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o Def-1 (feature space):

k(x,y) = ((x); o (¥ ) -



Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):
k(x,y) = (@(x); o(y))ac -
@ Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-,x)) .

Constructively, Hy = {d_7; aik(-, x;)}.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):
k(x,y) = (@(x); o(y))ac -
@ Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-,x)) .

Constructively, Hy = {d_7; aik(-, x;)}.
@ Def-3 (Gram matrix): G = [k(XhXj)]ijl € R™n = 0.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (o(x),; (¥))q -

Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-,x)) .

Constructively, Hy = {d_7; aik(-, x;)}.
Def-3 (Gram matrix): G = [k(Xh)(j)]’{'J:l € R™n = 0.

Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.
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Kernel, RKHS: generalized inner product, -linear methods

@ Def-1 (feature space):

k(x,y) = (o(x); o(¥))g -

Def-2 (reproducing kernel):

k(-,x) € H, f(x)=(f, k(-,x)) .

Constructively, Hy = {d_7; aik(-, x;)}.
Def-3 (Gram matrix): G = [k(X“XJ')]Zj:l € R™N = 0.

Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.

All these definitions are - k8 Hy. J
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ko(x,y) = ((,y) +7)P,  ka(x,y) = e IxI2,

1
ke(X, y) = e_’Y”x_y”27 kC(X,y) = T . 2
14—yl

kL(X, y) = e—VIIX—ylh,



2
ko) = ((y) 17 kolxy) = IS,
ke(x7Y) = e_’yH-Hz, kc(X, y) = 1

kL(X, y) = 6_7“-H1 ,

e X =RY,

@ continuous, bounded, _ k.




min C(F) == 3 L(F) ) + AIFIR, (1 >0)

fedy
nE[N]

Examples:
o L(a,b) = (a — b)?: kernel ridge regression.
e L(a,b) =|a— bl e-insensitive regression.

e [(a, b) = max(1 — ab,0): classification using hinge loss.



Pt tPaf(x,)
. 2 o )
min € ({a°f<xn)}new],nf||g{k> PFxr) = g

peD;,




ERM with derivatives

In fact, often the task:

] OpP1t-+Pd £ Xn
min € ({awxn)}new] , ||f||§fk) () = Lo T,
X1 Xd

fe?fk pGDn

: semi-supervised learning with gradient information
[Zhou, 2008], nonlinear variable selection
[Rosasco et al., 2010, Rosasco et al., 2013], learning of
piecewise-smooth functions [Lauer et al., 2012], multi-task
gradient learning [Ying et al., 2012], structure optimization in
parameter-varying ARX processes [Duijkers et al., 2014], density
estimation with infinite-dimensional exponential families
[Sriperumbudur et al., 2017], Bayesian inference (adaptive
samplers) [Strathmann et al., 2015].
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© Hermite learning with gradient data:

. __i 12 / A 2
min C(F) := NHEZ[N] (1F(xn) = yal? + [|#/x0) = yal13) + M I3, -



In more detail

@ Hermite learning with gradient data:

. __l . 2 / 12 2
min C(F) ._NHEZ[N] (1F0x0) = ol + [1F(x0) = Yall3) + A 15, -

@ Nonlinear variable selection:

2 .
frgg}?k C(f Z [f(xn) — yn]” + Z 10;f 1,
nE[N] Jj€ld]
1
lell = | 7 2 18Cam)l?
ne[N]
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In more detail

@ Hermite learning with gradient data:
. 1 2
min C(F) = 1 S (1#0cn) = yal? + 17 0x0) — ¥4 12) + M7,
eHy N
ne[N]
@ Nonlinear variable selection:

2
frg;_rf\k C(f): =N Z [f(xn) = yul” + Z 101

ne[N] JEld]

gl = |+ 3 lsGa)l?

ne[N]

© Exponential family:

sufficient statistics

po(x) e<9’ﬁ;) >
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In more detail

@ Hermite learning with gradient data:
. 1 2
min C(F)i= 5 > ([F0xa) =yl + [|F(x0) = vi[5) + A 11,
EHy N
ne[N]
© Nonlinear variable selection:

C(f f(xn) — ynl? o,
min C( Z[x —yalP 4+ > o]

nE [N] Jeld]

gl = |+ 3 lsGa)l?

ne[N]

@ Infinite-dimensional exponential family (score matching):

sufficient statistics

—
po(x) o< 0T ) pr(x) o el H KX,
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In more detail

@ Hermite learning with gradient data:
. 1 2
min C(F)i= 5 > ([F0xa) =yl + [|F(x0) = vi[5) + A 11,
EHy N
ne[N]
© Nonlinear variable selection:

C(f f(xn) — ynl? o,
min C( Z[x —yalP 4+ > o]

nE [N] Jeld]

gl = |+ 3 lsGa)l?

ne[N]

@ Infinite-dimensional exponential family (score matching):

sufficient statistics

~ =
PB(X) x e<0, T(X) > - pf(x) ~ e(f,/((~.X)>j—ck — ef(x) (f e g_[k)
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@ Representer theorem [Zhou, 2008]:

F() =Y anp k(- xn) =

n€[N]
peD, €R

minC |\ 2 amo ORKOGRR) - D anpam o[ ORTKGERE

mée[N] n,me[N]
qeDm nE[N] peD,
peD, q€Dm



Solution

@ Representer theorem [Zhou, 2008]:

F() = anp (-, xn) =

~—~
n€[N] cR
peDn

a

me[N] n,me[N]
qeDm nE[N] peD,
peD, qeDpy

e RFF [Rahimi and Recht, 2007] with - ~ (P(x), (X)) gm

Fx) = (F k(X)) = fw(x) = (W, $(x))m
Estimate w by leveraging fast linear primal solvers.
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For continuous, bounded, shift-invariant k: Bochner theorem =

Bix.y) = / e ) il )

Rd



For continuous, bounded, shift-invariant k: Bochner theorem =

W)= [ @0 diw)

cos(wT(x—y))—H sin(wT(x—y))



For continuous, bounded, shift-invariant k: Bochner theorem =

Bix.y) = [ cos (w7 (x—y)) dlli(w)



For continuous, bounded, shift-invariant k: Bochner theorem =

W(xy) = /R , o5 (wTx—y) ).

cos(wTx) cos(wTy)+sin(wTx)sin(wTy)




Spectral measure & RFF features

For continuous, bounded, shift-invariant k: Bochner theorem =

W(xy) = /R , o5 (wTx—y)) dllw).

cos(wTx) cos(wTy)+sin(wTx)sin(wTy)

Trick: (wm)f\n/’:l hid. A,

Bloc.y) = [ | cos (wT0x - ) dER()

R
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Spectral measure & RFF features

For continuous, bounded, shift-invariant k: Bochner theorem =

Bix.y) = [ cos (w7 (x—y) ).

cos(wTx) cos(wTy)+sin(wTx)sin(wTy)

Trick: (wm)M_, "< A,

.(x,y):/Rdco (w (x—y) )d-
(¢
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Spectral measure & RFF features

For continuous, bounded, shift-invariant k: Bochner theorem =

W(xy) = /R , o5 (wTx—y)) dllw).

cos(wTx) cos(wTy)+sin(wTx)sin(wTy)

Trick: (wm)M_, "< A,
.(x,y):/Rdco (w (x—y >d-
= (¢(x), &(y)) »

cos(w'x )):’ ,(sin(w%x))f_l] € RM,

opak similarly.
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10-year test-of-time award (NIPS-2017). J




RFF applications

10-year test-of-time award (NIPS-2017).

. differential privacy preserving [Chaudhuri et al., 2011],
fast function-to-function regression [Oliva et al., 2015], learning
message operators in expectation propagation
[Jitkrittum et al., 2015], causal discovery
[Lopez-Paz et al., 2015, Strobl et al., 2019], independence testing
[Zhang et al., 2017], prediction and filtering in dynamical systems
[Downey et al., 2017], bandit optimization [Li et al., 2018],
estimation of Gaussian mixture models [Keriven et al., 2018].
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[Rahimi and Recht, 2007, Sutherland and Schneider, 2015]

~ log M
e~ s = 0 (155




o Kernel values
[Rahimi and Recht, 2007, Sutherland and Schneider, 2015],
[Cs6rgd and Totik, 1983]

T log M .
Hk - k||L°°(SM) =0p <|5M| M >,\5M! = e°M) is expected =




o Kernel values
[Rahimi and Recht, 2007, Sutherland and Schneider, 2015],
[Cs6rgd and Totik, 1983], [Sriperumbudur and Szabé, 2015]:

[~ Kl s,y = O (lsm 7 ),\SM, _ M) i expected =

~ B log | S|
e~ o =000 (/255 ).




© Kernel ridge regression [Rudi and Rosasco, 2017], [Li et al., 2019]:
e O (ﬁ) generalization with M = o(N) = O (\/Nlog N) or less RFFs.



RFF guarantee: k

© Kernel ridge regression [Rudi and Rosasco, 2017], [Li et al., 2019]:
e O (\%N) generalization with M = o(N) = O (mlog N) or less RFFs.

@ Kernel PCA [Sriperumbudur and Sterge, 2018, Ullah et al., 2018],
classification with 0-1 loss [Gilbert et al., 2018]: M = o(N) RFFs,
spectrum decay.
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e Kernel values (p=q = 0):

Hk . k”ms) = sup (A~ N(F)l. F={f:2€58 =55},

f,(w) = cos <wT ) .

F is uniformly bounded: sup,cs, ||l o (ray < 0



Challenge

e Kernel values (p =q =0):

Hk . kHLw(S) = sup (A = N)(F)], F={f:zeSa=5-5),

f,(w) = cos (sz> :

F is uniformly bounded: sup,cs, [/l oo (gay < o0

e Kernel derivatives ([p,q] # 0): opak — 8P’quL ) with

d
f(w) = -cos(‘p’Lq') (sz> , wP = wa".
i=1
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Challenge

e Kernel values (p =q =0):

Hk . kHLw(S) = sup (A = N)(F)], F={f:zeSa=5-5),

f,(w) = cos (sz> .

F is uniformly bounded: sup,cs, [/l oo (gay < o0

e Kernel derivatives ([p,q] # 0): opak — 8P7quL ) with

d
f(w) = -cos("’+q|) (sz> , wP = wa".
i=1
s o TR
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Kernel derivatives [Szabé and Sriperumbudur, 2019]:

° _ as for kernel values (unbounded emp. processes).



Kernel derivatives [Szabé and Sriperumbudur, 2019]:

° _ as for kernel values (unbounded emp. processes).
o [BeimaieinondiaMGN L o — 1, () < o " - |PEGEEIN




fa spectrum with at least e~ “ll2" tajl decay, a > 0.

@ Examples: sub-Gaussian (o = 2), sub-exponential (o = 1).




RFF guarantee: 0P%

Now: _ spectrum (Bernstein = sub-exponential)

fa spectrum with at least e~ I«ll2" tail decay, o > 0.

@ Examples: sub-Gaussian (o = 2), sub-exponential (o = 1).

o Ly, = {/\ : - = inf{c >0:E, AV, (@) < 1} < +oo}.

o VU, xR0 " —1 R0, 6

—a=0.1
—a=0.3
—a=15

@
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Blanket assumptions:
@ k:RY x RY = R continuous, bounded, shift-invariant kernel
with EEAgOREREBI O Specgm ( ~ ).

e p,qe N9



Blanket assumptions:
@ k:RY x RY = R continuous, bounded, shift-invariant kernel
with EEAgOREREBI O Specgm ( ~ ).

e p,qe N9

Finite sample guarantee [Chamakh et al., 2019], =

Jopak k|, = Ouc (\/25L) = Isul = 200

L°°(5M) -




For tensor product kernels:

If

oo




For tensor product kernels:
If

+ < I

-] k(X,y) = Hie[d] ki(Xiayl')' i.e. A= ®i€[d]/\i'




For tensor product kernels:
If

° k,-(—)_and

-] k(X,y) = Hie[d] ki(Xiayl')' i.e. A= ®i€[d]/\i'

then A € Ly, with _




Spectrum - Q

Gaussian L o~ 2

N

NS

ﬁ
3
q




Spectrum - Q

Gaussian ﬁ e 2 2
Laplace %e“"“" 1




ﬂ- with a-exp. Orlicz spectrum:

Spectrum -

w

Gaussian L o722

V2ro 7

g a—0|w|
Laplace se

lized G i — =
eneralized Gaussian e

& 267 (L)

M(z) = [y° x*tedx.

Zoltan Szabé Orlicz Fourier Features



ﬂ- with a-exp. Orlicz spectrum: d =1

Spectrum - Q

Gaussian Lo 502 2
210
Laplace %e_alwl 1
' ‘ o _lwle
generalized Gaussian me A @

_1
o?|w|P"2K, 1 (olw])
2

JAT(b)(20)° 2

variance Gamma

M(z) = [y~ x* e ™dx. Kp: modified Bessel function of 2nd kind
and order b.
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KLnel- with a-exp. Orlicz spectrum: d =1

Spectrum - Q

Gaussian Lo 502 2
210
Laplace %e_alwl 1
. . a _Ma
generalized Gaussian me A @

_1
o?|w|P"2K, 1 (olw])
2

VAT (b)(20)" 2
hyperbolic secant %sech (gw) 1

variance Gamma

M(z) = [y~ x* e ™dx. Kp: modified Bessel function of 2nd kind

and order b. sech(x) = COS%I(X) = ex_|_2€—x'
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ﬂ- with a-exp. Orlicz spectrum: d =1

Spectrum - Q

Gaussian L o722 2
2o
g a—0|w|
Laplace 7€ 1
lized Gaussi o o5
neraliz jan —2%—
generalized Gaussia 2ﬁr(§)e «
1
_ oP|w|P 2K, 1 (alwl])
variance Gamma 2 1
Val(b)(20)°" 2
. 1 T
hyperbolic secant §sech (§w) 1

e

wlg

> = Lsech? (%) 1

|Ogi5tiC m Zs

M(z) = [y~ x* e ™dx. Kp: modified Bessel function of 2nd kind
and order b. sech(x) = cos}ll(x) = exfe_x. 123 examples [in TR .
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_ < spectrum (b > %, s > 0)

Kernel k(x,y) Spectrum
_ _ Py _
Gaussian e 2 Gaussian
. . o2
Cauchy / inverse quadric P Laplace
i Itiquadri 02 1° iance G
inverse multiquadric P o variance Gamma

- sech(x —y)  hyperbolic secant

- % logistic
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Focus: RFF-based acceleration for derivatives.

Result: a-exponential Orlicz spectrum = fast rates (Vp, q order),
Preprint on HAL: Orlicz Random Fourier Features.

Future: downstream tasks.


https://hal.archives-ouvertes.fr/hal-02418576
http://www.cmap.polytechnique.fr/~stresstest/

Summary

Focus: RFF-based acceleration for derivatives.

Result: a-exponential Orlicz spectrum = fast rates (Vp, q order),
Preprint on HAL: Orlicz Random Fourier Features.

Future: downstream tasks.
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Summary

Focus: RFF-based acceleration for derivatives.

Result: a-exponential Orlicz spectrum = fast rates (Vp, q order),
Preprint on HAL: Orlicz Random Fourier Features.

Future: downstream tasks.

~
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o Kernel examples with a-exponential Orlicz spectrum.
@ Proof idea.



Kernel examples with a-exp. Orlicz spectrum: d =1

Spectrum fa(w) a
1 _L2

Gaussian e 22 2
210

Laplace %e“"”‘ 1
a |w] &

liz ian —%~e B «
generalized Gaussia 2,8r(§)e

_1

_ o?P|w|P7 2K, 1 (ofwl])

variance Gamma 2 1
VAT (b)(20)P~ 2

()" (2

_lwl\el e
(1*6 A) e X 1

0

Weibull (S)

Sl

exponentiated exponential (S)

Ole

z\2n+ 7w l—a(z)—li(z
(2) = X pen wrgtaryy (3) - Ka(2) =3 S.n)(aw)( ) for z e R

and non-integer a; when a is an mteger the I|m|t is taken.

Zoltan Szabé Orlicz Fourier Features



Kernel examples with a-exponential Orlicz spectrum - 2

Spectrum fa(w) a

s sqa—1
exponentiated Weibull (S) 53 (@) 1[1 — e_<T> } X s

Nakagami (S) r(gzimm,\wlmfle_m%? 2
chi-squared (S) m]wh_ e 5 1
Erlang (S) %ﬁ;w 1
Gamma (S) sl e 7 1
generalized Gamma (S) 2’;/(" 2y |w|P~1 _<ﬂ>p p
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Kernel examples with a-exponential Orlicz spectrum - 3

Spectrum fa(w) @
Rayleigh (S) %efé 2
2
Maxwell-Boltzmann (S) é“’ze;;ﬁaz 2
chi (S) 2%r1(;)|“’5_le_w22 2
exponential-logarithmic (S) _2|oé(p) 15_(31__133;;6[‘:1\ 1
Weibull-logarithmic (S) —2|02(p) O"B(ll:(’;)lﬂ;f;;ﬁlma a
Gamma/Gompertz (S) bse'll 52 bs

2(f—1+eblel)™
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Kernel examples with a-exponential Orlicz spectrum - 4

Spectrum fa(w) «
hyperbolic secant %sech (gw) 1
logistic — = =tsech® (&) 1
s[l-l—e_?
. . a5K1(a\/52+w2) Sa
normal-inverse Gaussian — v € 1
. _ 2 2
hyperbolic me avoitw 1
x K, 1(avé?+w?
generalized hyperbolic (@/9) 2( ) 1

@

V21K (67) Em) 32

— 1 _ 2
SeCh(X) T cosh(x) T eX4eX"
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Proof idea

Decomposition into 3 terms:

© Unbounded part: Talagrand & Hoffman-Jorgensen
inequalities.

@ Bounded part: Klein-Rio inequality & Dudley entropy integral
bound.

© Truncation: bound on the incomplete Gamma function.
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