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Objects of Interest

Divergence & independence measures on kernel-endowed domains. J

@ Mean embedding:
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Objects of Interest

Divergence & independence measures on kernel-endowed domains. J

@ Mean embedding:
pk(P) = J k(-, x)dP(x) € H.
x

e Maximum mean discrepancy (MMD):

MMDy (P, Q) := [k (P) — pk(Q)| 3¢,
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Objects of Interest

Divergence & independence measures on kernel-endowed domains. J

@ Mean embedding:
pk(P) = J k(-, x)dP(x) € H.
x

e Maximum mean discrepancy (MMD):

MMD( (P, Q) := |1k (P) — pk(Q)llac,-
@ Hilbert-Schmidt independence criterion (HSIC), k = ®,’\,/,’:1ka

HSIC, (P) := Huk (P) — pk <®%:1Pm)‘

Hy
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Objects of Interest

@ Mean embedding:
pk(P) = J k(-,x)dP(x) € H.
x

e Maximum mean discrepancy (MMD):

MMD( (P, Q) := |1k (P) — pk(Q)llac,-
@ Hilbert-Schmidt independence criterion (HSIC), k = ®,’\,/,’:1ka

HSIC, (P) := Huk (P) — pk <®%:1Pm)‘

Hy

Conditions on k;,-s so that MMD and HSIC are characteristic?
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Intuition: Distribution Representation via Functions

@ Cumulative density function:

P— F(z) =P(x < 2)
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Intuition: Distribution Representation via Functions

@ Cumulative density function:

P F(z) = P(x < 2) = Ex<pX(—w,7)(X)-
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Intuition: Distribution Representation via Functions

@ Cumulative density function:
P— F(z) =P(x< z) = Ex~PX(—c0,2) (x).

@ Characteristic function:

P cp(z) = J e’ @ dP(x).
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Intuition: Distribution Representation via Functions

@ Cumulative density function:
P— F(z) =P(x< z) = Ex~PX(—c0,2) (x).

o Characteristic function:
P cp(z) = J e’ @ dP(x).
@ Moment generating function:

P Mp(z) = fe<z’x>dIP’ (x).
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Intuition: Distribution Representation via Functions

@ Cumulative density function:
P F(z) = P(x < z) = ExapX(—o0,2)(X)-
o Characteristic function:
P cp(z) = J e’ @ dP(x).
@ Moment generating function:

P Mp(z) = fe<z’x>dIP’ (x).

P pp = §5 ¢(x)dP(x).
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Ingredients
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Ingredients: Domain of the Distributions (X))

o X = xf‘n/lzlz'\f'm: product space.
o X, different modalities — images, texts, audio, ...
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Ingredients: Domain of the Distributions (X))

o X = xf‘n/llem: product space.
o X, different modalities — images, texts, audio, ...

Xm: kernel-endowed domains (= inner product).
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Ingredients: Kernel, RKHS (X := X, k := kp)

Given: X set.
o Kernel:

k(a,b) = {p(a), p(b))s, H :some Hilbert space.
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Ingredients: Kernel, RKHS (X := X, k := kp)

Given: X set.
o Kernel:

k(a,b) = {p(a), p(b))s, H :some Hilbert space.
@ Reproducing kernel of a F((ilbert) = RY:

k(-,b) e H, (f k(- b))sc = f(b).
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Ingredients: Kernel, RKHS (X := X, k := kp)

Given: X set.
o Kernel:

k(a,b) = {p(a), p(b))s, H :some Hilbert space.
@ Reproducing kernel of a F((ilbert) = RY:
k('ab)eg{7 <fak(>b)>9f = f(b)

P, k(a, b) = (k(-, a), k(-, b))ac.
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Ingredients: Kernel, RKHS — continued

Alternatives:
@ k: X x X — R symmetric is positive definite if

G= [k(x,-,)g)]?’jzl >0 VneZ" V{x}.
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Ingredients: Kernel, RKHS — continued

Alternatives:
@ k: X x X — R symmetric is positive definite if

G = [k(xi,x)]7j=1 =0 Vne 7 Y {xi}_y.
e H < R?Y Hilbert space,
o0x : feH—f(x)eR

is continuous for all x € X.
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Ingredients: Kernel, RKHS — continued

Alternatives:
@ k: X x X — R symmetric is positive definite if

G = [k(xi, x)]]j=1 =0 Vne ZT,V{x}]_;.
o J < RY Hilbert space,
o0x : feH—f(x)eR
is continuous for all x € &.

All these definitions are equivalent. J
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Kernel Examples

L, time series v}t
WM MMM A

o X =R7 v >0:

ko(x,¥) = ((,y) +7)P,  ke(x,y) = e MIxVl5,

1
ke(x,y) = e VIx7Vlz, ke(x,y) =1+ ——.
YIx =yl
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Kernel Examples

L, time series v}t
WM MMM A

o X =R7 v >0:

ko(x,¥) = ((,y) +7)P,  ke(x,y) = e MIxVl5,

1
ke(x,y) = e VIx7Vlz, ke(x,y) =1+ ——.
YIx =yl

o X = texts, strings:
o r-spectrum kernel: # of common < r-substrings.
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Kernel Examples

L, time series v}t
WAMAMM MM

o X =R7 v >0:

ko(x,¥) = ((,y) +7)P,  ke(x,y) = e MIxVl5,

1
kelxoy) = e ke(xy) = 14—
vx— YH2

o X = texts, strings:
o r-spectrum kernel: # of common < r-substrings.

@ X = time-series: dynamic time-warping.

Zoltan Szabd Characteristic Tensor Kernels



Kernel Examples

L, time series v}t
WM MMM A

o X =R7 v >0:

ko(x,y) = (x,y) +7)P,  ko(x,y) = e <5,

1
ke(xay) = e_WHx_yH% kC(X,y) =1+ T 2
v lx =yl
o X = texts, strings:
o r-spectrum kernel: # of common < r-substrings.
@ X = time-series: dynamic time-warping.

@ X = trees, graphs, dynamical systems, sets, permutations, ...
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RKHS: Constructively

k:X x X — R kernel, <5 3¢, RKHS.
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RKHS: Constructively

k:X x X — R kernel, <5 3¢, RKHS.
o Elements of H: {37 aik(-, %) : xj € X, € R}.

Zoltan Szabd Characteristic Tensor Kernels



RKHS: Constructively

k:X x X — R kernel, <5 3¢, RKHS.
o Elements of H: {37 aik(-, %) : xj € X, € R}.

@ Inner product:

° <k(~,X), k('a)/)>i}ck = k(va)'
o Extension: by linearity & limit.
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RKHS: Constructively

k:X x X — R kernel, <5 3¢, RKHS.
o Elements of H: {37 aik(-, %) : xj € X, € R}.

@ Inner product:

° <k(~,X), k('a)/)>:}ck = k(va)'
o Extension: by linearity & limit.

We represent distributions in an RKHS. )
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Mean embedding: — mean trick

o Kernel: k(x,x") = (k(-,x), k(-,x’)>%k, pp = k(-,x), P = 6.
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Mean embedding: — mean trick

o Kernel: k(x,x") = (k(-,x), k(-,x’)>%k, pp = k(-,x), P = 6.
@ Mean embedding (feature of P):

N
P= Z W;dy;,
i=1
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Mean embedding: — mean trick

o Kernel: = (k(-,x (-,x’)>%k, pp = k(-,x), P = d,.
e Mean embeddlng (feature of P):

N

up —ZW, wxi) € Hy, P= ZW,(SX,
i=1
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Mean embedding: — mean trick

o Kernel: = (k(-,x (-,x’)>%k, pp = k(-,x), P = d,.
e Mean embeddlng (feature of P):

N

up —ZW, wxi) € Hy, P= ZW,(SX,
i=1

pp 1= Jk(-,x)dIP’(x) € Hy.
|

Bochner integral
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Mean embedding: — mean trick

o Kernel: = (k(-,x (-,x’)>%k, pp = k(-,x), P = d,.
e Mean embeddlng (feature of P):

N

up —ZW, wxi) € Hy, P= ZW,(SX,
i=1

pp = Jk(-,x)dIP’(x) € Hy.

(S
Bochner integral

o Jup < §[k(-,x)[3, dP(x) < co. Assume: bounded k.
\_\,___/

k(x,x)
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Mean Embedding

o Applications:

e two-sample testing [Gretton et al., 2012], domain adaptation
[Zhang et al., 2013],

o kernel belief propagation [Song et al., 2011], kernel Bayes' rule
[Fukumizu et al., 2013], model criticism [Lloyd et al., 2014],

o approximate Bayesian computation [Park et al., 2016],
probabilistic programming [Schélkopf et al., 2015],

o distribution classification [Muandet et al., 2011], distribution
regression [Szabé et al., 2016], topological data analysis
[Kusano et al., 2016].

@ Review [Muandet et al., 2017].
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Mean Embedding — MMD

@ k is called characteristic if
P pp = f k(-, x)dP(x)
X

is injective [Fukumizu et al., 2008, Sriperumbudur et al., 2010].
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Mean Embedding — MMD

@ k is called characteristic if
P pp = f k(-, x)dP(x)
X

is injective [Fukumizu et al., 2008, Sriperumbudur et al., 2010].
@ In this case

MMDy (P, Q) := |1k (P) — 11 (@)l ¢,

is a metric.
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Maximum Mean Discrepancy — HSIC

o X :=xM X, Tensor product of (km)M_; kernels:

M
(@,A,/,’:lkm> (X,X’) = H km (xm,x,'n) , o x, X eXx

m=1

is a kernel, How = ®M_ 3y, [Berlinet and Thomas-Agnan, 2004].
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Maximum Mean Discrepancy — HSIC

o X :=xM_ X, Tensor product of (kn)M_, kernels:

M
(@,A,/,’:lkm> (X,X’) = H km (xm,x,'n) , o x, X eXx

m=1

is a kernel, How = ®M_ 3y, [Berlinet and Thomas-Agnan, 2004].
e Choosing k := ®M_ ky, Q := ®V_ P, in MMD:

HSICK (B) = |k (P) — i (®%_1Pm)

He
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HSIC Applications

Blind source separation [Gretton et al., 2005],

feature selection [Song et al., 2012],

independence testing [Gretton et al., 2008],

post selection inference [Yamada et al., 2016],

causal detection [Mooij et al., 2016, Pfister et al., 2017].
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MMD: Easy to Estimate

. N
Using {X,'},,-szl ~ P {y}h2 ~ Q

MMD2(P, ) = MMD? (£, 0)
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MMD: Easy to Estimate

. N
Using {X,'},,-szl ~ P {y}h2 ~ Q

MMD2 (P, Q) = MMD? (]13: @) - ‘ ’

Hp — Ko 56,
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MMD: Easy to Estimate

. N
Using {X,'},,-szl ~ P {y}h2 ~ Q

J—— ~ A 2
MMD2 (P, Q) = MMD? (]P’, @) - ‘ He = Hg)
k
1 L 1 i
= | DI k(%) — = D k(L y)
N, - N, -
i=1 j=1 3,
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MMD: Easy to Estimate

. N
Using {X,'},,-szl ~ P {y}h2 ~ Q

— A 2
MMD2 (P, Q) = MMD? (]P’, @) - \u@—u@ y
k
2
1 &
= a0 2k Zk )
i=1 yJ 1 3,
1 Nx Nx N}’
:WZ XIaX.I Z k.ylayj N ZEkX”yJ
X jj=1 yl,_]l Yi=1j=1
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MMD: Easy to Estimate

. N
Using {X,'},,-szl ~ P {y}h2 ~ Q

MMD2(P, Q) = MMD? (]1%, @) _

1 & 2
= NX; yJZlk . Yj)
FHy
1 Nx Ny Ny
:WZ (xi,xj) + Z k(yi,yj) — N ZEkX,,yJ
X ij=1 B yI,J 1 Yi=1j=1

A bit biased: Gpp — N2 Z k(x,-,xj),% «— ..., if needed.

J l,ﬁﬁ/
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HSIC: Easy to Estimate

o Given: {(x;,y;)}", paired samples.
o Estimate:
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HSIC: Easy to Estimate

o Given: {(x;,y;)}", paired samples.

@ Estimate:
I 1 /. .
HSIC? = = <GX,Gy>F,

GX = [kl (Xi7 Xj)]ﬁj:l
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HSIC: Easy to Estimate

o Given: {(x;,y;)}", paired samples.

@ Estimate:
_ 1 /- =
2 -
HSIC? = = <GX,Gy>F,
n ~ E
GX = [k]_(X,,)(J)]’le, GX == HGXH, H = I - N

@ Plug-in estimator; similarly easy to debias.
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Central in Applications: Characteristic Property

@ MMD: 'k is characteristic’ means

MMD,(P,Q)=0 < P = Q.
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Central in Applications: Characteristic Property

@ MMD: 'k is characteristic’ means
MMDy(P,Q)=0 < P = Q.
e HSIC: k = ®"m/’:1k,v; will be called Z-characteristic if

HSIC,(P)=0 < P = @V_,P,,.
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Central in Applications: Characteristic Property

@ MMD: 'k is characteristic’ means
MMDy(P,Q)=0 < P = Q.
e HSIC: k = ®"m/’:1k,v; will be called Z-characteristic if
HSICK(P)= 0 < P = @_,P,,.

° ®M:1kM: characteristic = Z-characteristic.
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Central in Applications: Characteristic Property

@ MMD: 'k is characteristic’ means

MMD,(P,Q)=0 < P = Q.

HSIC: k = ®"m/’:1kM will be called Z-characteristic if
HSIC,(P)=0 < P = @V_,P,,.

®,"ﬂ:1k,\/,: characteristic = Z-characteristic.

Precise relation between characteristic and Z-characteristic?

Conditions in terms of k,-s?
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Characteristic property

Well-understood for

@ Continuous bounded translation-invariant kernels on RY:

k(x,x') = ko(x — x'), ko € Cp(RY).
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Characteristic property

Well-understood for

o Continuous bounded translation-invariant kernels on RY:
k(x,x') = ko(x — x'), ko € Cp(RY).
@ In this case (Bochner's theorem):

ko(z) = J e @9 A (w),
Rd

lue = pallse, = llep — call 2y -
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Characteristic property

Well-understood for

o Continuous bounded translation-invariant kernels on RY:
k(x,x') = ko(x — x'), ko € Cp(RY).
@ In this case (Bochner's theorem):

ko(z) = J e @9 A (w),
Rd

lue = pallse, = llep — call 2y -

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supp(A\) = RY.
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Translation-invariant kernels on R

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(ko)
X2 o-w
Gaussian e 22 oe” + R
Laplacian eIl \/goziwz R
-\ in2n+2(w
Bany1-spline *2"+2X[_%7%](X) @%SM# R
Sinc e VEX 001 (@) [0, 0]
. —c 0 i .
Poisson W V 27 ijfso o’lJ‘(s(oj —_]) Z
sin 2n+1)x
Dirichlet % V2r Y 6w —J) {0,+1,+2,...,+n}
ni2
.y, sin? (rt1)x n i .
Fejér n_}_l Sinz(g) Vemy o, (1 - n‘ill) O0(w—j){0,+£1,42,...,+n}
Cosine cos(ox) Fow—=0)+6d(w+0)] {—0,0}
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Translation-invariant kernels on R

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(ko)
X2 o-w
Gaussian e 272 ge= Tt R
Laplacian eIl \/goziwz R
. n+1 in2"+2 <
Bayy1-spline *.2"+2X[_%7%](X) f/;ﬂswz# R
Sinc e VX001 (@) [0, 0]
Poisson W Ver Y2 ollé(w —)) 7
sin n+1)x
Dirichlet % V2r Y 6w —J) {0,£1,+2,...,+n}
"2
. sin2 {nt1x n j .
Fejér n_}_l Sinz(g) Vemy o, (1 - n‘ill) O0(w—j){0,+£1,42,...,+n}
Cosine cos(ox) Fow—=0)+6d(w+0)] {—0,0}
d D d [
For x € RY: ko(x) = [[j=1 ko(xj), ko(w) = TT;_1 ko(wj)-
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Universal kernel

Let C(X) = {f : X — R continuous}.

Definition

Assume:
@ X': compact metric space.
@ k: continuous kernel on X.

k is called (c)-universal [Steinwart, 2001] if 3 is dense in
(C(X), ]l - lloo)-
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Universal = Characteristic

@ [Micchelli et al., 2006]: k is c-universal < s is injective on
Mp(X), the set of finite signed Borel measures on X'.
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Universal = Characteristic

@ [Micchelli et al., 2006]: k is c-universal < s is injective on
Mp(X), the set of finite signed Borel measures on X'.
e If X = LCP: cp-universality [Sriperumbudur et al., 2010]

o Hy dense in Go(X), equivalently
o i Mp(X) — Hy is injective.
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Universal = Characteristic

@ [Micchelli et al., 2006]: k is c-universal < s is injective on
Mp(X), the set of finite signed Borel measures on X'.
o If X = LCP: ¢p-universality [Sriperumbudur et al., 2010]
o Hy dense in Go(X), equivalently
o i Mp(X) — Hy is injective.
LCP examples: RY countable discrete.
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Universal = Characteristic

@ [Micchelli et al., 2006]: k is c-universal < s is injective on
Mp(X), the set of finite signed Borel measures on X'.
e If X = LCP: cp-universality [Sriperumbudur et al., 2010]

o Hy dense in Go(X), equivalently
o i Mp(X) — Hy is injective.
LCP examples: RY countable discrete.

@ cp-universality = characteristic.
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Local Summary

@ Setup: X = xf‘nﬂlem, (Xm, km): kernel-enriched domains.
e Mean embedding, MMD, HSIC, ®¥_, k,,.

o Characteristic, cp-universality.
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Local Summary

@ Setup: X = xf‘n”:IXm, (Xm, km): kernel-enriched domains.
e Mean embedding, MMD, HSIC, ®¥_, k,,.

o Characteristic, cp-universality.

Little is known about the

characteristic/Z-characteristic/universality of ®_, k;,, in terms of
km-s.
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Known 'Z-characteristic’ Results, M = 2

o [Waegeman et al., 2012, Gretton, 2015]:

k1&kp: universal = ki ® ky: universal (= Z-characteristic).
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Known 'Z-characteristic’ Results, M = 2

o [Waegeman et al., 2012, Gretton, 2015]:
k1&kp: universal = ki ® ky: universal (= Z-characteristic).

@ Stronger: combinining [Lyons, 2013] (DCov) and
[Sejdinovic et al., 2013] (DCov < HSIC)

k1&ko>: characteristic & ki ® ko: Z-characteristic.
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Known 'Z-characteristic’ Results, M = 2

o [Waegeman et al., 2012, Gretton, 2015]:
k1&kp: universal = ki ® ky: universal (= Z-characteristic).

@ Stronger: combinining [Lyons, 2013] (DCov) and
[Sejdinovic et al., 2013] (DCov < HSIC)

k1&ko>: characteristic & ki ® ko: Z-characteristic.

Extension to M > 27
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Known 'Z-characteristic’ Results, M = 2

o [Waegeman et al., 2012, Gretton, 2015]:
k1&kp: universal = ki ® ky: universal (= Z-characteristic).

@ Stronger: combinining [Lyons, 2013] (DCov) and
[Sejdinovic et al., 2013] (DCov < HSIC)

k1&ko>: characteristic & ki ® ko: Z-characteristic.

Extension to M > 27

Main Challenge
'®km: I-characteristic < kp: characteristic (Vm)' does NOT hold.
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Idea: Characteristic Property as Ispd

o Characteristic property:

| py—p, 7 >0, VPi,Pe My (X), P #Pa.
—_———

§ §p k(x,x) dF(x) dF(x'), F:=P; —P»#0, F(X) =0
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Idea: Characteristic Property as Ispd

o Characteristic property:

| py—p, 7 >0, VPi,Pe My (X), P #Pa.

§ §p k(x,x) dF(x) dF(x'), F:=P; —P»#0, F(X) =0

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

f f k(x, ') dF(x) dF(x') > 0, ¥ F & My(AX )\ {0} F(X) = 0.
X JX ~ ~—
F1
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Idea: Characteristic Property as Ispd

o Characteristic property:

| py—p, 7 >0, VPi,Pe My (X), P #Pa.

§ §p k(x,x) dF(x) dF(x'), F:=P; —P»#0, F(X) =0

@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

f f k(x, ') dF(x) dF(x') > 0, ¥ F & My(AX )\ {0} F(X) = 0.
X JX ~ ~—
F1

@ We have also seen: k is cp-universal iff.

J J k(x,x")dF(x)dF(x") > 0, V F € M(X)\{0}.
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F-ispd Tensor Product Kernels

From now on: X = ® _1Xm.

Let F < Mp(X), 0€F. k = Q@M_, kp, is called F-ispd if

pk(F) =0=F =0 (FeJ), equivalently
®li, = [ | K(x) dBG)aB() > 0. VFe o)

v
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F | F-ispd k
Mp(X) co-universal
[Mp(X)]° characteristic
< [ Mp(X)]° e My (X)
ul

< characteristic « c¢g-universal.

U
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F | F-ispd k
Mp(X) co-universal
[Mp(X)]° characteristic

Z:={P—QM P, :PeM; (X)} | I-characteristic

n
In
=

o

3

o
n
=

o

3

< characteristic « c¢g-universal.

U

Z-characteristic

Zoltan Szabd Characteristic Tensor Kernels



F | F-ispd k
Mp(X) co-universal
[Mp(X)]° characteristic
Z:={P—Q®M P, :PeM; (X)} | I-characteristic
[®M=1Mb(-)(m)]0 ®-characteristic

< @ -characteristice= characteristic < c¢p-universal.

U

Z-characteristic
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F | F-ispd k
Mp(X) co-universal
[Mp(X)]° characteristic
Z:={P—Q®M P, :PeM; (X)} | I-characteristic
[®M=1Mb(-)(m)]0 ®-characteristic
®L‘L1M?,(?€m) ®o-characteristic
0
N MY(Xm) < [OM_ Mp(Xm)] e [Mp(X)]° = My (X).
ul
v

®qg -characteristic <= ® -characteristic«= characteristic « cp-universal.

U

Z-characteristic
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char.

. Cp-univ.




Results
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Various characteristic properties of @"_, k,,

Proposition

(i) ®M_, kp: characteristic = ®-characteristic.
(i) ®M_, km: ®-characteristic = ®q-characteristic.

(i) ®M_, km: ®q-characteristic < (km)M_, are characteristic.
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Various characteristic properties of @"_, k,,

Proposition

(i) ®M_, kp: characteristic = ®-characteristic.
(i) ®M_, km: ®-characteristic = ®q-characteristic.

(i) ®M_, km: ®q-characteristic < (km)M_, are characteristic.

(i) remains. Proof idea: with k = ®M_  ky,, F = @M _ T,

M
2 2
Ik @3e,= T ] etk )3,

m=1

Fe [®¢,,”:1Mg (X,,,)] \{0)} < Vm : Frp € MO(Xm)\ {0}
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®p-characteristic == even ®-characteristic

Reverse of (ii) does not hold.

o X, ={1,2}, 7x, = P({1,2}), km(x,x') = 2050 —1, M = 2.

@ ki = ko: characteristic, but k1 ® ko is not ®-characteristic.

@ ki ® ko is T-characteristic.
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Proof idea: k1 ® ko: not ®-characteristic

Goal: construct a witness 0 # F = F1 ® Fp € @2 _; Mp(X,y) s.t.
0= ]F(Xl X Xg) = Fl(Xl)FQ(XQ),

0= f J ki (x1,x1)k2)(x2, x5) AF (x1, x2) dF (X, 53)-
X1><X2 X1><X2
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Proof idea: k1 ® ko: not ®-characteristic

Goal: construct a witness 0 # F = F1 ® Fp € @2 _; Mp(X,y) s.t.
0= ]F(Xl X Xg) = Fl(Xl)FQ(XQ),

0= f J ki (x1,x1)k2)(x2, x5) AF (x1, x2) dF (X, 53)-
X1><X2 X1><X2

Finite signed measures on {1,2}:

Fi, = IE‘l(a) = 31(51 + 32(52, Fy = FQ(b) = b151 + b2(52.
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Proof idea: k1 ® ko: not ®-characteristic

Goal: construct a withess 0 # F =F; Q F» € ®%7:1Mb(2\,’m) s.t.
0=TF(X; x Xp) = F1 (X)) Fa(Xy),
0= f J ki (x1, X1 ) ko) (x2, x5) dF (x1, x2) dF(x1, X5).
X x Xy Ja x
Finite signed measures on {1,2}:
F1 =TFi(a) = a101 + a202, Fy = Fa(b) = b1d1 + bado.

This gives
0= (81 + 32)(b1 + bz), 0= (31 — 32)2([31 — b2)2.
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Proof idea: k1 ® ko: not ®-characteristic

Goal: construct a witness 0 # F = F1 ® Fp € @2 _; Mp(X,y) s.t.
0= ]F(Xl X Xg) = Fl(Xl)FQ(XQ),

0= f J ki (x1,x1)k2)(x2, x5) AF (x1, x2) dF (X, 53)-
X1><X2 X1><X2

Finite signed measures on {1,2}:
F1 =Fi(a) = a101 + a22, Fy = Fa(b) = b1d1 + bado.
This gives
0= (a; + ax) (b1 + b), 0= (a; —a)?(by — b)>.
= Two symmetric solutions (a # 0, b # 0):

a+a =0, b1 = b
a = ay, b1 + bp = 0.
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Towards Z-characteristicity

In the previous example:

ki, ko: characteristic = ki ® ky: Z-characteristic.

In fact:
@ this holds for any bounded kernel,

@ +converse for any M = 2! Formally, ...
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Z-characteristic Property

Proposition

() ki, ko: characteristic = ki ® ky: Z-characteristic.
(i) Suppose X, is Hausdorff (Ym). Then

®M_, km: I-characteristic = (ky,)M_, are characteristic.
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Z-characteristic Property

Proposition

() ki, ko: characteristic = ki ® ky: Z-characteristic.
(i) Suppose X, is Hausdorff (Ym). Then

®M_, km: I-characteristic = (ky,)M_, are characteristic.

Proof idea:

(i) Induction: see later cp-universality (F =P — P; ® Py).
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Z-characteristic Property

Proposition

() ki, ko: characteristic = ki ® ky: Z-characteristic.
(i) Suppose X, is Hausdorff (Ym). Then

®M_, km: I-characteristic = (ky,)M_, are characteristic.

Proof idea:
(i) Induction: see later cp-universality (F =P — P; ® Py).

(ii) If a km is not characteristic, then we construct a witness for
the non-Z-characteristic property.
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ki, ko, k3: characteristic = ®3 _,k,,: Z-characteristic

o X, =1{1,2}, 7x, = P({1,2}), km(x,x') = 205 —1, M =3.
@ Then

o (km)3,_,: characteristic.
° ®?,,:1 km: is not T-characteristic. Witness:

. 1 . . 1 . 1
PL11 = 5’ P12 = 10’ P1,21 = 10’ P122 = 10’
. 1 _ 1 . 1 _ 1
P2,1,1 = 5’ P2,12 = 10’ P221 = 10’ P222 = 10’
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-7-characteristicity: Analytical Solution

Parameter: z = (29, z1,...,25) € [0,1]°.
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-7-characteristicity: Analytical Solution

Parameter: z = (29, z1,. .., 25) € [0,1]°. Example: p1,1,1 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32025

— 22473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — Z9Z5 + 222212 + 222221
+ 4z2zf + 222224 + 42125 + 221224 + 222220 + 221223 + 222252 + 222225 + 22223
+ 221252 + 22275 + 2222 + 224252 +4z2z5 — 22 — 77 — 322 + 223 — zg
+ 0202124 + 2202173 + 2202423 + 2202120 + 4202125 + 4202420 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212320 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

B 22070 — 21 — 224 — 23 — 20 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22075

+ 22423 + 22125 + 22420 + Az425 + 22329 + 22325 + 22925 + 2zf + 2252
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-7-characteristicity: Analytical Solution

Parameter: z = (29, z1,. .., 25) € [0,1]°. Example: p1,1,1 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32025

— 22473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — Z9Z5 + 222212 + 222221
+ 4z2zf + 222224 + 42125 + 221224 + 222220 + 221223 + 222252 + 222225 + 22223
+ 221252 + 22275 + 2222 + 224252 +4z2z5 — 22 — 77 — 322 + 223 — zg
+ 0202124 + 2202173 + 2202423 + 2202120 + 4202125 + 4202420 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212320 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

B 22070 — 21 — 224 — 23 — 20 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22075

+ 22423 + 22125 + 22420 + Az425 + 22329 + 22325 + 22925 + 2zf + 2252

(1 1 1 1 1 1
We chose: z = (1ov 10° 107 10’ 107 10)-
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RY & translation-invariance: all notions coincide

Proposition

Assume k,, : R9m x R9m — R are continuous, translation-invariant
kernels. Then the followings are equivalent:

(i) (km)M_,-s are characteristic.

(i) ®M_, km: Ro-characteristic.
(i) ®M_, km: ®-characteristic.

(iv) ®Y_, ky: I-characteristic.

(v) ®M_,km: characteristic.
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RY & translation-invariance: all notions coincide

Proposition

Assume k,, : R9m x R9m — R are continuous, translation-invariant
kernels. Then the followings are equivalent:

(i) (km)M_,-s are characteristic.
(i) ®M_, km: Ro-characteristic.
(i) ®M_, km: ®-characteristic.
) ®
) ®

(iv) ®Y_, ky: I-characteristic.
(v

Proof idea: We already know
(v) = (i) = (i) < (i), (v) = (iv) = (i).

Remains: (i) = (v).

M ; - s
m—1km: characteristic.
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(km)M_,: characteristic = ®Y_, k,,: characteristic

@ Bochner theorem and supp-characterization:

— p— /
km (Xm, X)) = J e Komxm=Xm) AN (W) Xms X € RI™,
RdIm

where supp(A,,) = R,
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(km)M_,: characteristic = ®Y_, k,,: characteristic

@ Bochner theorem and supp-characterization:
m

km (Xm, X)) = J ) e~ [WmXm =) AAm(Wm), Xm, X € ]Rd"’,
RdIm

where supp(A,,) = R,
@ Tensor kernel:

(S-skn) ) = [ e an A= @l
Rd
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(km)M_,: characteristic = ®Y_, k,,: characteristic

@ Bochner theorem and supp-characterization:
ry —i{wm,Xm—Xpn» / dm
Km(Xm, X},) = ) e dAm(wm)s Xm, X, € R™,
RdIm

m

where supp(A,,) = R,
@ Tensor kernel:

(S-skn) ) = [ e an A= @l
Rd

@ supp(A) = xM_;supp (Am) = xM_ R = R,
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co-universality of @Y k,,

We saw: for M > 3

(km)M_, characteristic == ®M_, ky,: Z-characteristic.

Proposition

Assume (km),’\,/,’:1 are cy-kernels on LCP spaces X,,. Then

®M_, km: co-universal < (km)M_, are co-universal.
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The tricky direction: if (k,)™_, are cp-universal ...

Checking:
o X, LCP = x’\m/’::l/\,’m: LCP.

@ k. co-kernel = ®f‘n/’:1km: co-kernel.
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The tricky direction: if (k,)™_, are cp-universal ...

Goal: injectivity of pu = pugm , on Mp(X), ie.

pE) =0>F =0, FeMyX).
SX ®M:1km(':xm)dF(X)
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The tricky direction: if (k,)™_, are cp-universal ...

Goal: injectivity of pu = pugm , on Mp(X), ie.

pE) =0>F =0, FeMyX).
SX ®M:1km(':xm)dF(X)

To get F =0 it is enough:

F (x,“jlem) =0, VBme B(Xn).
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®nl\j=lg{km 3 0 = J ®nAj=1km('7Xm)dF(X>v
X

50 =F (<M 1B,) = L WMo () dF(x), ¥ B
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®nl\j=lg{km 3 0 = JX ®nAj=1km('7Xm)dF(X>v
J
SNy Hy 20 = L [T x60 () @11 k(- ) AF(x), VB,
m=1

50 =F (<M 1B,) = L WMo () dF(x), ¥ B
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®nl\j=lg{km 3 0 = JX ®nAj=1km('7Xm)dF(X>v
J
SNy Hy 20 = L [T x60 () @11 k(- ) AF(x), VB,
m=1

50 =F (<M 1B,) = L WMo () dF(x), ¥ B

We proceed by induction (J =0,..., M).
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Visual lllustration

®g-char «————— ®-char char co-universal

Example

Z-char

Prop.
‘doxg

Sriperumbudur et al. (2011)

~_, char = (km)M_, co-universal

Sriperumbudur et al. (2011)
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@ Divergence & independence measures on kernel-endowed
domains:
e Maximum mean discrepancy,
o Hilbert Schmidt independence criterion.
o Kernel: k =®M_, kn.
o JF-ispd =
e various characteristic properties.
o relations & expressed in terms of k,-s.
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Bochner integral: quick summary

@ Given:

o (X, A, un): measure space,
o f: (X, A)— B(anach space)-valued measurable function.
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Bochner integral: quick summary

@ Given:

o (X, A, un): measure space,
o f: (X, A)— B(anach space)-valued measurable function.

e For f =" cixa; (Ai € A, ci € B) measurable step functions

J fdu = Z cin(A;) € B.
& i=1
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Bochner integral: quick summary

@ Given:

o (X, A, un): measure space,
o f: (X, A)— B(anach space)-valued measurable function.

e For f =" cixa; (Ai € A, ci € B) measurable step functions

J fdu = Z cin(A;) € B.
X i=1

@ f measurable function is Bochner u-integrable if

e 3 (f,) measurable step functions: lim,_ §, |f — fo| g dp = 0.
o In this case lim,_o §, frdpu exists, =: §,. fdu.
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Bochner integral: properties

o f: X — B is Bochner integrable < .. |[f]|gdu < .
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Bochner integral: properties

o f: X — B is Bochner integrable < .. |[f]|gdu < .
o In this case |§, fdu|,z < §4|fgdu. ('Jensen inequality’)

Zoltan Szabd Characteristic Tensor Kernels



Bochner integral: properties

o f: X — B is Bochner integrable < .. |[f]|gdu < .

o In this case |§, fdu|,z < §4|fgdu. ('Jensen inequality’)
o If

e S: B — B;: bounded linear operator,
e f: X — B: Bochner integrable, then

Sof : X — By is Bochner integrable and

s < L fdu> - L Sfdyu.
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Bochner integral: properties

o f: X — B is Bochner integrable < .. |[f]|gdu < .

o In this case |§, fdu|,z < §4|fgdu. ('Jensen inequality’)
o If

e S: B — B;: bounded linear operator,
e f: X — B: Bochner integrable, then

Sof : X — By is Bochner integrable and

s ( L fdu> - L Sfdyu.

|§ fdp| < §|f|dp and ¢ § fdu = §cfdp generalize nicely.
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