
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Hilbert-Schmidt independence criterion (HSIC)

HSIC:

HSIC(x,y) := | Cay g, g1,

= HMPXY - MPXp}’Hg‘Ck®g :

e Naming: Hy ® Hy ~ HS(Hy, Hy), 'Frobenius norm’.

Zoltan Szabé Data-Efficient Independence Testing



Hilbert-Schmidt independence criterion (HSIC)

HSIC:

HSIC(x,y) := | Cay g, g1,

= HMPXY - MPXp}’Hg‘Ck®g :

e Naming: Hy ® Hy ~ HS(Hy, Hy), 'Frobenius norm’.
@ Measure for up,, = up,p, = k ®{: 'characteristic’ matters.
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Hilbert-Schmidt independence criterion (HSIC)

HSIC:

HSIC(x,y) := | Cay g, g1,

= HMPXY - MPXp}’Hg‘Ck®g :

e Naming: Hy ® Hy ~ HS(Hy, Hy), 'Frobenius norm’.
@ Measure for up,, = up,p, = k ®{: 'characteristic’ matters.
o [Gretton, 2015]: k, ¢: characteristic, translation-invariant = v/
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Local summary

@ Mean embedding: distribution representation,

pp = L{ k(-, x)dP(x).

Characteristic means: P — pup is injective.
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Local summary

@ Mean embedding: distribution representation,

pp = L{ k(-, x)dP(x).

Characteristic means: P — pup is injective.
@ Cross-covariance operator:

ny = IExy [‘P(X) ®¢(y)] — Hx ®MY'
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Local summary

@ Mean embedding: distribution representation,

pp = L{ k(-, x)dP(x).

Characteristic means: P — pup is injective.
@ Cross-covariance operator:

ny = IExy [‘P(X) ®¢(y)] — Hx ®MY'
e HSIC:

HSIC(x,y) = |Gyl ys -

k,¢: characteristic = independence measure.
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Characteristic property

Well-understood for

@ Continuous bounded translation-invariant kernels on RY:

k(x,y) = ko(x — y), ko € Cp(RY).
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Characteristic property

Well-understood for

e Continuous bounded translation-invariant kernels on RY:
k(Xay) = ko(X - y>7 kO € Cb(Rd)
@ In this case (Bochner's theorem):

ko(z) = J e @9 A (w),
Rd

lue = pallse, = llep — call 2y -
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Characteristic property

Well-understood for

e Continuous bounded translation-invariant kernels on R¥:
k(x,y) = ko(x —y), ko € Cb(]Rd).
@ In this case (Bochner's theorem):

ko(z) = J e @9 A (w),
Rd

lue = pallse, = llep — call 2y -

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supp(A\) = RY.
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Translation-invariant kernels on R

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(ko)
X2 o-w
Gaussian e 22 oe” + R
Laplacian eIl \/goziwz R
-\ in2n+2(w
Bany1-spline *2"+2X[_%7%](X) @%SM# R
Sinc e VEX 001 (@) [0, 0]
. —c 0 i .
Poisson W V 27 ijfso o’lJ‘(s(oj —_]) Z
sin 2n+1)x
Dirichlet % V2r Y 6w —J) {0,+1,+2,...,+n}
ni2
.y, sin? (rt1)x n i .
Fejér n_}_l Sinz(g) Vemy o, (1 - n‘ill) O0(w—j){0,+£1,42,...,+n}
Cosine cos(ox) Fow—=0)+6d(w+0)] {—0,0}
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Translation-invariant kernels on R

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(ko)
X2 o-w
Gaussian e 272 ge= Tt R
Laplacian eIl \/goziwz R
. n+1 in2"+2 <
Bayy1-spline *.2"+2X[_%7%](X) f/;ﬂswz# R
Sinc e VX001 (@) [0, 0]
Poisson W Ver Y2 ollé(w —)) 7
sin n+1)x
Dirichlet % V2r Y 6w —J) {0,£1,+2,...,+n}
"2
. sin2 {nt1x n j .
Fejér n_}_l Sinz(g) Vemy o, (1 - n‘ill) O0(w—j){0,+£1,42,...,+n}
Cosine cos(ox) Fow—=0)+6d(w+0)] {—0,0}
d D d [
For x € RY: ko(x) = [[j=1 ko(xj), ko(w) = TT;_1 ko(wj)-
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Estimation of HSIC

@ Estimate:

ASIC? = (6,6,

n

Zoltan Szabé Data-Efficient Independence Testing



Estimation of HSIC

@ Estimate:
HSIC2 — <GX,Gy>F,

Gy = [k(xi, %)]7
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Estimation of HSIC

@ Estimate:
S 1 /. .
2 _
HSIC? = = <GX,Gy>F,
- E
G, = [k(x,-,><j)]§’d-:1, G,=HGH H=1-——.
n
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Estimation of HSIC

@ Estimate:

@:%<GX’G}’>F’

E
Gx = [k(xi, xj)]7 =1, G, =HGH, H=1-— pe
2
@ It is a plug-in estimator: HSIC? = ‘ =
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Estimation of HSIC

@ Estimate:

@:%<GX’G}’>F’

E
Gx = [k(xi, xj)]7 =1, Gy =HGH, H=1-—.
n
2
@ It is a plug-in estimator: HSIC? = ‘ V|

o Computational time: O(n?).
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Estimation of HSIC

@ Estimate:

AsIc? = - (6.,6,)

2
E
Gx = [k(xi, xj)]7 =1, G, =HGH, H=1-— pe
2
@ It is a plug-in estimator: HSIC? = ‘ =

o Computational time: O(n?).

HSIC: captures independence, slow to estimate.
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'Sampled’ HSIC
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|dea [Jitkrittum et al., 2017]

Use different norm of the witness function (u):

HSIC(x,y) = |ty — 1x ® /iy”j{k(@}(Z ou(v,w) = ey (v, w) — (V) py (w),
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|dea [Jitkrittum et al., 2017]

Use different norm of the witness function (u):

HSIC(x,y) = |ty — 1x ® /iy”j{k(@}(Z ou(v,w) = ey (v, w) — (V) py (w),

J
FSIC(x,y) = JZ (vj, w)), V={(\o',Wj)}f:1,
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|dea [Jitkrittum et al., 2017]

Use different norm of the witness function (u):

HSIC(x,y) = |ty — 1x ® /iy”j{k(@}(Z ou(v,w) = ey (v, w) — (V) py (w),

J
FSIC(x,y) = JZ (vj, w)), V={(\o',Wj)}f:1,

= HUHLZ(V)'
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FSIC: covariance view

HSIC = | Cyllys = llixy — bx @ byl gpe-

By rewriting

u(v, W) = iy (v, W) — (V) py ()
= Exy[k(X: V)e(yv W)] - EX[k(Xa V)]Ey[e()’v W)]
= covyy (k(x,v),£(y,w)).
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FSIC: covariance view

HSIC = | Cyllys = llixy — bx @ byl gpe-

By rewriting

u(v, W) = iy (v, W) — (V) py ()
= Exy[k(X: V)e(yv W)] - EX[k(Xa V)]Ey[e()’v W)]
= covyy (k(x,v),£(y,w)).

= We picked the (v, w)™ entry of

ny = IEXy [QO(X) ®1/)(y)] — Mx ®IU’}"
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FSIC is an independence measure

If k, ¢ are bounded, characteristic, analytic, then

FSIC(x,y) =0<x Ly

almost surely w.r.t. V.
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FSIC is an independence measure

If k, ¢ are bounded, characteristic, analytic, then

FSIC(x,y) =0<x Ly

almost surely w.r.t. V.

Examples:
=
e Gaussian: k (x,x') =e
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FSIC is an independence measure

If k, ¢ are bounded, characteristic, analytic, then

FSIC(x,y) =0<x Ly

almost surely w.r.t. V.

Examples:

2 2
_ =X _ =y

e Gaussian: k (x,x') =e i l(y,y)=e 2%
e Full Gaussian (A >0, B > 0):

k (X,X/) = e_(X_X/)TA(X_X')’ ¢ (y7y’) _ o —y)"Bl—y)
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Empirical estimator for FSIC

FSIC*(x,y) = u?(viwp), u(v, w) = py (v, w) = pix (V) g (w),

-
I
—

=
-

J
e 1<y, . ~ —
FSIC (x.y) = 5 20 82 wy), 0(v,w) = fisy (v, w) — (fixfiy ) (v, W),
j=1 A
r=0x (V) fty (w)
L.
=5 lal3
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Empirical estimator for FSIC

FSIC*(x,y) = u?(viwp), u(v, w) = py (v, w) = pix (V) g (w),

-
I
—

=
-

J
2 1 R o —~ —
FSIC (x,y) = 5 2 83w wg), (v, w) = iy (v, w) = (i) (v, w),
o T
i=fix (V) iy (w)
1, . N "
= jHqu7 u= [u(‘/jv'/'/j)]j:lv
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Empirical estimator for FSIC

FSIC*(x,y) = u?(viwp), u(v, w) = py (v, w) = pix (V) g (w),

-
I
—

=
-

J
2 1 R R - -
FSICT(x,y) = 5 3, 0%(viy wy), (v, w) = fig (v, w) = (jifiy ) (v, w),
o T
=[x (v) oy (w)
1. ~ N
= jHuH§7 u= [U(Vj,Wj)]J'./:l7
where
_ 1<
,U'Xy<V7 W) = E 2 k(XH V)@(y,, W):
i=1
1
;UX:“')/(V7 W) = n(n — 1) Z k(Xf7 V)E(yﬁ W)
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Empirical estimator for FSIC

FSIC*(x,y) = u?(viwp), u(v, w) = py (v, w) = pix (V) g (w),

-
I
—

=
-

J
_—— 2 1 N N _ i
FSICT(x,y) = 5 3, 0%(viy wy), (v, w) = fig (v, w) = (jifiy ) (v, w),
o T
=i (V) iy (W)
1 A o
= jHuH§7 u= [U(Vj,Wj)]J'./:l7
where
P 1y
,U'X,V<V7 W) = E 2 k(X,', V)g(yiv W):
i=1
. 1
[ixy (v, w) = nn—1) D ki, V)L, w).
i#j
Computational complexity: O ((dyx + d,)Jn) = fast. |
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Empirical estimator for FSIC

For fixed (v, w) FSIC is a U-statistic:

2

a(v,w) = n(n—l)éhv’w ((xi, yi)s (X3, %5))
hV,W ((Xv)/)’ (X/7y,)) = 1 [k(X, V) - k(le V)] [E(yv W) - E(yla W)]

2
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Empirical estimator for FSIC

For fixed (v, w) FSIC is a U-statistic:

0(v, W) = n(nz_thvw Xlayl) (X,Ivyj))

i<j

hV7W ((Xv)/)’ (X/7y,)) = % [k(X, V) - k(le V)] [E(yv W) - E(yla W)] )

For any fixed locations V = {(v;, w;)}

J ~ A J
j=1 U= [U(Vjv Wj)]jzl

V(i —u) % N(O, %),

Yij = covyy (O(vi, wi), 0(vj, wj)) .
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NFSIC = FSIC + whitening

_— 9 2
e nFSIC (x,y) = n%: asymptotically sum of correlated y?-s.
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NFSIC = FSIC + whitening

_— 9 2
e nFSIC (x,y) = n%: asymptotically sum of correlated y?-s.
@ Quantile: hard. = With whitening trick:

e Under Hy: with v, — 0

N . -1
A, = na” (Z,, +'ynlJ) a < X2(J).
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NFSIC = FSIC + whitening

_— 9 2
e nFSIC (x,y) = n%: asymptotically sum of correlated y?-s.
@ Quantile: hard. = With whitening trick:

e Under Hy: with v, — 0

o Under Hy: we get a consistent test (i.e., power — 1).
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NFSIC can be estimated

Test statistic:

R T /e -1
Sn = ni (zn + %/J) i
Estimator: no n x n Gram matrix

o K :=[k(vi,xj)] e RI*n .= [(wj,y;)] € RI*n,

$* T P O Ko n n)° n
o 5= M0 T = (KHp) o (LH,) — 017, i := SR — (LpolLte).

Computational time:

O (S + Sn+ (dg + dy)Jn) = fast.
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NFSIC can be estimated

Test statistic:
R T /e -1
Sn = ni (zn + %/J) i
Estimator: no n x n Gram matrix
o K :=[k(vi,xj)] e RI*n [ .= [U(wi,y;)] € RI*n

$ T P O Ko n n)° n
o 5= M0 T = (KHp) o (LH,) — 017, i := SR — (LpolLte).

Computational time:
O (S + Sn+ (dg + dy)Jn) = fast.

Code with demos:
https://github.com/wittawatj/fsic-test
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Choosing the locations & kernel parameters

o Consistent test: for V'V = {(v;, WJ-}J-J:1 and kernel parameters.
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Choosing the locations & kernel parameters

o Consistent test: for V'V = {(v;, Wj}szl and kernel parameters.

@ Choose the test-power proxy maximizers.

Let NFSIC?(x,y) = Ap = nu” L tu. For large n,
test power = L(\,),

L: monotonically increasing.
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Choosing the locations & kernel parameters

o Consistent test: for V'V = {(v;, Wj}szl and kernel parameters.

@ Choose the test-power proxy maximizers.

Let NFSIC?(x,y) = Ap = nu” L tu. For large n,
test power = L(\,),

L: monotonically increasing.

@ In practice: data-splitting.
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Demo
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Demo settings

@ k, ¢: Gaussian. J = 10.
@ Report: rejection rate of Hp.
o Compare 6 methods:

Method Description Tuning Test size  Complexity
NFSIC-opt  Studied Gradient descent  n/2 O(n)
NFSIC-med  No tuning Random locations n O(n)
QHSIC Full HSIC Median heuristic ~ n O(n?)
NyHSIC Nystrom + HSIC ~ Median heuristic ~ n O(n)
FHSIC RFF + HSIC Median heuristic ~ n O(n)

RDC RFF + CCA Median heuristic ~ n O(nlog n)
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Demo-1: million song data

Song (x) vs. year of release (y).

@ Western commercial tracks from 1922 to 2011
[Bertin-Mahieux et al., 2011].

e x € R9=9%: audio features.

o Left: break (x,y) pairs, i.e. Hp; right: Hi is true.
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Demo-1: million song data

Song (x) vs. year of release (y).
@ Western commercial tracks from 1922 to 2011
[Bertin-Mahieux et al., 2011].
e x € R9=9%: audio features.
o Left: break (x,y) pairs, i.e. Hp; right: Hi is true.

‘-—- NFSIC-opt =@ NFSIC-med  e— QHSIC =~ NyHSIC +—e FHSIC +— RDC

0.025 — - . 1.0F
0.020 0.91 1
. + 0.8f 1
e [
5 0.015 §0.7— 1
£ 0.010 7 06f : 1
o U.
& Sosf “ f
0.005 0.4} 1
0.3} « 1
0.000— : : - - -
500 1000 1500 2000 500 1000 1500 2000
Sample size n Sample size n
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Demo-2: videos and captions

Youtube video (x) vs. caption (y).

@ VideoStory46K [Habibian et al., 2014]

o x € R?000=dx: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].

o y € R188=dy: hag of words. TF.

o Left: break (x,y) pairs, i.e. Ho; right: Hj is true.
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Demo-2: videos and captions

Youtube video (x) vs. caption (y).
@ VideoStory46K [Habibian et al., 2014]
o x € R?000=dx: Fisher vector encoding of motion boundary
histograms [Wang and Schmid, 2013].
o y € R188=dy: hag of words. TF.
o Left: break (x,y) pairs, i.e. Ho; right: Hj is true.

‘-—- NFSIC-opt  ®-@ NFSIC-med  e— QHSIC +—~ NyHSIC +— FHSIC +— RDC

0.018 : . 1.0
0.016}
0.8}
. 0.014{ =
2 0.012f £ 0.6/
(] o
-+ 0.010 Q
(] +
20.008} 0 0.4f
= F =
0.006 0.2
0.004}
0'O%JOO 2000 6000 8000 02%00 4000 6000 8000
Sample size n Sample size n
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@ Focus: independence testing.

@ HSIC: accurate but expensive.
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@ Focus: independence testing.
@ HSIC: accurate but expensive.
e We suggested 2 linear-time alternatives (FSIC, NFSIC).
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@ Focus: independence testing.
@ HSIC: accurate but expensive.
e We suggested 2 linear-time alternatives (FSIC, NFSIC).

e NFSIC:

o y>-test.
o Adaptive.
e Applications: song-year, video-caption.
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Thank you for the attention!

~
~

=/
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HSIC versus FSIC

Which one to choose? \
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HSIC versus FSIC

Which one to choose? \

o When p,, — p«py is diffuse, close to flat.
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HSIC versus FSIC

Which one to choose? \

o When p,, — p«py is diffuse, close to flat.

o When p,, — pip, is local, with many peaks.
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