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Objects of Interest

Divergence & independence measures on kernel-endowed domains.

Mean embedding:

µkpPq :“

ż

X
kp¨, xq dPpxq P Hk .

Maximum mean discrepancy (MMD):

MMDkpP,Qq :“ }µkpPq ´ µkpQq}Hk
.

Hilbert-Schmidt independence criterion (HSIC), k “ bM
m“1km:

HSICk pPq :“
›

›

›
µk pPq ´ µk

´

bM
m“1Pm

¯›

›

›

Hk

.

Question

Conditions on km-s so that MMD and HSIC are characteristic?
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Intuition: Distribution Representation via Functions

Cumulative density function:

P ÞÑ F pzq “ Ppx ă zq

“ Ex„Pχp´8,zqpxq.

Characteristic function:

P ÞÑ cPpzq “

ż

e i〈z,x〉dPpxq.

Moment generating function:

P ÞÑ MPpzq “

ż

e〈z,x〉dP pxq .

Pattern

P ÞÑ µP “
ş

X ϕpxqdPpxq.
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Zoltán Szabó Characteristic Tensor Kernels



Intuition: Distribution Representation via Functions

Cumulative density function:

P ÞÑ F pzq “ Ppx ă zq “ Ex„Pχp´8,zqpxq.

Characteristic function:

P ÞÑ cPpzq “

ż

e i〈z,x〉dPpxq.

Moment generating function:

P ÞÑ MPpzq “

ż

e〈z,x〉dP pxq .

Pattern

P ÞÑ µP “
ş

X ϕpxqdPpxq.
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Ingredients
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Ingredients: Domain of the Distributions (X )

X “ ˆM
m“1Xm: product space.

Xm: different modalities Ñ images, texts, audio, . . .

Assumption

Xm: kernel-endowed domains (ñ inner product).
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Ingredients: Kernel, RKHS (X :“ Xm, k :“ km)

Given: X set.

Kernel:

kpa, bq “ xϕpaq, ϕpbqyH, H : some Hilbert space.

Reproducing kernel of a Hpilbertq Ă RX :

kp¨, bq P H, xf , kp¨, bqyH “ f pbq.

spec.
ÝÝÝÑ kpa, bq “ xkp¨, aq, kp¨, bqyH.
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Ingredients: Kernel, RKHS – continued

Alternatives:

k : X ˆ X Ñ R symmetric is positive definite if

G “ rkpxi , xjqs
n
i ,j“1 ľ 0 @n P Z`,@txiuni“1.

H Ă RX Hilbert space,

δx : f P H ÞÑ f pxq P R

is continuous for all x P X .

All these definitions are equivalent.
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Kernel Examples

X “ Rd , γ ą 0:

kppx, yq “ p〈x, y〉` γqp, kG px, yq “ e´γ}x´y}
2
2 ,

kepx, yq “ e´γ}x´y}2 , kC px, yq “ 1`
1

γ }x´ y}22
.

X = texts, strings:

r -spectrum kernel: # of common ď r -substrings.

X = time-series: dynamic time-warping.

X = trees, graphs, dynamical systems, sets, permutations, . . .
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RKHS: Constructively

k : X ˆ X Ñ R kernel,
1:1
ÐÑ Hk RKHS.

Elements of Hk : t
řn

i“1 αikp¨, xi q : xi P X , αi P Ru.

Inner product:

〈kp¨, xq, kp¨, yq〉Hk
:“ kpx , yq.

Extension: by linearity & limit.

We represent distributions in an RKHS.
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Mean embedding: kernel trick Ñ mean trick

Kernel: kpx , x 1q “
〈
kp¨, xq, kp¨, x 1q

〉
Hk

, µP :“ kp¨, xq, P “ δx .

Mean embedding (feature of P):

µP :“
N
ÿ

i“1

wikp¨, xi q P Hk , P “
N
ÿ

i“1

wiδxi ,

µP :“

ż

kp¨, xqdPpxq
looooooomooooooon

Bochner integral

P Hk .

DµP ô
ş

}kp¨, xq}Hk
looooomooooon

?
kpx ,xq

dPpxq ă 8. Assume: bounded k .
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Mean Embedding

Applications:

two-sample testing [Gretton et al., 2012], domain adaptation
[Zhang et al., 2013],
kernel belief propagation [Song et al., 2011], kernel Bayes’ rule
[Fukumizu et al., 2013], model criticism [Lloyd et al., 2014],
approximate Bayesian computation [Park et al., 2016],
probabilistic programming [Schölkopf et al., 2015],
distribution classification [Muandet et al., 2011], distribution
regression [Szabó et al., 2016], topological data analysis
[Kusano et al., 2016].

Review [Muandet et al., 2017].
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Mean Embedding Ñ MMD

k is called characteristic if

P ÞÑ µP “

ż

X
kp¨, xqdPpxq

is injective [Fukumizu et al., 2008, Sriperumbudur et al., 2010].

In this case

MMDkpP,Qq :“ }µkpPq ´ µkpQq}Hk

is a metric.
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Maximum Mean Discrepancy Ñ HSIC

X :“ ˆM
m“1Xm. Tensor product of pkmq

M
m“1 kernels:

´

bM
m“1km

¯

`

x , x 1
˘

“

M
ź

m“1

km
`

xm, x
1
m

˘

, x , x 1 P X

is a kernel, HbM
m“1km

“ bM
m“1Hkm [Berlinet and Thomas-Agnan, 2004].

Choosing k :“ bM
m“1km, Q :“ bM

m“1Pm in MMD:

HSICk pPq :“
›

›

›
µk pPq ´ µk

´

bM
m“1Pm

¯
›

›

›

Hk

.
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HSIC Applications

Blind source separation [Gretton et al., 2005],

feature selection [Song et al., 2012],

independence testing [Gretton et al., 2008],

post selection inference [Yamada et al., 2016],

causal detection [Mooij et al., 2016, Pfister et al., 2017].
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MMD: Easy to Estimate

Using txiu
Nx
i“1 „ P, tyju

Ny

j“1 „ Q,

{MMD2pP,Qq “ MMD2
´

P̂, Q̂
¯

“

›

›

›
µP̂ ´ µQ̂

›

›

›

2

Hk

“

›

›

›

›

›

›

1

Nx

Nx
ÿ

i“1

kp¨, xi q ´
1

Ny

Ny
ÿ

j“1

kp¨, yjq

›

›

›

›

›

›

2

Hk

“
1

N2
x

Nx
ÿ

i ,j“1

kpxi , xjq

loooooooomoooooooon

ĘGP,P

`
1

N2
y

Ny
ÿ

i ,j“1

kpyi , yjq

loooooooomoooooooon

ĘGQ,Q

´2
1

NxNy

Nx
ÿ

i“1

Ny
ÿ

j“1

kpxi , yjq

loooooooooooomoooooooooooon

ĘGP,Q

.

A bit biased: ĚGP,P Ð
1
N2

x

řNx
i“1

řNx
j“1,j‰i kpxi , xjq,

ĘGQ,Q Ð . . ., if needed.
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j“1 „ Q,

{MMD2pP,Qq “ MMD2
´

P̂, Q̂
¯

“

›

›

›
µP̂ ´ µQ̂

›

›

›

2

Hk

“

›

›

›

›

›

›

1

Nx

Nx
ÿ

i“1

kp¨, xi q ´
1

Ny

Ny
ÿ

j“1

kp¨, yjq

›

›

›

›

›

›

2

Hk

“
1

N2
x

Nx
ÿ

i ,j“1

kpxi , xjq

loooooooomoooooooon

ĘGP,P

`
1

N2
y

Ny
ÿ

i ,j“1

kpyi , yjq

loooooooomoooooooon

ĘGQ,Q

´2
1

NxNy

Nx
ÿ

i“1

Ny
ÿ

j“1

kpxi , yjq

loooooooooooomoooooooooooon

ĘGP,Q

.

A bit biased: ĚGP,P Ð
1
N2
x

řNx
i“1

řNx
j“1,j‰i kpxi , xjq,

ĘGQ,Q Ð . . ., if needed.
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HSIC: Easy to Estimate

Given: tpxi , yi qu
N
i“1 paired samples.

Estimate:

{HSIC 2 “
1

N2

〈
G̃x , G̃y

〉
F

,

Gx “ rk1pxi , xjqs
n
i ,j“1

, G̃x “ HGxH, H “ I´
E

N
.

Plug-in estimator; similarly easy to debias.
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Central in Applications: Characteristic Property

MMD: ’k is characteristic’ means

MMDkpP,Qq“ 0 ô P “ Q.

HSIC: k “ bM
m“1kM will be called I-characteristic if

HSICkpPq“ 0 ô P “ bM
m“1Pm.

bM
m“1kM : characteristic ñ I-characteristic.

Wanted

Precise relation between characteristic and I-characteristic?

Conditions in terms of km-s?
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Characteristic property

Well-understood for

Continuous bounded translation-invariant kernels on Rd :

kpx , x 1q “ k0px ´ x 1q, k0 P CbpRdq.

In this case (Bochner’s theorem):

k0pzq “

ż

Rd

e´i〈z,ω〉dΛpωq,

}µP ´ µQ}Hk
“ }cP ´ cQ}L2pΛq .

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supppΛq “ Rd .
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Translation-invariant kernels on R

For Poisson kernel: σ P p0, 1q.

kernel name k0
pk0pωq supp

`

pk0

˘

Gaussian e´
x2

2σ2 σe´
σ2ω2

2 R
Laplacian e´σ|x|

b

2
π

σ
σ2`ω2 R

B2n`1-spline ˚2n`2χr´ 1
2 ,

1
2 s
pxq 4n`1

?
2π

sin2n`2pω2 q
ω2n`2 R

Sinc sinpσxq
x

a

π
2χr´σ,σspωq r´σ, σs

Poisson 1´σ2

σ2´2σ cospxq`1

?
2π

ř8

j“´8 σ
|j|δpω ´ jq Z

Dirichlet
sinp

p2n`1qx
2 q

sinp x
2 q

?
2π

ř8

j“´8 δpω ´ jq t0,˘1,˘2, . . . ,˘nu

Fejér 1
n`1

sin2 pn`1qx
2

sin2p x
2 q

?
2π

řn
j“´n

´

1´ |j|
n`1

¯

δpω ´ jq t0,˘1,˘2, . . . ,˘nu

Cosine cospσxq
a

π
2 rδpω ´ σq ` δpω ` σqs t´σ, σu

For x P Rd : k0pxq “
śd

j“1 k0pxjq, pk0pωq “
śd

j“1
pk0pωjq.
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Universal kernel

Let C pX q “ tf : X Ñ R continuousu.

Definition

Assume:

X : compact metric space.

k: continuous kernel on X .

k is called (c)-universal [Steinwart, 2001] if Hk is dense in
pC pX q, } ¨ }8q.
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Universal ñ Characteristic

[Micchelli et al., 2006]: k is c-universal ô µk is injective on
MbpX q, the set of finite signed Borel measures on X .

If X = LCP: c0-universality [Sriperumbudur et al., 2010]

Hk dense in C0pX q, equivalently
µk : MbpX q ÞÑ Hk is injective.

LCP examples: Rd , countable discrete.

c0-universality ñ characteristic.
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Local Summary

Setup: X “ ˆM
m“1Xm, pXm, kmq: kernel-enriched domains.

Mean embedding, MMD, HSIC, bM
m“1km.

Characteristic, c0-universality.

Little is known about the

characteristic/I-characteristic/universality of bM
m“1km in terms of

km-s.
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Known ’I-characteristic’ Results, M “ 2

[Waegeman et al., 2012, Gretton, 2015]:

k1&k2: universal ñ k1 b k2: universal (ñ I-characteristic).

Stronger: combinining [Lyons, 2013] (DCov) and
[Sejdinovic et al., 2013] (DCov ô HSIC)

k1&k2: characteristic ô k1 b k2: I-characteristic.

Question

Extension to M ě 2?

Main Challenge

’bkm: I-characteristic ô km: characteristic (@m)’ does NOT hold.
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Idea: Characteristic Property as Ispd

Characteristic property:

}µP1´P2}
2
k

loooomoooon

ş

X
ş

X kpx ,x 1q dFpxq dFpx 1q,F:“P1´P2‰0,FpX q“0

ą 0, @P1,P2 PM
`
1 pX q,P1 ‰ P2.

Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

ż

X

ż

X
kpx , x 1qdFpxq dFpx 1q ą 0, @ F PMbpX qzt0u FpX q “ 0

loooooooooooooooomoooooooooooooooon

F1

.

We have also seen: k is c0-universal iff.
ż

X

ż

X
kpx , x 1q dFpxqdFpx 1q ą 0, @ F PMbpX qzt0u

loooooooomoooooooon

F2

.
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F-ispd Tensor Product Kernels

From now on: X “ bM
m“1Xm.

Definition

Let F ĎMbpX q, 0 P F. k “ bM
m“1km is called F-ispd if

µkpFq “ 0 ñ F “ 0 pF P Fq, equivalently

}µkpFq}2Hk
“

ż

X

ż

X
k
`

x , x 1
˘

dFpxq dFpx 1q ą 0, @F P Fzt0u.
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Examples

F F-ispd k

MbpX q c0-universal

rMbpX qs0 characteristic

I :“
 

P´bM
m“1Pm : P PM`

1 pX q
(

I-characteristic
“

bM
m“1MbpXmq

‰0
b-characteristic

bM
m“1M

0
bpXmq b0-characteristic

bM
m“1 M

0
bpXmq

Ď

“

bM
m“1MbpXmq

‰0

Ď rMb pX qs0 Ď Mb pX q

I

Ď

.

b0 -characteristic b -characteristic

ð characteristicð

ð

c0-universal.ð

I-characteristic
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MbpX q

rMbpX qs0

IbmM
0
bpXmq

rbmMbpXmqs
0

c0-univ.

char.

I-char.b-char.

b0-char.



Results
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Various characteristic properties of bM
m“1km

Proposition

(i) bM
m“1km: characteristic ñ b-characteristic.

(ii) bM
m“1km: b-characteristic ñ b0-characteristic.

(iii) bM
m“1km: b0-characteristic ô pkmq

M
m“1 are characteristic.

(iii) remains. Proof idea: with k “ bM
m“1km, F “ bM

m“1Fm,

}µkpFq}2Hk
“

M
ź

m“1

}µkmpFmq}
2
Hkm

,

F P
”

bM
m“1M

0
b pXmq

ı

zt0u ô @m : Fm PM
0
bpXmqzt0u.
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b0-characteristic œ even b-characteristic

Reverse of (ii) does not hold.

Example

Xm “ t1, 2u, τXm “ Ppt1, 2uq, kmpx , x
1q “ 2δx ,x 1 ´ 1, M “ 2.

k1 “ k2: characteristic, but k1 b k2 is not b-characteristic.

k1 b k2 is I-characteristic.
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Proof idea: k1 b k2: not b-characteristic

Goal: construct a witness 0 ‰ F “ F1 b F2 P b
2
m“1MbpXmq s.t.

0 “ FpX1 ˆ X2q “ F1pX1qF2pX2q,

0 “

ż

X1ˆX2

ż

X1ˆX2

k1px1, x
1
1qk2qpx2, x

1
2qdFpx1, x2qdFpx 11, x 12q.

Finite signed measures on t1, 2u:

F1 “ F1paq “ a1δ1 ` a2δ2, F2 “ F2pbq “ b1δ1 ` b2δ2.

This gives

0 “ pa1 ` a2qpb1 ` b2q, 0 “ pa1 ´ a2q
2pb1 ´ b2q

2.

ñ Two symmetric solutions (a ‰ 0, b ‰ 0):

a1 ` a2 “ 0, b1 “ b2

a1 “ a2, b1 ` b2 “ 0.
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Proof idea: k1 b k2: not b-characteristic

Goal: construct a witness 0 ‰ F “ F1 b F2 P b
2
m“1MbpXmq s.t.

0 “ FpX1 ˆ X2q “ F1pX1qF2pX2q,

0 “

ż

X1ˆX2

ż

X1ˆX2

k1px1, x
1
1qk2qpx2, x

1
2qdFpx1, x2qdFpx 11, x 12q.

Finite signed measures on t1, 2u:
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Towards I-characteristicity

In the previous example:

k1, k2: characteristic ñ k1 b k2: I-characteristic.

In fact:

this holds for any bounded kernel,

+converse for any M ě 2! Formally, . . .
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I-characteristic Property

Proposition

(i) k1, k2: characteristic ñ k1 b k2: I-characteristic.

(ii) Suppose Xm is Hausdorff (@m). Then

bM
m“1km: I-characteristic ñ pkmq

M
m“1 are characteristic.

Proof idea:

(i) Induction: see later c0-universality (F “ P´ P1 b P2).

(ii) If a km is not characteristic, then we construct a witness for
the non-I-characteristic property.
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k1, k2, k3: characteristic œ b3
m“1km: I-characteristic

Example

Xm “ t1, 2u, τXm “ Ppt1, 2uq, kmpx , x
1q “ 2δx ,x 1 ´ 1, M “ 3.

Then

pkmq
3
m“1: characteristic.

b3
m“1km: is not I-characteristic. Witness:

p1,1,1 “
1

5
, p1,1,2 “

1

10
, p1,2,1 “

1

10
, p1,2,2 “

1

10
,

p2,1,1 “
1

5
, p2,1,2 “

1

10
, p2,2,1 “

1

10
, p2,2,2 “

1

10
,
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Non-I-characteristicity: Analytical Solution

Parameter: z “ pz0, z1, . . . , z5q P r0, 1s
6.

Example: p1,1,1 “

´

z2 ` z1 ` z4 ` z5 ´ 3z2z1 ´ 4z2z4 ´ 4z1z4 ´ z2z3 ´ 2z2z0 ´ 2z1z3 ´ 3z2z5

´ 2z4z3 ´ z1z0 ´ 3z1z5 ´ 2z4z0 ´ 4z4z5 ´ z3z0 ´ z3z5 ´ z0z5 ` 2z2z
2
1 ` 2z2

2 z1

` 4z2z
2
4 ` 2z2

2 z4 ` 4z1z
2
4 ` 2z2

1 z4 ` 2z2
2 z0 ` 2z2

1 z3 ` 2z2z
2
5 ` 2z2

2 z5 ` 2z2
4 z3

` 2z1z
2
5 ` 2z2

1 z5 ` 2z2
4 z0 ` 2z4z

2
5 ` 4z2

4 z5 ´ z2
2 ´ z2

1 ´ 3z2
4 ` 2z3

4 ´ z2
5

` 6z2z1z4 ` 2z2z1z3 ` 2z2z4z3 ` 2z2z1z0 ` 4z2z1z5 ` 4z2z4z0 ` 4z1z4z3

` 6z2z4z5 ` 2z1z4z0 ` 6z1z4z5 ` 2z2z3z0 ` 2z2z3z5 ` 2z1z3z0 ` 2z2z0z5

` 2z1z3z5 ` 2z4z3z0 ` 2z4z3z5 ` 2z1z0z5 ` 2z4z0z5

2z2z1 ´ z1 ´ 2z4 ´ z3 ´ z0 ´ 2z5 ´ z2 ` 2z2z4 ` 2z1z4 ` 2z2z0 ` 2z1z3 ` 2z2z5

` 2z4z3 ` 2z1z5 ` 2z4z0 ` 4z4z5 ` 2z3z0 ` 2z3z5 ` 2z0z5 ` 2z2
4 ` 2z2

5

.

We chose: z “
`

1
10 ,

1
10 ,

1
10 ,

1
10 ,

1
10 ,

1
10

˘

.
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Rd & translation-invariance: all notions coincide

Proposition

Assume km : Rdm ˆ Rdm Ñ R are continuous, translation-invariant
kernels. Then the followings are equivalent:

(i) pkmq
M
m“1-s are characteristic.

(ii) bM
m“1km: b0-characteristic.

(iii) bM
m“1km: b-characteristic.

(iv) bM
m“1km: I-characteristic.

(v) bM
m“1km: characteristic.

Proof idea: We already know

pvq ñ piiiq ñ piiq ô piq, pvq ñ pivq ñ piq.

Remains: piq ñ pvq.
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pkmq
M
m“1: characteristic ñ bM

m“1km: characteristic

Bochner theorem and supp-characterization:

kmpxm, x
1
mq “

ż

Rdm

e´ixωm,xm´x 1my dΛmpωmq, xm, x
1
m P Rdm ,

where supppΛmq “ Rdm .

Tensor kernel:

´

bM
m“1km

¯

px , x 1q “

ż

Rd

e´ixω,x´x
1y dΛpωq, Λ :“ bM

m“1Λm.

supppΛq “ ˆM
m“1supp pΛmq “ ˆ

M
m“1Rdm “ Rd .

Zoltán Szabó Characteristic Tensor Kernels



pkmq
M
m“1: characteristic ñ bM

m“1km: characteristic

Bochner theorem and supp-characterization:

kmpxm, x
1
mq “

ż

Rdm

e´ixωm,xm´x 1my dΛmpωmq, xm, x
1
m P Rdm ,

where supppΛmq “ Rdm .
Tensor kernel:

´

bM
m“1km

¯

px , x 1q “

ż

Rd

e´ixω,x´x
1y dΛpωq, Λ :“ bM

m“1Λm.

supppΛq “ ˆM
m“1supp pΛmq “ ˆ

M
m“1Rdm “ Rd .
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c0-universality of bM
m“1km

We saw: for M ě 3

pkmq
M
m“1 characteristic œ bM

m“1km: I-characteristic.

Proposition

Assume pkmq
M
m“1 are c0-kernels on LCP spaces Xm. Then

bM
m“1km: c0-universal ô pkmq

M
m“1 are c0-universal.
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The tricky direction: if pkmq
M
m“1 are c0-universal . . .

Checking:

Xm: LCP ñ ˆM
m“1Xm: LCP.

km: c0-kernel ñ bM
m“1km: c0-kernel.

Goal: injectivity of µ “ µbM
m“1km

on MbpX q, i.e.

µpFq
loomoon

ş

X b
M
m“1kmp¨,xmqdFpxq

“ 0
?
ùñ F “ 0, F PMbpX q.

To get F “ 0 it is enough:

F
´

ˆM
m“1Bm

¯

“ 0, @Bm P BpXmq.
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Proof idea

bM
m“1Hkm Q 0 “

ż

X
bM

m“1kmp¨, xmqdFpxq,

bM
m“J`1 Hkm Q 0 “

ż

X

J
ź

m“1

χBmpxmq b
M
m“J`1 kmp¨, xmqdFpxq, @Bm

,

R Q 0 “ F
´

ˆM
m“1Bm

¯

“

ż

X
ˆM

m“1χBmpxmqdFpxq,@Bm.

We proceed by induction (J “ 0, . . . ,M).
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Visual Illustration
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Summary

Divergence & independence measures on kernel-endowed
domains:

Maximum mean discrepancy,
Hilbert Schmidt independence criterion.

Kernel: k “ bM
m“1km.

F-ispd ñ

various characteristic properties.
relations & expressed in terms of km-s.
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Bochner integral: quick summary

Given:

pX ,A, µq: measure space,
f : pX ,Aq Ñ B(anach space)-valued measurable function.

For f “
řn

i“1 ciχAi
(Ai P A, ci P B) measurable step functions

ż

X
f dµ :“

n
ÿ

i“1

ciµpAi q P B.

f measurable function is Bochner µ-integrable if

D pfnq measurable step functions: limnÑ8

ş

X }f ´ fn}B dµ “ 0.
In this case limnÑ8

ş

X fndµ exists, “:
ş

X f dµ.
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Bochner integral: properties

f : X Ñ B is Bochner integrable ô
ş

X }f }B dµ ă 8.

In this case
›

›

ş

X f dµ
›

›

B
ď

ş

X }f }B dµ. (’Jensen inequality’)

If

S : B Ñ B2: bounded linear operator,
f : X Ñ B: Bochner integrable, then

S ˝ f : X Ñ B2 is Bochner integrable and

S

ˆ
ż

X
f dµ

˙

“

ż

X
Sf dµ.

In short
ˇ

ˇ

ş

f dµ
ˇ

ˇ ď
ş

|f |dµ and c
ş

f dµ “
ş

cf dµ generalize nicely.
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Zoltán Szabó Characteristic Tensor Kernels

http://arxiv.org/abs/1501.06103


Gretton, A., Borgwardt, K. M., Rasch, M. J., Schölkopf, B.,
and Smola, A. (2012).
A kernel two-sample test.
Journal of Machine Learning Research, 13:723–773.

Gretton, A., Bousquet, O., Smola, A., and Schölkopf, B.
(2005).
Measuring statistical dependence with Hilbert-Schmidt norms.
In Algorithmic Learning Theory (ALT), pages 63–78.

Gretton, A., Fukumizu, K., Teo, C. H., Song, L., Schölkopf,
B., and Smola, A. J. (2008).
A kernel statistical test of independence.
In Neural Information Processing Systems (NIPS), pages
585–592.

Kusano, G., Fukumizu, K., and Hiraoka, Y. (2016).
Persistence weighted Gaussian kernel for topological data
analysis.
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Zoltán Szabó Characteristic Tensor Kernels



Distinguishing cause from effect using observational data:
Methods and benchmarks.
Journal of Machine Learning Research, 17:1–102.

Muandet, K., Fukumizu, K., Dinuzzo, F., and Schölkopf, B.
(2011).
Learning from distributions via support measure machines.
In Neural Information Processing Systems (NIPS), pages
10–18.

Muandet, K., Fukumizu, K., Sriperumbudur, B., and
Schölkopf, B. (2017).
Kernel mean embedding of distributions: A review and
beyond.
Foundations and Trends in Machine Learning, 10(1-2):1–141.

Park, M., Jitkrittum, W., and Sejdinovic, D. (2016).
K2-ABC: Approximate Bayesian computation with kernel
embeddings.
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