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@ Task: speed up kernel machines on R,
@ Technique: random Fourier features.

@ Interest: high-order derivatives.



Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (»(a); p(b))sc,  (Va,b e X).



Kernel k, RKHS 3, < generalization of a’b

Given: X set. H(ilbert space).
o Kernel:

k(aa b) = <‘L,0(3),(,0(b)>}(, (vaa be x)
@ Reproducing kernel of a { ¢ R¥:

k(-,a) € K, F(b) = (f, k(-, b))sc.
——

' reproducing property
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Kernel k, RKHS 3, < generalization of a’b

Given: X set. H(ilbert space).
o Kernel:

k(aa b) = <‘L,0(3),(,0(b)>}(, (vaa be x)
@ Reproducing kernel of a { ¢ R¥:

k(-,a) € K, F(b) = (f, k(-, b))sc.
——

' reproducing property

P k(a, b) = (k(-,a), k(- b))s.
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Kernel k, RKHS H, <+ generalization of a’b

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (»(a),(b))sc, (Va,b e X).
@ Reproducing kernel of a 3 ¢ R¥:

k(- a) € %, F(b) = (F, k(. b))s .

~——— ~
' reproducing property

P k(a, b) = (k(-, ), k(-, b))ac. _
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@ Def-1 (feature space):

k(a, b) = (¢(a), p(b)) -
o Def-2 (reproducing kernel, constructive):

k(- b) € %, f(b)= (F, k(-, b))s.



@ Def-1 (feature space):
k(a, b) = (¢(a), ¢(b))gc -
o Def-2 (reproducing kernel, constructive):
k(-,b) € H, f(b)= (f, k(-, b))s.

o Def-3 (Gram matrix): G = [k(x;, x;)]7;—; € R™" = 0.



Kernel: continued

Def-1 (feature space):

k(a, b) = (p(a), p(b))ge -

Def-2 (reproducing kernel, constructive):

k(-,b) € H, f(b)= (f, k(-, b))s.

Def-3 (Gram matrix): G = [k(x;, x;)]7;—; € R™" = 0.

Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.
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Kernel: continued

Def-1 (feature space):

k(a7 b) = (ap(a), So(b»f}f :

Def-2 (reproducing kernel, constructive):

k(-,b) € H, f(b)= (f, k(-, b))s.

Def-3 (Gram matrix): G = [k(x;, x;)]7;—; € R™" = 0.

Def-4 (evaluation): 0x(f) = f(x) is continuous for all x.

All these definitions are - k <1—§ Hy.
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Assumptions:
@ Domain (X): RY,

@ Kernel (k): continuous, bounded, shift-invariant.
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Assumptions:
@ Domain (X): RY,

@ Kernel (k): continuous, bounded, shift-invariant.

Examples:

kP(xa y) = ((X, y> + ,y)p: NO!



In this talk

Assumptions:
@ Domain (X): R,
@ Kernel (k): continuous, bounded, shift-invariant.

Examples:
ko(x,y) = ((x,y) +7)?: NO!,  kg(x,y) = e Ix=yI5. YESI,
1
ke(x,y) = e V2o YESI ke(x,y) = ——————: YES!
e R P
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In this talk

Assumptions:
@ Domain (X): R,
@ Kernel (k): continuous, bounded, shift-invariant.

Examples:
ko(x,y) = ((x,y) +7)?: NO!,  kg(x,y) = e Ix=yI5. YESI,
1
ke(x,y) = e V2o YESI ke(x,y) = ——————: YES!
e R P

Bochner theorem =

k(x,y) = /]Rd cos (wT(x - y)) dA (w).

Zoltdn Szabd Consistency of Orlicz Random Fourier Features



Given sample {(Xn,yn)}nepny € RY x R, kernel k on RY.



Given sample {(Xn,yn)}nepny € RY x R, kernel k on RY.
O Kernel ridge regression (A > 0):

2 2
frg'}'c‘k c(f Z [f(xn) — ya]= + A (1115, -
ne[N]



Cost: function values <— curve fitting

Given sample {(Xn, ¥n)}nein) € RY X R, kernel k on RY.
O Kernel ridge regression (A > 0):

2 2
min C(f Z [F(xn) = yal* + A FII3,
nE[N]
@ Classification with hinge loss (y, € {£1}):
1

in C(f) = — 1 — yof(x,), M2 .
min C(f) Nng]max( Ynf (%n), 0) + A |13,
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Cost: function values <— curve fitting

Given sample {(Xn, ¥n)}nein) € RY X R, kernel k on RY.
O Kernel ridge regression (A > 0):

2 2
min C(f Z [F(xn) = yal* + A FII3,
nE[N]
@ Classification with hinge loss (y, € {£1}):
1

in C(f) .= — — YnT(Xpn 3, -
min (f) N,,ez[,:\/] max(1 — ynf(xn),0) + A[[f]|5,

Optimization over function spaces.
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@ Representer theorem:

F(-)= D ank(-,xn), an €R.

ne[N]



@ Representer theorem:

F(-)= D ank(-,xn), an €R.
ne[N]
@ Reproducing property:

( )_<f k( xl) Zan-

ne[N]



@ Representer theorem:

F(-)= D ank(-,xn), an €R.

ne[N]

@ Reproducing property:

( )_<fk xl) Zan-

ne[N]
@ = finite-dimensional optimization problem:

mingege, switched to min, pn. J




© Hermite learning with gradient data:

. 1 2 / v 12 2
frg.’l}?k C(f) := N nez[;” ([f(xn) Ynl© + Hf (xn) yn”z) +A “f”i}fk :



Cost: function values & derivatives <— curve & slope fitting

@ Hermite learning with gradient data:
1

. 2
fne%?k C(f) = N nez[l%ll ([f(xn) - yn]2 + Hf/(xn) - ylnH2) + A ”fH?Hk :

@ Nonlinear variable selection:

2 .
28, 0=y 32 (e =P+ 3 101,
nEN] Jj€ld]
1 2
lell = | & > lglxa)l
ne[N]

Zoltdn Szabd Consistency of Orlicz Random Fourier Features



Cost: function values & derivatives <— curve & slope fitting

@ Hermite learning with gradient data:
; ._ 1 2 / 1112 2
U DY (170xn) = yal? + [1F0x0) = ¥ 12) + A1,

@ Nonlinear variable selection:

2 -
fr’gé?k(: = Z [F(Xn) — yn]” + Z 10; 1l
n€[N] Jj€ld]
1
el = | v > lg(xn)?
ne[N]

© Exponential family:

sufficient statistics

po(x) o e<0’ﬁ;) >

Zoltdn Szabd Consistency of Orlicz Random Fourier Features



Cost: function values & derivatives <— curve & slope fitting

@ Hermite learning with gradient data:
. 1 2 / /12 2
pip €=y 3 (1F0) =yl + 17/0cn) = vill2) + A1,

@ Nonlinear variable selection:

frgl}? C(f Z [f(xn) = yal* + Z 101
k nE [N Jj€ld]
1
lell= | 5 2_ 18bm)l?
ne[N]

@ Infinite-dimensional exponential family (score matching):

sufhclent statistics

<0T

pg(X) xX e > = pf(x) o< e(f k(%))
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Cost: function values & derivatives <— curve & slope fitting

@ Hermite learning with gradient data:
. 1 2 / /12 2
pip €=y 3 (1F0) =yl + 17/0cn) = vill2) + A1,

@ Nonlinear variable selection:

frgl}? C(f Z [f(xn) = yal* + Z 101
k nE [N Jj€ld]
1
lell= | 5 2_ 18bm)l?
ne[N]

@ Infinite-dimensional exponential family (score matching):

sufhclent statistics
po(x) o< e<0 T )) = pr(x) oc el 09 = &f ) (F € 3(,).
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A bit more generally:

| OPr P f(x,
min C <{8pf(xn)}ne[N]a ||f||§ck> OPf(xn) == T@,Sd)
X1 Xd

feH, peD,



Cost: function values & derivatives — continued

A bit more generally:

gPrt-Paf(x,,)

; P 2 P —
g;gf({a f(xn)}zggn],ufum) () = =g

. semi-supervised learning with gradient information
[Zhou, 2008], nonlinear variable selection
[Rosasco et al., 2010, Rosasco et al., 2013], learning of
piecewise-smooth functions [Lauer et al., 2012], multi-task
gradient learning [Ying et al., 2012], structure optimization in
parameter-varying ARX processes [Duijkers et al., 2014], density
estimation with infinite-dimensional exponential families
[Sriperumbudur et al., 2017], Bayesian inference (adaptive
samplers) [Strathmann et al., 2015].
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@ Previously:

F(:)= D ank(-,xn), an €R.

ne[N]



@ Previously:
F(:)= D ank(-,xn), an €R.
ne[N]
o Now:
F(-) = anp0®k(-,%n) anp €R.

ne[N]
PEDs,



Solution: representer theorem & derivative-reproducing
property

@ Previously:
F(:)= D ank(-,xn), an €R.
ne[N]
o Now:
()= Z an,pﬁp’ok(-,x,,) anp € R.

ne[N]
PED,

L . o L1 (pita)
Finite-dimensional optimization problem [OP%(x,y) := %I?M
OFL-- % OyL -0y

minC | 2 amoDRSKGRNE) D anpam o DRKGT)
a

me[N] n,me[N]
q€Dm nE[N] peD,
peDy q€Dny,
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min,: can still be computionally heavy. J

RFF [Rahimi and Recht, 2007]:



min,: can still be computionally heavy. J

RFF [Rahimi and Recht, 2007]:

o Recall:

Bix.y) = [ cos (w7 (x—)) (). () = (£, K00,



Random Fourier feature (RFF) trick

min,: can still be computionally heavy.

RFF [Rahimi and Recht, 2007]:

@ Recall:
.(x,y) = /Rd cos( ) d.(w f(x) = (f, k(-,x

e Explicit low-dimensional feature approximation (Ay):

k(X,X,) ~ <@(x)7 SO(X/)>R2M ) fW(x) = (W, QD(X»]RZM :
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Random Fourier feature (RFF) trick

min,: can still be computionally heavy. J

RFF [Rahimi and Recht, 2007]:

@ Recall:
BiGe.y) = | cos (w7 (x—y) dB). () = (7. k(X))
e Explicit low-dimensional feature approximation (Ay):

k(X,X/) ~ <QD(X), QO(X/)>R2M ’ fW(x) = <W, SD(X)>R2M .

@ Estimate w by leveraging fast linear primal solvers.
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RFF trick: a few applications

Differential privacy preserving [Chaudhuri et al., 2011], fast
function-to-function regression [Oliva et al., 2015], learning
message operators in expectation propagation

[Jitkrittum et al., 2015], causal discovery

[Lopez-Paz et al., 2015, Strobl et al., 2019], independence testing
[Zhang et al., 2017], prediction and filtering in dynamical systems
[Downey et al., 2017], convolution neural networks

[Cui et al., 2017], bandit optimization [Li et al., 2018], estimation
of Gaussian mixture models [Keriven et al., 2018].
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RFF trick: a few applications

Differential privacy preserving [Chaudhuri et al., 2011], fast
function-to-function regression [Oliva et al., 2015], learning
message operators in expectation propagation

[Jitkrittum et al., 2015], causal discovery

[Lopez-Paz et al., 2015, Strobl et al., 2019], independence testing
[Zhang et al., 2017], prediction and filtering in dynamical systems
[Downey et al., 2017], convolution neural networks

[Cui et al., 2017], bandit optimization [Li et al., 2018], estimation
of Gaussian mixture models [Keriven et al., 2018].

10-year test-of-time award (NIPS-2017).
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o Kernel values [Rahimi and Recht, 2007, Sutherland and Schneider, 2015]

—~ log M
[k = k”Loo(sM) =0p <|5M| M )



Goodness of RFFs — related & optimal work

@ Kernel values [Rahimi and Recht, 2007, Sutherland and Schneider, 2015],
[Sriperumbudur and Szabé, 2015]:

Hk — /k\”LOO(SM) =0, <\5M| M)’ afterwards

~ log |Sm|
Ik = kll o5,y = O ( MM )

Zoltdn Szabd Consistency of Orlicz Random Fourier Features



Goodness of RFFs — related & optimal work

o Kernel ridge regression [Rudi and Rosasco, 2017, Li et al., 2019]:
e O (ﬁ) generalization with M = o(N) = O (mlog N) / less RFFs.
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Goodness of RFFs — related & optimal work

e Kernel PCA [Sriperumbudur and Sterge, 2018, Ullah et al., 2018],
classification with 0-1 loss [Gilbert et al., 2018]: M = o(N) RFFs,
spectrum decay.
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o Kernel derivatives [Szabé and Sriperumbudur, 2019]: [same bound! as for

kernel values (unbounded empirical processes, |Bernstein condition).



d=1:

. 2 .
o Gaussian kernel, fp(w) o< e™®", analytical moments



d=1:

. 2 .
e Gaussian kernel, fa(w) o< 7", analytical moments =



d=1:
o Gaussian kernel, fy(w) o e~ analytical moments =
¢
e more generally: f(w) xx e ", = -



d=1:
o Gaussian kernel, fy(w) o e~ analytical moments =
¢
e more generally: f(w) xx e ", = -

@ Avoid the Bernstein condition.
o With (essentially) fa(w) o< e~ “I": guarantees for -




With fy(w) o< e " in mind,
o Let U, : x e R20 — & —1 € RO,

6
—a=0.1
—a=0.3

4 —a=1.5

3
=l
2  —
0 /
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With fy(w) o< e " in mind,
o Let U, : x e R20 — & —1 € RO,

6
—a=0.1
—a=0.3

4 —a=1.5

3
=l
2  —
0 /
0 0.5 1 1.5
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o Ly, = {/\ : - = inf{c >0:Eg,nV, (”‘2”2) < 1} < —i—oo}.




With fy(w) o< e " in mind,
o Let U, : x e R20 — & —1 € RO,

6
—a=0.1
—a=0.3

4 —a=1.5

3
=l
2  —
0 /
0 0.5 1 1.5

[e%

o Ly, = {/\ : - = inf{c >0:E, AV, (Ilwllz) < 1} < —i—oo}.

c
e A € Ly,: sub-Gaussian, A € Ly,: sub-exponential.




@ Intuition:
o fi(w) x e l" = A€ Ly, (polynomial decorations: v').



@ Intuition:
o fi(w) x e l" = A€ Ly, (polynomial decorations: v').

@ Tensor product kernels:




@ Intuition:
o fi(w) x e l" = A€ Ly, (polynomial decorations: v').

@ Tensor product kernels:

If

o k,-<—>-and

o k(x,y) = Ilic(q ki(xi, ¥i), i-e. N = ®iera\i,




Q-expon

@ Intuition:
o fi(w) x e l" = A€ Ly, (polynomial decorations: v').

@ Tensor product kernels:

If

o k,-<—>-and

o k(x,y) = [Iig[q kilxi, i), i.e. N = ®igg)i,

then A € Ly, with _




Kernel examples with a-exp. Orlicz spectrum: d =1

Spectrum fa(w) a
1 _L2
Gaussian e 22 2
210
Laplace %e“"”‘ 1
G T
neraliz ian —S~e #
generalized Gaussia 2,8r(§)e «

_1
_ o?P|w|P7 2K, 1 (ofwl])
variance Gamma 2 1
VAT (b)(20)P~ 2

s—1 _ (lwl)®
Weibull (S) 5% (%) e ( A ) s
w a—1 w
exponentiated exponential (S) % (1 - ef%) e 51

z\2n 71- _a(z)—1i(z
/a(Z) = ZnGN m (f) +a ( ) = 1! sm)(aﬂl—)( ) forz e R

and non-integer a; when a is an mteger the I|m|t is taken.
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Kernel examples with a-exponential Orlicz spectrum - 2

Spectrum fa(w) a

s sqa—1
exponentiated Weibull (S) 53 (@) 1[1 — e_<T> } X s

Nakagami (S) r(gzimm,\wlmfle_m%? 2
chi-squared (S) m]wh_ e 5 1
Erlang (S) %ﬁ;w 1
Gamma (S) sl e 7 1
generalized Gamma (S) 2’;/(" 2y |w|P~1 _<ﬂ>p p
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Kernel examples with a-exponential Orlicz spectrum - 3

Spectrum fa(w) @
Rayleigh (S) %efﬁ 2
2
Maxwell-Boltzmann (S) é“’ze;;ﬁaz 2
chi (S) 2%r1(%)| s-1e 5 2
exponential-logarithmic (S) _2|oé(p) 15_(31__133;;6[‘:1\ 1
Weibull-logarithmic (S) —2|02(p) aﬁ(ll:(’;)lﬂ;f;;ﬁlma a
Gamma/Gompertz (S) bse'll 52 bs

2(f—1+eblel)™

Zoltan Szabé
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Kernel examples with a-exponential Orlicz spectrum - 4

Spectrum fa(w) «
hyperbolic secant %sech (gw) 1
logistic €2 = lsech? (L) 1
s[l-i—e S]

. . a6K1(a §2+w2) Sa
normal-inverse Gaussian Ve e 1

. _ 2 2
hyperbolic me avoitw 1

K @ §2+w2)

- - (oo Hrg(ov

generalized hyperbolic V2mKn (57 ( 62%2)%4 1
_ 1 _ 2
SeCh(X) T cosh(x) T eX4eX"
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Spectrum — _ (b>1 s>0)

Kernel name k(x,y) Spectrum
. _ 2=y .
Gaussian e 2 Gaussian
: . o2
Cauchy / inverse quadric P Laplace
. . . o2 b :
inverse multiquadric [m} variance Gamma

- sech(x —y)  hyperbolic secant

_ % logistic
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Spectrum — kernel examples (b > 3, s > 0)

Kernel name k(x,y) Spectrum
% (x=y)?
Gaussian e 2z Gaussian
Cauchy / inverse quadric #2*)/)2 Laplace
. . . 2 b .
inverse multiquadric [m} variance Gamma

- sech(x —y)  hyperbolic secant

ms(x—y)

Snh(rs(x—y)) logistic

+Analytical kernel values: generalized Gaussian, Weibull (S),
chi-squared (S), Erlang (S), Gamma (S), Rayleigh (S), chi (S),
Weibull-logarithmic (S), Gamma/Gompertz (S), normal-inverse
Gaussian, hyperbolic, generalized hyperbolic.
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Assume:
@ k: continuous, bounded, shift-invariant kernel on RY.
o /\EL\ua (Ot>0).

o Let p,qe N, [p;q] #0, n:= > q(pi + q), [0S



Our result (finite-sample guarantee = asymptotics)

Assume:
@ k: continuous, bounded, shift-invariant kernel on RY.
o /\EL\pa (Oé>0).

o Letp,qe N [p;q] #0, n:= 3 1(pi + q;), [

Then
= Oa.s. (|SM|IO%/(WIVI)> s r=

Ha"’qk—@HLw(SM) g'
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o Focus: RFF-based acceleration & high-order derivatives.
@ Result:

) .
e n> a—or!er !erivative: !

@ Preprint: in the oven.


http://www.cmap.polytechnique.fr/~stresstest/

Summary

@ Focus: RFF-based acceleration & high-order derivatives.
@ Result:

] .
e n> a—or!er !erivative: \I/

@ Preprint: in the oven.

/- Stress Test

RISK Management and Financial Steering

Acks: This research benefited from the support of the Chair Stress Test, RISK Management and Financial

Steering, led by the French Ecole polytechnique and its Foundation and sponsored by BNP Paribas.
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Proof idea

Decomposition into 3 terms:

© Unbounded part: Talagrand & Hoffman-Jorgensen
inequalities.

@ Bounded part: Klein-Rio inequality & Dudley entropy integral
bound.

© Truncation: bound on the incomplete Gamma function.
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