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Kernel, RKHS: generalized inner product, -linear methods

Def-1 (feature space):

k(x , y) = 〈ϕ(x), ϕ(y)〉H .

Def-2 (reproducing kernel):

k(·, x) ∈ H, f (x)= 〈f , k(·, x)〉H.

Constructively, Hk = {
∑n

i=1 αik(·, xi )}.
Def-3 (Gram matrix): G = [k(xi , xj)]ni ,j=1 ∈ Rn×n � 0.

Def-4 (evaluation): δx(f ) = f (x) is continuous for all x .

All these definitions are equivalent , k
1:1↔ Hk .
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Kernel examples: γ > 0, p ∈ Z+

kp(x, y) = (〈x, y〉+ γ)p, kG (x, y) = e−γ‖x−y‖
2
2 ,

ke(x, y) = e−γ‖x−y‖2 , kC (x, y) =
1

1 + γ ‖x− y‖2
2

,

kL(x, y) = e−γ‖x−y‖1 , . . .

Today

X = Rd ,

continuous, bounded, shift-invariant k .
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Empirical risk minimization

Classical problem

min
f ∈Hk

C (f ) :=
1

N

∑
n∈[N]

L(f (xi ), yi ) + λ ‖f ‖2
Hk

(λ > 0).

Examples:

L(a, b) = (a− b)2: kernel ridge regression.

L(a, b) = |a− b|ε: ε-insensitive regression.

L(a, b) = max(1− ab, 0): classification using hinge loss.
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ERM with derivatives

In fact, often the task:

min
f ∈Hk

C

(
{∂pf (xn)}n∈[N]

p∈Dn

, ‖f ‖2
Hk

)
∂pf (xn) :=

∂p1+...+pd f (xn)

∂p1
x1 · · · ∂

pd
xd

.

Examples : semi-supervised learning with gradient information
[Zhou, 2008], nonlinear variable selection
[Rosasco et al., 2010, Rosasco et al., 2013], learning of
piecewise-smooth functions [Lauer et al., 2012], multi-task
gradient learning [Ying et al., 2012], structure optimization in
parameter-varying ARX processes [Duijkers et al., 2014], density
estimation with infinite-dimensional exponential families
[Sriperumbudur et al., 2017], Bayesian inference (adaptive
samplers) [Strathmann et al., 2015].
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In more detail

1 Hermite learning with gradient data:

min
f ∈Hk

C (f ) :=
1

N

∑
n∈[N]

(
[f (xn)− yn]2 +

∥∥f ′(xn)− y′n
∥∥2

2

)
+ λ ‖f ‖2

Hk
.

2 Nonlinear variable selection:

min
f ∈Hk

C (f ) :=
1

N

∑
n∈[N]

[f (xn)− yn]2 +
∑
j∈[d ]

‖∂j f ‖ ,

‖g‖ =

√√√√ 1

N

∑
n∈[N]

|g(xn)|2.

3 :

pθ(x) ∝ e

〈
θ,

sufficient statistics︷︸︸︷
T(x)

〉

⇒ pf (x) ∝ e
〈f ,k(·,x)〉Hk = ef (x) (f ∈ Hk).
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Solution

Representer theorem [Zhou, 2008]:

f (·) =
∑
n∈[N]
p∈Dn

an,p︸︷︷︸
∈R

∂p,0k(·, xn)⇒

min
a
C



∑

m∈[N]
q∈Dm

am,q ∂
p,qk(xn, xm)


n∈[N]
p∈Dn

,
∑

n,m∈[N]
p∈Dn
q∈Dm

an,pam,q ∂
p,qk(xn, xm)

 .

RFF [Rahimi and Recht, 2007] with k(x, x′) ≈ 〈φ(x), φ(x′)〉RM

f (x) = 〈f , k(·, x)〉Hk
→ f̂w(x) = 〈w, φ(x)〉RM ,

Estimate w by leveraging fast linear primal solvers.
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Zoltán Szabó Orlicz Fourier Features



Spectral measure & RFF features

For continuous, bounded, shift-invariant k: Bochner theorem ⇒

k (x, y) =

∫
Rd

e iω
T (x−y)d Λ (ω)

=

∫
Rd

.

Trick: (ωm)Mm=1
i.i.d.∼ Λ,

k̂ (x, y) =

∫
Rd

cos
(
ωT (x− y)

)
d ΛM (ω)

= 〈φ(x), φ(y)〉 ,

φ(x) =
1√
M

[(
cos(ωT

mx)
)M
m=1

,
(

sin(ωT
mx)
)M
m=1

]
∈ R2M .

∂̂p,qk similarly.
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Zoltán Szabó Orlicz Fourier Features



Spectral measure & RFF features

For continuous, bounded, shift-invariant k: Bochner theorem ⇒

k (x, y) =

∫
Rd

cos
(
ωT (x− y)

)
︸ ︷︷ ︸

cos(ωT x) cos(ωT y)+sin(ωT x) sin(ωT y)

d Λ (ω).

Trick: (ωm)Mm=1
i.i.d.∼ Λ,

k̂ (x, y) =

∫
Rd

cos
(
ωT (x− y)

)
d ΛM (ω)

= 〈φ(x), φ(y)〉 ,

φ(x) =
1√
M

[(
cos(ωT

mx)
)M
m=1

,
(

sin(ωT
mx)
)M
m=1

]
∈ R2M .

∂̂p,qk similarly.
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RFF applications

10-year test-of-time award (NIPS-2017).

Examples : differential privacy preserving [Chaudhuri et al., 2011],
fast function-to-function regression [Oliva et al., 2015], learning
message operators in expectation propagation
[Jitkrittum et al., 2015], causal discovery
[Lopez-Paz et al., 2015, Strobl et al., 2019], independence testing
[Zhang et al., 2017], prediction and filtering in dynamical systems
[Downey et al., 2017], bandit optimization [Li et al., 2018],
estimation of Gaussian mixture models [Keriven et al., 2018].
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RFF guarantee: k

Kernel values
[Rahimi and Recht, 2007, Sutherland and Schneider, 2015]

,
[Csörgö and Totik, 1983], [Sriperumbudur and Szabó, 2015]:

∥∥k − k̂
∥∥
L∞(SM)

= Op

(
|SM |

√
logM

M

)

, |SM | = eo(M) is expected⇒

Downstream tasks :
1 Kernel ridge regression [Rudi and Rosasco, 2017], [Li et al., 2019]:

O
(

1√
N

)
generalization with M = o(N) = O

(√
N logN

)
or less RFFs.

2 Kernel PCA [Sriperumbudur and Sterge, 2018, Ullah et al., 2018],
classification with 0-1 loss [Gilbert et al., 2018]: M = o(N) RFFs,
spectrum decay.
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or less RFFs.

2 Kernel PCA [Sriperumbudur and Sterge, 2018, Ullah et al., 2018],
classification with 0-1 loss [Gilbert et al., 2018]: M = o(N) RFFs,
spectrum decay.
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Challenge

Kernel values (p = q = 0):∥∥∥k̂ − k
∥∥∥
L∞(S)

= sup
f ∈F
|(ΛM − Λ)(f )|, F = {fz : z ∈ S∆ := S − S} ,

fz(ω) = cos
(
ω>z

)
.

F is uniformly bounded: supz∈S∆
‖fz‖L∞(Rd ) <∞.

Kernel derivatives ([p,q] 6= 0):
∥∥∥∂̂p,qk − ∂p,qk∥∥∥

L∞(S)
with

fz(ω) = ωp(−ω)q cos(|p+q|)
(
ω>z

)
, ωp =

d∏
i=1

ωpi
i .

F is of polynomial growth .
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RFF guarantee: ∂p,qk

Kernel derivatives [Szabó and Sriperumbudur, 2019]:

Same fast rate as for kernel values (unbounded emp. processes).

Bernstein condition on Λ : d = 1, fΛ(ω) ∝ e−ω
2` ⇒ p + q ≤ 2` : X

Now: α-exponential Orlicz spectrum (Bernstein ⇒ sub-exponential)

fΛ spectrum with at least e−‖ω‖
α
2 tail decay, α > 0.

Examples: sub-Gaussian (α = 2), sub-exponential (α = 1).

LΨα :=
{

Λ : ‖Λ‖Ψα
:= inf

{
c > 0 : Eω∼ΛΨα

(
‖ω‖2
c

)
≤ 1
}
< +∞

}
.

Ψα : x ∈ R≥0 7→ ex
α − 1 ∈ R≥0.

0 0.5 1 1.5
0

2

4

6

=0.1

=0.3

=1.5
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Kernel derivatives [Szabó and Sriperumbudur, 2019]:

Same fast rate as for kernel values (unbounded emp. processes).

Bernstein condition on Λ : d = 1, fΛ(ω) ∝ e−ω
2` ⇒ p + q ≤ 2` : X

Now: α-exponential Orlicz spectrum (Bernstein ⇒ sub-exponential)

fΛ spectrum with at least e−‖ω‖
α
2 tail decay, α > 0.

Examples: sub-Gaussian (α = 2), sub-exponential (α = 1).

LΨα :=
{

Λ : ‖Λ‖Ψα
:= inf

{
c > 0 : Eω∼ΛΨα

(
‖ω‖2
c

)
≤ 1
}
< +∞

}
.

Ψα : x ∈ R≥0 7→ ex
α − 1 ∈ R≥0.

0 0.5 1 1.5
0

2

4

6

=0.1

=0.3

=1.5

Zoltán Szabó Orlicz Fourier Features



Main result

Blanket assumptions:

k : Rd × Rd → R continuous, bounded, shift-invariant kernel
with α-exponential Orlicz spectrum (α > 0),

p,q ∈ Nd .

Finite sample guarantee [Chamakh et al., 2019], ⇒

Fast rates∥∥∥∂p,qk − ∂̂p,qk∥∥∥
L∞(SM)

= Oa.s.

(√
log |SM |

M

)
, ⇒ |SM | = eo(M)X
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α-exponential Orlicz factory

For tensor product kernels:

If

ki ↔ Λi ∈ LΨαi

and

k(x, y) =
∏

i∈[d ] ki (xi , yi ), i.e. Λ = ⊗i∈[d ]Λi ,

then Λ ∈ LΨα with α = mini∈[d ] αi .
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Kernel examples with α-exp. Orlicz spectrum: d = 1

Spectrum fΛ(ω) α

Gaussian 1√
2πσ

e−
ω2

2σ2 2

Laplace σ
2 e
−σ|ω| 1

generalized Gaussian α
2βΓ( 1

α)
e−
|ω|
β

α

α

variance Gamma
σ2b|ω|b−

1
2 K

b− 1
2

(σ|ω|)
√
πΓ(b)(2σ)b−

1
2

1

hyperbolic secant 1
2sech

(
π
2ω
)

1

logistic e−
ω
s

s
[
1+e−

ω
s

]2 = 1
4s sech

2
(
ω
2s

)
1

Γ(z) =
∫∞

0 xz−1e−xdx . Kb: modified Bessel function of 2nd kind

and order b. sech(x) = 1
cosh(x) = 2

ex+e−x . 23 examples in TR .
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Kernel examples 7→spectrum (b > 1
2 , s > 0)

Kernel k(x , y) Spectrum

Gaussian e−
σ2(x−y)2

2 Gaussian

Cauchy / inverse quadric σ2

σ2+(x−y)2 Laplace

inverse multiquadric
[

σ2

σ2+(x−y)2

]b
variance Gamma

– sech(x − y) hyperbolic secant

– πs(x−y)
sinh(πs(x−y)) logistic

Zoltán Szabó Orlicz Fourier Features



Summary

Focus: RFF-based acceleration for derivatives.
Result: α-exponential Orlicz spectrum ⇒ fast rates (∀p,q order),
Preprint on HAL: Orlicz Random Fourier Features.
Future: downstream tasks.
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Kernel examples with α-exp. Orlicz spectrum: d = 1

Spectrum fΛ(ω) α

Gaussian 1√
2πσ

e−
ω2

2σ2 2

Laplace σ
2 e
−σ|ω| 1

generalized Gaussian α
2βΓ( 1

α)
e−
|ω|
β

α

α

variance Gamma
σ2b|ω|b−

1
2 K

b− 1
2

(σ|ω|)
√
πΓ(b)(2σ)b−

1
2

1

Weibull (S) s
2λ

(
|ω|
λ

)s−1
e
−
(
|ω|
λ

)s
s

exponentiated exponential (S) α
2λ

(
1− e−

|ω|
λ

)α−1
e−
|ω|
λ 1

Ia(z) =
∑

n∈N
1

n!Γ(n+a+1)

(
z
2

)2n+a
, Ka(z) = π

2
I−a(z)−Ia(z)

sin(aπ) for z ∈ R
and non-integer a; when a is an integer the limit is taken.
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Kernel examples with α-exponential Orlicz spectrum - 2

Spectrum fΛ(ω) α

exponentiated Weibull (S) αs
2λ

(
|ω|
λ

)s−1
[

1− e
−
(
|ω|
λ

)s]α−1

× s

×e−
(
|ω|
λ

)s
Nakagami (S) mm

Γ(m)Ωm |ω|2m−1e−
mω2

Ω 2

chi-squared (S) 1

2
s
2 +1Γ( s

2 )
|ω|

s
2
−1e−

|ω|
2 1

Erlang (S) λs |ω|s−1e−λ|ω|

2(s−1)! 1

Gamma (S) 1
2Γ(s)θs |ω|

s−1e−
|ω|
θ 1

generalized Gamma (S) p/aD

2Γ
(

D
p

) |ω|D−1e
−
(
|ω|
a

)p
p
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Kernel examples with α-exponential Orlicz spectrum - 3

Spectrum fΛ(ω) α

Rayleigh (S) |ω|
2σ2 e

− ω2

2σ2 2

Maxwell-Boltzmann (S) 1√
2π

ω2e
− ω

2

2a2

a3 2

chi (S) 1

2
s
2 Γ( s

2 )
|ω|s−1e−

ω2

2 2

exponential-logarithmic (S) − 1
2 log(p)

β(1−p)e−β|ω|

1−(1−p)e−β|ω|
1

Weibull-logarithmic (S) − 1
2 log(p)

αβ(1−p)|ω|α−1e−β|ω|
α

1−(1−p)e−β|ω|α
α

Gamma/Gompertz (S) bseb|ω|βs

2(β−1+eb|ω|)
s+1 bs
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Kernel examples with α-exponential Orlicz spectrum - 4

Spectrum fΛ(ω) α

hyperbolic secant 1
2sech

(
π
2ω
)

1

logistic e−
ω
s

s
[
1+e−

ω
s

]2 = 1
4s sech

2
(
ω
2s

)
1

normal-inverse Gaussian
αδK1(α

√
δ2+ω2)

π
√
δ2+ω2

eδα 1

hyperbolic 1
2δK1(δα)e

−α
√
δ2+ω2

1

generalized hyperbolic (α/δ)λ√
2πKλ(δγ)

K
λ− 1

2
(α
√
δ2+ω2)(√

δ2+ω2

α

) 1
2−λ

1

sech(x) = 1
cosh(x) = 2

ex+e−x .
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Proof idea

Decomposition into 3 terms:

1 Unbounded part: Talagrand & Hoffman-Jorgensen
inequalities.

2 Bounded part: Klein-Rio inequality & Dudley entropy integral
bound.

3 Truncation: bound on the incomplete Gamma function.
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