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QOutline

@ Kernels.
@ Random Fourier features (RFFs).

o Guarantees on RFF approximation: uniform, LP.
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Kernel, RKHS

@ k: X xX — R kernel on X, if

@ Jdp : X — H(ilbert space) feature map,
° k(a, b) = (#(a), (b)) (Va,b € X).
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Kernel, RKHS

@ k: X xX — R kernel on X, if
@ Jp : X — H(ilbert space) feature map,
° k(a,b) = (p(a), p(b))} (Va, b € X).

o Kernel examples: X =R (p >0, § > 0)
o k(a,b) = ({a, b) + 6)": polynomial,
s k(a, b) = e~lla=bl2/(2*). Gaussian,
o k(a,b) = e ?I2=bl2: Laplacian.
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Kernel, RKHS

@ k: X xX — R kernel on X, if
@ Jp : X — H(ilbert space) feature map,
° k(a,b) = (p(a), p(b))} (Va, b € X).

o Kernel examples: X =R (p >0, § > 0)
o k(a,b) = ({a, b) + 6)": polynomial,
s k(a, b) = e~lla=bl2/(2*). Gaussian,
o k(a,b) = e ?I2=bl2: Laplacian.

o In the H = H(k) RKHS (31): o(u) = k(-, u).
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RKHS: evaluation point of view

o Let H c R* be a Hilbert space.
@ Consider for fixed x € X the oy : f € H+— f(x) € R map.

@ The evaluation functional is linear:

(5X(Otf + ,Bg) = aéx(f) + /Béx(g)
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RKHS: evaluation point of view

o Let H c R* be a Hilbert space.
@ Consider for fixed x € X the oy : f € H+— f(x) € R map.

@ The evaluation functional is linear:

(5X(Otf + ,Bg) = aéx(f) + /Béx(g)

@ Def.: H is called RKHS if 6, is continuous for Vx € X.
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RKHS: reproducing point of view

o Let H c R* be a Hilbert space.

@ k: X x X — is called a reproducing kernel of H if for
VxeX,feH

Q k(,x)€H,
Q (f,k(-,x))y = f(x) (reproducing property).
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RKHS: reproducing point of view

o Let H c R* be a Hilbert space.

@ k: X x X — is called a reproducing kernel of H if for
VxeX,feH
Q k(,x)€H,
Q (f,k(-,x))y = f(x) (reproducing property).
Specifically, Vx,y € X

k(Xay) = (k(~,X), k('7y)>H .
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RKHS: positive-definite point of view

@ Let us given a k: X x X — R symmetric function.

@ k is called positive definite if Yn > 1, VY(a1,...,an) € R",
(X1,...,%p) € X"

n
Z ajajk(x;,x;) =a' Ga > 0,
ij=1

where G = [k(Xi,Xj)]ﬁ,':l-
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Kernel: example domains (X)

@ Euclidean space: X =R¢,

o Graphs, texts, time series, dynamical systems, distributions.
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Kernel: application example — ridge regression

o Given: {(x;,yi)}'_y, H = H(k).
e Task: find f € H s.t. f(x;) = y;,

14
_1 12 2 :
_ZZ (xi) — yil +)\||f||H—>?”é|’rJ (A>0).
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Kernel: application example — ridge regression

o Given: {(x;,yi)}'_y, H = H(k).
e Task: find f € H s.t. f(x;) = y;,

14
_1 12 2 :
_ZZ (xi) — yil +)\||f||H—>?”é|’rJ (A>0).

@ Analytical solution, O(¢3) — expensive:

f(x) = [k(x1,x), ..., k(xe,x)](G + )\EI)_I[yl; v,
G-= [k(XhXj)]?,j:I'
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Kernel: application example — ridge regression

o Given: {(x;,yi)}'_y, H = H(k).
e Task: find f € H s.t. f(x;) = y;,

14
_1 12 2 :
_ZZ (xi) — yil +)\||f||H—>?”é|’rJ (A>0).

@ Analytical solution, O(¢3) — expensive:

f(x) = [k(x1,x), ..., k(xe,x)](G + )\EI)_I[yl; v,
G-= [k(XhXj)]ﬁj:l-

o ldea: G, matrix-inversion lemma, fast primal solvers — RFF.
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Focus

e X =RY. k: continuous, shift-invariant [k(x,y) = k(x — y)].
@ By Bochner's theorem:

k(x,y) = /Rd ei“’T(X_y)dA(w) = /]Rd cos (wT(x — y)) dA(w).
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Focus

e X =R9 k: continuous, shift-invariant [k(x,y) = k(x — y)].
@ By Bochner's theorem:

k(x,y) = /Rd ei“’T(X_y)dA(w) = /]Rd cos (wT(x — y)) dA(w).

@ RFF trick [Rahimi and Recht, 2007] (MC): w1.m = (wj)/2; iid

Zcos ( x—y)) ./Rd cos (wT(x—y)> dAm(w).

Zoltdn Szabé Optimal Rates for the RFF Technique



RFF — existing guarantee, basically

@ Hoeffding inequality 4+ union bound:

N log m
e ey =00 1527,

linear
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RFF — existing guarantee, basically

@ Hoeffding inequality 4+ union bound:

N log m
e ey =00 1527,

linear

@ Characteristic function point of view [Csorgé and Totik, 1983]
(asymptotic!):
Q [Sm| = e°(™ is the optimal rate for a.s. convergence,
@ For faster growing |S,,|: even convergence in probability fails.
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Today: one-page summary

.. specificall
@ Finite-sample L*°-guarantee P Y

N log |S]
e~ ey =00 (L7

= 8 can grow exponentially [|S,,| = e°(™] — optimal!
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Today: one-page summary

.. specificall
@ Finite-sample L*°-guarantee P Y

N log |S]
e~ ey =00 (L7

= 8 can grow exponentially [|S,,| = e°(™] — optimal!

@ Finite sample LP guarantees, p € [1,00).
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..., Where

@ Uniform (p = o0), LP (1 < p < o0) norm:

Ik = Klliege) = sup |K(x,y) = k(x,¥)]
x,yES

1
~ ~ I3
Ik Kllings) = ( /S /S k(x,y) — k(x,y)|dedy) .
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Uniform bound: proof idea

@ Empirical process form [Pg := [ gdP]:

sup |k(x,y) = k(x,y)| = sup|Ag — Amg| = A = Ang.
X,YES geg
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Uniform bound: proof idea

@ Empirical process form [Pg := [ gdP]:

sup |k(x,y) = k(x,y)| = sup|Ag — Amg| = A = Ang.
X,YES geg

Q f(wi.m) = [N — Amllg concentrates (bounded difference):

1

A=Al 3 B I = Al + 7
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Uniform bound: proof idea

@ Empirical process form [Pg := [ gdP]:
sup |k(x,y) = k(x,y)| = sup|Ag — Amg| = A = Ang.
X,yE€S8 g€g

Q f(wi.m) = [N — Amllg concentrates (bounded difference):

L
=

© G is 'nice’ (uniformly bounded, separable Carathéodory) =

IA = Amllg 3 B IN=Amllg +

Ewlzm H/\ - Am”g j IEWl:m :R(gfwlim)

Ee supgeg | # Zj'll Ejg(wj)|
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Uniform bound: proof idea — continued

© Using Dudley’s entropy bound:

1 [l9l2nm
R (G, wim) 3 ﬁ/ V1N (G, L2(A\). u)du.
0
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Uniform bound: proof idea — continued

© Using Dudley’s entropy bound:

1 [l9l2nm
R (G, wim) 3 ﬁ/ V1N (G, L2(A\). u)du.
0

© G is smoothly parameterized by a compact set =

4|S|A

d
1 A .m) =
U + ) ) (UJ]__ )

N(G, LP(Am), u) < ( %anjng.
j=1
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Uniform bound: proof idea — continued

© Using Dudley’s entropy bound:

1 [l9l2nm
R (G, wim) 3 ﬁ/ V1N (G, L2(A\). u)du.
0

© G is smoothly parameterized by a compact set =

4|S|A

d
1 A .m) =
U + ) ) (UJ]__ )

N(G, LP(Am), u) < ( %anjng.
j=1

@ Putting together [|Q|Lz(,\m) < 2, Jensen inequality] we get the result.
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Step-1: empirical process form

@ Recall the notation:

Me= [ E@NND). Ang= [ g@hihnlw) = 3 (o)
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Step-1: empirical process form

@ Recall the notation:
1
Me= [ E@NND). Ang= [ g@hihnlw) = 3 (o)

@ Reformulation of the objective:

sup |k(x,y) — k xy)(—supll\g Amgl=: A= Anllg
X,YES

where

G={g,:z€8n},
SA=8—-8={x—y:x,y €8},

&2 wERdr—>cos<w z)eR
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Step-2: bounded diff. property of f(wi.m) = ||A — Ay llg

McDiarmid inequality: Let wi,...,w, € D be independent
r.v.-s, and f : D™ — R satisfy the bounded diff. property (Vr):

sup ‘f(ul, costm) — f(ug, ... up_q, Uy, u,+1,...,um)| <ec.
u1,...,um,uﬁ€D

Then for V5 > 0

282

P(f(wim) — E[f(wim)] = 8) < e S
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg.

‘f((.()]_,... 7wr—17wr7wr+17-~~ me) - f(w17"' 7wr—17w;7wr+17-~~ 7wm)‘ —

1 1
= |sup /\g—— gw-)‘—sup‘/\g—— g(wj) + = [g(wr) — g(wy;) ‘
sup e = 1,3 ] - splne = L St + |
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg.

‘f((.()]_,... 7wr—17wr7wr+17-~~ me) - f(w17"' 7wr—17w;7wr+17-~~ 7wm)‘ —

g€eg j= ge =
) 1
< = sup |g(w,) — g(w})|

m geg
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg.

‘f((.()]_,... 7wr—17wr7wr+17-~~ me) - f(w17"' 7wr—17w;7wr+17-~~ 7wm)‘ —

geg j= &< =
L uplelwr) - a(wl)] < = sup (lg(wn)] + |g@l)])
m geg m
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg.

‘f((.()]_,... 7wr—17wr7wr+17-~~ me) - f(w17"' 7wr—17w;7wr+17-~~ 7wm)‘ —

g€eg j= ge =

(*) 1 / ]- /

< —sup|g(w,) — g(w))| < =sup (lg(w/)| + |g(w))])
m g¢ m geg
1 /

< — |sup|g(wy)| + sup|g(wy})|
m | geg geg
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg.

‘f((.()]_,... 7wr—17wr7wr+17-~~ me) - f(w17"' 7wr—17w;7wr+17-~~ 7wm)‘ —

g€eg j= ge =
(*) 1 / ]- /
< —sup|g(w,) — g(w))| < =sup (lg(w/)| + |g(w))])
m ge m geg
1+1 2
< — [SUP lg(wr)| + SUP \g r)|] < o

(%): next slide.
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

sup |a(g)| — sup|a(g) + b(g)
g€g g€g



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

sup|a(g)| — sup|a(g) + b(g)|| < sup|b(g)l.
geg geg g€eg
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then
sup |a(g)| — sup|a(g) + b(g)|| < sup|b(g)l.
geg geg g€eg

@ Proof: combine

supgegla(g) + b(g)| < sup(|a(g)| + |b(g)|) < supla(g)| + sup|b(g)l,
geg geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

sup|a(g)| — sup|a(g) + b(g)|| < sup|b(g)l.
geg geg g€eg

@ Proof: combine

supgegla(g) + b(g)] <Sup(\ (&)l +1b(g)[) < sup|a(g)| + sup [b(g)],

g€g geg g€g
sup |a(g )!—supl (g) + b(g) — b(g)|
g€y geg

< supla(g) + b(g)| + sup |b(g)|.
geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

sup|a(g)| — sup|a(g) + b(g)|| < sup|b(g)l.
geg geg g€eg

@ Proof: combine

supgegla(g) + b(g)] <Sup(\ (&)l +1b(g)[) < sup|a(g)| + sup [b(g)],

geg geg geg
sup |a(g )!—supl (g) + b(g) — b(g)|
geg geg
< supla(g) + b(g)| + sup |b(g)|.
geg ge

= =+ |supa(g)| —supla(g) + b(g)|| < sup|b(g)|.
geg geg geg

@ Our choice: a(g) = N\g — —ZJ 1g(u.,vj) b(g) = % [g(w,) — g(w))].



Applying McDiarmid to f (¢, = 2): for V7 > 0 with probability 1 — e~ "

V2T

IAN=Amllg < Ewpp A= Amllg T

Step-3: bounding this term
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Step-3: bounding E.,, [|A — An|g

G ={g;:z € 8a} is a separable Carathéodory family, i.e.
Q@ wr— cos (sz): measurable for Vz € Sa.
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Step-3: bounding E.,, [|A — An|g

G ={g;:z € 8a} is a separable Carathéodory family, i.e.
Q@ wr— cos (sz): measurable for Vz € Sa.
Q z+ cos (w'z): continuous for Vw.
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Step-3: bounding E.,, [|A — An|g

G ={g;:z € 8a} is a separable Carathéodory family, i.e.
Q@ wr— cos (sz): measurable for Vz € Sa.
Q z+ cos (w'z): continuous for Vw.
© R is separable, So C R = Sa: separable.
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Step-3: bounding E.,, [|A — An|g

G ={g;:z € 8a} is a separable Carathéodory family, i.e.

Q@ wr— cos (sz): measurable for Vz € Sa.

Q z+ cos (w'z): continuous for Vw.

© R is separable, So C R = Sa: separable.
Thus, by [Steinwart and Christmann, 2008, Prop. 7.10]

Ewlzm ||/\ - Am”g S zEwlzm[ :R(gawl:m) ]
=Ee supgeg | 271 g (wy)|

using the uniformly boundedness of G (sup ||g|l,, <1 < 00).
g€g
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Step-4: bounding R

Using Dudley's entropy integral [Bousquet, 2003, Eq. (4.4)]:

1912 Am
% (6. () < 52 [\ logAG. ).
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Step-4: bounding R

Using Dudley's entropy integral [Bousquet, 2003, Eq. (4.4)]:

1912 Am
% (6. () < 52 [\ logAG. ).

where
o L2(Am) = L2(RY, B(R?), Am), llglli2(n,) = v/ m 2ojmer 82(w)),
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Step-4: bounding R

Using Dudley's entropy integral [Bousquet, 2003, Eq. (4.4)]:

8v2 [1912mm)
7

R (G, (w)Ly) < VIog (G, L2(Ar). r)dr,

where
o L2(Am) = L2(RY, B(R?), Am), llglli2(n,) = v/ m 2ojmer 82(w)),
® |Gli2(A,) = SUPg geg 81 — &2l 12(n,):
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Step-4: bounding R

Using Dudley's entropy integral [Bousquet, 2003, Eq. (4.4)]:

1912 Am
% (6. () < 52 [\ logAG. ).

where

o L*(Am) = L2(RY, B(RY), Am), llgll2(n,) = 1/ 7 21 82(wy).

® |Gli2(A,) = SUPg geg 81 — &2l 12(n,):

o N(G,L2(Ap),r): r-covering number.
o rnet: SC G, for Vg € G ds € S such that [|g — s[|2» ) < r-
o N size of the smallest r-net of G.
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Step-5: bound on [G|;2(x,)

Gl = sup_ller—glliznn < sup_(I8illiznn) + €2l
81,8269 81,8269

(%)
< sup ||g1||L2(,\m) + sup ||g2||L2(/\m) <2,
g1€9 &1€9



Step-5: bound on [G|;2(x,)

Gl = sup_ller—glliznn < sup_(I8illiznn) + €2l
81,8269 81,8269

(%)
< sup ||g1||L2(,\m) + sup ||g2||L2(/\m) <2,
g g1€g

g1€
1 & 2
Zgz wj) = sup EZ [cos (wJ-TZ)} <1
j=1

FASSIN

*

( )
up &l 2n,,) = sup
g€eg FZSSIN
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Step-5: bound on N(G, L?(Ay), r)

Let gz,, &2, € G. We want to bound ||gz, — g22||L2(,\m). One term:

‘COS (w TZ]_) — COSs ((A) T22) (;)

‘VZ cos (wTZC)

zZy — Z
| 22—z,

= H—sin (szc) wH2 llz1 — 22|,

< wlly llz1 = 225,

where (x): mean-value theorem, z. € (z;,2>).
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Step-5: bound on N(G, L?(Ay), r)

@ Smooth parameterization:

1 & 2
gz, — g llizna) < | 7 22 (il iz = 22ll)
j=1
1 & )
= llzs —zally | — D llwjll3-
j=1

=:A=A(w1:m)

o r-net on (Sa, ||l,) = r' = rA-net on (G, L2(Anm)).
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Step-5: bound on N(G, L?(Ay), r)

@ Until now:

NG, L2(Am)s ) SN (8801125 ) -
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Step-5: bound on N(G, L?(Ay), r)

@ Until now:

N(G, L2 (M), )<N(SA,|| o)

@ S can be covered by a ball of radius
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Step-5: bound on N(G, L?(Ay), r)

@ Until now:
N(G, L2 (Am) 1) SN (Sl %)

@ S can be covered by a ball of radius ‘ al < @ =|§].
@ e-covering number of || - ||o-ball in RY W|th radius R
=

< (*8 +1)9 [van de Geer, 2009, Lemma 2.5]
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Step-5: bound on N(G, L?(Ay), r)

@ Until now:

NG, L2(Am)s ) SN (8801125 ) -

@ S can be covered by a ball of radius @ < @ =18].

@ e-covering number of || - [|o-ball in RY with radius R:
< (*8 +1)9 [van de Geer, 2009, Lemma 2.5] =

® We got [e = %, R=[8]]:
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Step-6: Putting together

(lem)<—/\/ %H)d
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Step-6: Putting together

1G22 [ g (24 1) o
(;)% \/ 4|8|A+2 W
(a): r<2
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Step-6: Putting together

(gwlmé% \/ %-Fl dr
@ jj ¢ 4wm+2 W

(a): r<2, (b): 2/8|A+1< (28] +1)(A+1).
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Step-6: Putting together

2
1G22 [ g (24 1) o
0
(2) 8v/2d [2
2) 8 2d/ \/log <4|8|/4r\+2> W
0

2
(2 %[/0 \/Iog2(2|87r|+1)dr—|—2x/log(A+l) .
1

(a): r<2, (b): 2I8|A+

<(2|8] +1)(A+1).
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Step 6: Putting together

(g wlm %

(/ \/k)gidr—k\/m)

(a): change of variables, B := 28]
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Step 6: Putting together

(g wlm %

(/ \/k)gidr—k\/m)

(a): change of variables, B :=2|§|, (b):
fol /log 2de < /loga + T\/{a?a (a>1).
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Step 6: Putting together

R(G,wi:m) % (/ \/Iog dr—l—VIogA—l—l)
(b) 6\/_

(a): change of variables, B :=2|§|, (b):
fol /log 2de < /loga + T\/lo?a (a>1). = by Jensen
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Uniform guarantee

Let k be continuous, 62 := [ [|w||? dA(w) < co. Then for
V7 > 0 and compact set § C RY

(nk Klimgs) = (d"s""”@)g

- vm

h(d,|S|,0) := 32\/2dlog(2[S] + 1) + 16 2d

g2 + 1)
32/2d log(c + 1).
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Consequence-1 (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ——— k at rate 4/ %'S'.
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Consequence-1 (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate %'S'.

@ Growing diameter:

@ |ogr|;;3m‘ rrH—oo> Ois enough (i_e_, |Sm| — eo(m))_
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Consequence-1 (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k == k at rate / %.
@ Growing diameter:
° % 72, 0 is enough (i.e., [8m| = ™).
@ Specifically:
o asymptotic optimality [Csérgd and Totik, 1983, Theorem 2] (if k(z)
vanishes at 0o).
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Consequence-2: LP guarantee (1 < p)

Idea:
@ Note that

1
~ ~ I3
1k Klluogs) = ( /5 /5 k(x,y) - k(x,y>|"dxdy)

< ||k = K|l (yvol?/P(8).
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Consequence-2: LP guarantee (1 < p)

Idea:
@ Note that

1
~ ~ I3
1k Klluogs) = ( /5 /5 k(x,y) - k(x,y>|"dxdy)

< ||k = K|l (yvol?/P(8).

@ vol(8) < vol(B), where B := {x eR?: |x|]2 < @}
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Consequence-2: LP guarantee (1 < p)

Idea:
@ Note that

1
~ ~ I3
1k Klluogs) = ( /5 /5 k(x,y) - k(x,y>|"dxdy)

< ||k = K|l (yvol?/P(8).

@ vol(8) < vol(B), where B := {x eR?: |x|]2 < |S|},
d/Z‘S‘d
29T (9 +

e vol(B) = M(t)= Jo ute " du. =
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Under the previous assumptions, and 1 < p < oc:

2
/2|89 ) P h(d, |8, o) + V2T e

A" | Lk — k >
| lle(s) > (zdr(gH) T
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Under the previous assumptions, and 1 < p < oc:

2
7d/2|g|d /p h(d,|8],0) +v2r | _ -
29r(4 +1) Vvm -

Ak = Klos) > (

Hence,

Ik = kllo(s) = Oas.( m™Y2[SPY/P\/I0g]8] ).

LP(8)-consistency if 7= 0
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Under the previous assumptions, and 1 < p < oc:

2
/2|89 ) P h(d, |8, o) + V2T e

A" | Lk — k >
| lle(s) > (zdr(gH) T

Hence,

Ik = kllo(s) = Oas.( m™Y2[SPY/P\/I0g]8] ).

LP(8)-consistency if 7= 0

. 2d/
Uniform guarantee: [8,,| = e™ < now: ‘S""Tp = 0= |8, = o(m%).
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Direct LP guarantee (proof after discussion)

Under the previous assumptions, and 1 < p < oo:

2/p
R d/2|g|d c’
N T (i R
2dr(§ + ].) ml_max{@;} vm

C,: universal constant; only p-dependent (not |8| or m-dep.).

Zoltdn Szabé Optimal Rates for the RFF Technique



Direct LP guarantee (proof after discussion)

Under the previous assumptions, and 1 < p < oo:

2/p
A d/2|e|d c’
A" | Ik = Kkllesy = <¢> ( - + \/Z> <eT,

291 (4 +1) mi-max(3.5}  /m

C,: universal constant; only p-dependent (not |8| or m-dep.).
Note: if 2 < p, then

o ml—max{%,%} — \/E [We got rid of \/m]'

Q ||k - k|l Lp(s.m) 2200f ISy =0 (mﬁ) as m — oo.
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Direct LP result: High-level idea

© By the bounded difference property:

Ik = Klluo(s) < Ik = Kllo(s) +v0|2/p(5)

wlm
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Direct LP result: High-level idea

© By the bounded difference property:
Ik = Kllp(s) < Eupnllk — kllio(s) +v0|2/"(5)

Q@ By [P = (LP)* (% + ﬁ — 1), the separability of LP'(8) and
symmetrization [van der Vaart and Wellner, 1996, Lemma 2.3.1]:

L kHLP < —=E,,.,E cos({wj, - —-))

2
m

LP(8)

=(x)
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Direct LP result: High-level idea

© By the bounded difference property:
Ik = Kllp(s) < Eupnllk — kllio(s) +v0|2/"(5)

Q@ By [P = (LP)* (% + ﬁ — 1), the separability of LP'(8) and
symmetrization [van der Vaart and Wellner, 1996, Lemma 2.3.1]:

L kHLP < —=E,,.,E cos({wj, - —-))

2
m

LP(8)

=:(%)
@ Since LP(8) is of type min(2, p) 3C, such that

1
m min(2,p)
(+) <G, (Z | cos((wi, - — >)um'“‘2”’>> .
=1
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Direct LP result: Step-1

flwi,...,wm) = |k— k||Lp has bounded difference:
p 1 T 1 ~T
X,y) = ™ Z cos(w; (x —y)) + ™ cos(@; (x —y)),
JF#i

sup ‘Hk Kllte(sy — 1k = killosy| <

(wl), 17

< sup ||/A<i—/A<||Lp(5)

(wl'):'-nzl 7‘:"1'
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Direct LP result: Step-1

flwi,...,wm) = |k— k||Lp has bounded difference:

e (x y) = % Z cos(wJT(x —-y))+ %COS(“NJ:'T(X -)),

J#i
sup ‘Hk Kllte(sy — 1k = killosy| <
(wl), 17
2
S( S)UP ki — kl|1o(s) < ;SUPHCOS(W:"'—'>)||Lp(5)
wj ;”:1,w, Wi
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Direct LP result: Step-1

flwi,...,wm) = |k— k||Lp has bounded difference:

e (x y) = % Z cos(wJT(x —-y))+ %COS(“NJ:'T(X -)),

J#i
sup ‘Hk Kllte(sy — 1k = killosy| <
(wl), 17
2
S( S)UP ki — kl|1o(s) < ;SUPHCOS(W:"'—'>)||Lp(5)
wj ;”:1,w, Wi

2
< Zvol?P(8) =: .
m

= We can apply the McDiarmid inequality.

Zoltdn Szabé Optimal Rates for the RFF Technique



We write ||-||,, as a countable sup

Let 1 < p' < oo.
o Let (X, A, 1), u(X) < oo, L + 1 =1 Then

p ' p
L7 (XA )| = {Fr o f € LP(X A, )}
Fe(w) = [ ufdn
X

and [|f]|,p = | Frll = supygy , -1 [Fr(g)l =: (%).
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We write ||-||,, as a countable sup

Let 1 < p' < oo.

1,1 _
o Let (X, A, u), p(X) < o0, 54+ 5 =1 Then

[LP'(X,A,M)F = {Fr:f e LP(X,A,n)},
F(u) = /X ufdp,

and [|f]|,p = | Frll = supygy , -1 [Fr(g)l =: (%).

@ Moreover, since for X =8, LP'(8) is separable [Cohn, 2013,
Prop. 3.45] =3 G C SL,,/(S)(O, 1) countable [Carothers, 2004,
Lemma 6.7]: (%) = SUPgeg |Fe(g)]
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Direct LP result: Step-2

By the previous rewriting

Ik = Klluogs) = || Fi_g | = sup
g€g

| gxy) [ktxy) — k)] amty| = 2
8x8
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Direct LP result: Step-2

By the previous rewriting

Ik = Klluogs) = || Fi_g | = sup
g€g

| gxy) [ktxy) — k)] amty| = 2
8x8

[ gly) [Kxy) = kixy)] axy
Sx8
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Direct LP result: Step-2

By the previous rewriting

Ik = Klluogs) = || Fi_g | = sup
g€g

/5 &) [K(x,y) = k(x,y)] dxdy
- /stg(x, y) [/Rd cos(w ' (x —y))d(A — /\m)(W)] dxdy

| gxy) [ktxy) — k)] amty| = 2
S><S
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Direct LP result: Step-2

By the previous rewriting

Ik = Klluogs) = || Fi_g | = sup
g€g

[ gly) [Kxy) = kixy)] axy
Sx8

= [ et | [ costT(x = ) ~ An)(e)] axay
- /R /M (x,y) cos(w (x — y))dxdy  d(A - Am)(w) =

=:8gz(w): measurable <= dominated convergence

| gxy) [ktxy) — k)] amty| = 2
8x8
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Direct LP result: Step-2

By the previous rewriting

Ik = Klluogs) = || Fi_g | = sup
g€g

/S exy) [K(x.y) — kx.y)] dxdy
= [ et | [ costT(x = ) ~ An)(e)] axay
- /R /M (x,y) cos(@ (x — y))dxdy  d(A — Am)(w) =

=:8gz(w): measurable <= dominated convergence
(*) = _sup |(/\ - Am)§|>
gcG:={g;:€G}

| gxy) [ktxy) — k)] amty| = 2
8x8
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Direct LP result: Step-2

By symmetrization [(a)] we get
" (2) 1o~ .
Eworpllk = kllios) < 2By, Besup | = eig(w))
ge9 | i=1
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Direct LP result: Step-2
By symmetrization [(a)], & def. [(b)] we get
N ( ) 1 <
Bk = Kllo(s) < 2By, Ee sup | — Zfig(wi)
geg i=1

€ / g(x,y) cos (w,-T(X — y)) dxdy
8% 8

m

= —[E,. . E¢csup

3|~
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Direct LP result: Step-2

By symmetrization [(a)], & def. [(b)] we get

1~ .

= Z eig(w)
i=1

g(x,y) cos w-T(x - y)) dxdy

/stg(x, y) [; Ej COS (wl.T(x - y))] dxdy

~ (a)
Ewrpllk = kllirs) < 2wy, Ee sup
geg

()2

(4)1 m EI

_ 2
Ewl +Eg sup

geg
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Direct LP result: Step-2

By symmetrization [(a)], & def. [(b)] and LP = (LP')* [(c)], we get

. (a) 1 .
Ewypllk = kllps) < 2By, Ee sup - Ze;g(w;)
i=1

geg

2
@ Ew,. E 5, g(x,y) cos w-T(x - y)) dxdy

-2 Byl sUP / g(x,y) Ze,- cos (w,-T(x - y)) dxdy

g€eg |J8x8 i
c 2
© ; wi.m ZE, cos({wj,- —-))
LP(8)
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o
(D]
-+

(Up)]

w
3
0
(]
—

Q

~

)
O
(D]
=

()

sgn (sin (P7s)) € L2[0,1]

Rademacher functions: r;(s)
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Direct LP result: Step-3

Properties of Rademacher functions:

@ ONS in L2[0,1].
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Direct LP result: Step-3

Properties of Rademacher functions:
@ ONS in L2[0,1].
vector, where t ~ U[0,1] =

1 m
B Yoo = [ 3 nta)5 s
j=1

j=1
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Direct LP result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m q

/ Z (s)fi|[ds < C Zufuq Vm, V{12, € Z.
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Direct LP result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m q

/ Z (s)fi|[ds < C Zufuq Vm, V{12, € Z.

Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
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Direct LP result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m q

/ Z (s)fi|[ds < C Zufuq Vm, V{12, € Z.

Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
© V Hilbert space is of type 2.
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Direct LP result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m q

/ Z (s)fi|[ds < C Zufuq Vm, V{12, € Z.

Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
© V Hilbert space is of type 2.
Q Z=LP(X,A,p) is of type g = min(2, p)
[Lindenstrauss and Tzafriri, 1979, page 73] =
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Direct LP result: Step-3

HC;) such that

i cos((wj, - —

m min(2,p)
)< G (Z||cos(<w,-,-— >)||T,1282"> =: (%)

LP(8) i=1

Z | cos((wi, = DIlgaesy” =
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Direct LP result: Step-3

HC;) such that

i cos((wj, - —

)< G (Z||cos(<w,-,-— NI ")> =: (%)

LP(8) i=1

cos(w; (x — y))‘p dxdy

m
ZHCOS Wi, — - )”mln(2,p Z /
8§x8§

i=1

<1

Zoltdn Szabé Optimal Rates for the RFF Technique



Direct LP result: Step-3

HC;) such that

i cos((wj, - —

)< G (Z||cos(<w,-,-— NI ")> =: (%)

LP(8) i=1

cos(w; (x — y))‘p dxdy

m
ZHCOS Wi, — - )”mln(2,p Z /
8§x8§

i=1

<1

min(2,p) -

<mlvwl@8)] *» =
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Direct LP result: Step-3

HC;) such that

i cos((wj, - —

)< G (Z||cos(<w,-,-— NI ")> =: (%)

LP(8) i=1

cos(w; (x — y))‘p dxdy

m
ZHCOS Wi, — - )”mln(2,p Z /
8§x8§

i=1

<1

< m[vol2(s)] """ =

(x) < C;mm:max{%’fl’}volz/p(S).

Zoltdn Szabé Optimal Rates for the RFF Technique



Finite sample
o [(8) guarantee =5 |8, | = €2l — optimal!
@ LP(8) results (< uniform, type of LP).
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Finite sample
o [(8) guarantee =5 |8, | = €2l — optimal!
@ LP(8) results (< uniform, type of LP).

Thank you for the attention!

~
-

=/
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@ Borel-Cantelli lemma.
@ McDiarmid inequality.

@ [°°(8) is not separable.
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Appendix
Borel-Cantelli lemma

o Assume: > o2 P(A,) < co.
@ Then P(oco-ly many of them occur) = 0. Formally,

P <Iim sup A,,> =0,
n—oo

limsup A, = ﬁ G Axk.

n—0o0 n=1 k=n
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Appendix

McDiarmid inequality [Shawe-Taylor and Cristianini, 2004]

Let wi,...,wm € D be independent r.v.-s, and f : D™ — R satisfy
the bounded diff. property (Vr):

sup ‘f(ul, costm) — fug, ... U1, U, u,+1,...,um)| <c.
ut,...,Um,ul€D

Then for V5 > 0

__28°
]P)(f(w].?"'awm) _E[f(UJl,,wm)] 2 5) S e ZT:lcfZ.

) . o _ 2 _ 2¢ — m
Note: specifically, if c = ¢, (Vr), 7 = ST = Se=cy/

gives P (f(X1,..., Xm) <E[f(X1,.... Xm)] + /) > 1—e".
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Appendix

L>(8) is not separable

@ Assume that 0 € 8.
o Take S := {IB(O,r)}r>O - LOO(S)
@ |S| > countable, and for Vs; Z s € S: ||s; — 52||L°<>(5) =1
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