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Motivation: Tibet, monks
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Mean embedding, MMD

Mean embedding:

P ÞÑ µP “

ż

X
ϕpxq
loomoon

example: Ip´8,¨qpxq, e
i〈¨,x〉, e〈¨,x〉 in Rd

dPpxq.

Maximum mean discrepancy ( M MD )::

MMDpP,Qq “ }µP ´ µQ} “ supf PB 〈f , µP ´ µQ〉
loooooomoooooon

Ex„Pf pxq ´ Ex„Qf pxq

.

:Nicknames: energy distance, N-distance.
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µP, MMD: review [Muandet et al., 2017]

Applications:
two-sample testing
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005,
Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012, Jitkrittum et al., 2016],
and its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2017, Jitkrittum et al., 2017a] and goodness-of-fit
testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2017], causal discovery
[Mooij et al., 2016, Pfister et al., 2017],
domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2017],
change-point detection [Harchaoui and Cappé, 2007], post selection inference
[Yamada et al., 2018],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schölkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],
topological data analysis [Kusano et al., 2016],
distribution classification
[Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], distribution regression
[Szabó et al., 2016, Law et al., 2018],
generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2018, Klus et al., 2019], . . .
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ϕ domain: few examples

Trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002], time series
[Cuturi, 2011], strings [Lodhi et al., 2002],
mixture models, hidden Markov models or linear dynamical systems
[Jebara et al., 2004],
sets [Haussler, 1999, Gärtner et al., 2002], fuzzy domains
[Guevara et al., 2017], distributions
[Hein and Bousquet, 2005, Martins et al., 2009, Muandet et al., 2011],

groups [Cuturi et al., 2005]
spec.
ÝÝÝÑ permutations [Jiao and Vert, 2018],

graphs [Vishwanathan et al., 2010, Kondor and Pan, 2016].

Key: kernels

K px , yq “ 〈ϕpxq, ϕpyq〉, ϕpxq “ K p¨, xq,

HK “ span tϕpxq : x P X u Q µP.
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Goal of our work

Designing outlier-robust mean embedding and MMD estimators.

Interest: unbounded kernels .

exponential kernel: K px , yq “ eγ〈x,y〉.
polynomial kernel: K px , yq “ p〈x , y〉` γqp.
string, time series or graph kernels.

Issue with average

A single outlier can ruin it.
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Demo : quadratic kernel, 5 outliers
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Existing work @ kernel land

Robust KDE [Kim and Scott, 2012]:

µP “ arg min
f

ż

X
}f ´ K p¨, xq}2 dPpxq,

µP,L “ arg min
f

ż

X
L p}f ´ K p¨, xq}qdPpxq.

Consistency ( µ̂P,L
?
ÝÑ µP ):

As a density estimator [Vandermeulen and Scott, 2013]
(L-independent).
For finiteD features [Sinova et al., 2018] – M-estimation in Rd .

Adaptation to KCCA [Alam et al., 2018].
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@ Statistics : Hanson-Wright inequality ( mean estimation)

Gaussian:

Let txnuNn“1
i.i.d.
„ N pm,Σq, x̄N “

1
N

řN
n“1 xn.

For any η P p0, 1q with probability 1´ η [Hanson and Wright, 1971]

}x̄N ´m}2 ď

c

TrpΣq

N
`

c

2λmaxpΣqlnp1{ηq

N
. (1)

Similar bound can be proved for sub-Gaussian variables.
Heavy-tailed case:

No hope for similar behaviour with the sample mean.
Other estimators achieving (1), up to constant?
Under minimal assumptions (DΣ).

Long-lasting open problem. ñ Performance baseline.
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Idea: Median-Of-meaNs in 1d, pxnqnPrNs

Goal

Estimate mean while being resistant to contemination.

MON :

1 Partition: x1, . . . , xN{Q
loooooomoooooon

S1

, . . . , xN´N{Q`1, . . . , xN
loooooooooomoooooooooon

SQ

.

2 Compute average in each block:

a1 “
1

|S1|

ÿ

iPS1

xi , . . . , aQ “
1

|SQ |

ÿ

iPSQ

xi .

3 Estimate EX : medqPrQsaq .
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On MMD (mean embedding: similarly)

Recall:

MMDpP,Qq “ sup
f PB

〈f , µP ´ µQ〉 .

Replace the expectation with MON :

{MMDQpP,Qq “ sup
f PB

med
qPrQs

!

1
|Sq |

ř

jPSq
f pxjq ´

1
|Sq |

ř

jPSq
f pyjq

)

.
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Assumptions

1 K : X ˆ X Ñ R is continuous; X : separable.

2 Excessive outlier robustness (δ, median):

Contaminated # of samples ă # of blocks
2 .

3 Minimal 2nd-order condition :

DTrpΣPq,TrpΣQq,

Note: }A} ď }A}HS

p˚q

ď }A}1.

Zoltán Szabó The MONK
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Finite-sample guarantee

For @η P p0, 1q such that Q “ Qpδ, ηq P
`

Nc{
`

1
2 ´ δ

˘

, N2
˘

with prob. ě 1´ η

ˇ

ˇ

ˇ

{MMDQpP,Qq ´MMDpP,Qq
ˇ

ˇ

ˇ
ď f pN,ΣP,ΣQ, η, δq.

ď

12 max

ˆ

2

b

Tr pΣPq`Tr pΣQq
N ,

b

p}ΣP}`}ΣQ}qlnp1{ηq
δN

˙

δ
.

N-dependence: O
´

1?
N

¯

, optimal [Tolstikhin et al., 2016].

ΣP, ΣQ, η-dependence:

max
`a

Tr pΣPq ` Tr pΣQq,
a

p}ΣP} ` }ΣQ}q ln p1{ηq
˘

.

optimal [Lugosi and Mendelson, 2019] (Rd , tournament procedures),
most practical convex relaxation [Hopkins, 2018]: O

`

N24 ` Nd
˘

,
meanwhile [Cherapanamjeri et al., 2019]: OpN4 ` dN2q, d ă 8.

δ-dependence: optimal?
Breakdown point can be 25% (asymptotic behavior).
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Numerical demo: quadratic kernel, Nc “ 5 outliers

1 No outliers / bounded kernel: MONK is a safe alternative.
2 Relevant case: outliers & unbounded kernel.

P :“ N
`

µ1, σ
2
1

˘

‰ Q :“ N
`

µ2, σ
2
2

˘

. µm, σm „ Ur0, 1s, fixed.
N P t200, 400, . . . , 2000u.
5-5 corrupted samples: pxnq

N
n“N´4 “ 2000, pynq

N
n“N´4 “ 4000.

pP,Q,K q: MMDpP,Qq is analytic.
Performance:

100 MC simulations,
median and quartiles.
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Numerical demo: quadratic kernel, Nc “ 5 outliers
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DNA analysis: 2-sample testing

Discrimination of 2 DNA categories (EI, IE).

Subsequence String Kernel (K ).

Significance level: α “ 0.05.

Performance:

4000 MC simulations,
mean ˘ std of {MMD´ q̂1´α.

q̂1´α: Using 150 bootstrap permutations.
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DNA analysis: plots

Inter-class: EI-IE

, Intra-class: EI-EI (IE-IE)
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DNA analysis: plots

Inter-class: EI-IE, Intra-class: EI-EI (IE-IE)
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Summary

Goal: outlier-robust mean embedding & MMD estimation.

MONK estimator: various optimal guarantees (ICML-2019).

Demo: statistics & gene analysis.

Code:

https://bitbucket.org/TimotheeMathieu/monk-mmd

Acks: Guillaume Lecué is supported by a grant of the French National Research

Agency (ANR), “Investissements d’Avenir” (LabEx Ecodec/ANR-11-LABX-0047).
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In IEEE International Conference on Fuzzy Systems
(FUZZ-IEEE), pages 1–6.

Hanson, D. and Wright, F. (1971).
A bound on tail probabilities for quadratic forms in
independent random variables.
Annals of Mathematical Statistics, 42:1079–1083.

Harchaoui, Z., Bach, F., and Moulines, E. (2007).
Testing for homogeneity with kernel Fisher discriminant
analysis.
In Advances in Neural Information Processing Systems (NIPS),
pages 609–616.

Harchaoui, Z. and Cappé, O. (2007).
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