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@ Kernel Stein discrepancy (KSD;
[Chwialkowski et al., 2016, Liu et al., 2016, Hagrass et al., 2025]):
o simple-to-estimate, popular goodness-of-fit measure,
o defined on both R9 and general domains,
o with various successful applications.



Today: in a nutshell

o Kernel Stein discrepancy (KSD;
[Chwialkowski et al., 2016, Liu et al., 2016, Hagrass et al., 2025]):
e simple-to-estimate, popular goodness-of-fit measure,
o defined on both R? and general domains,
e with various successful applications.

o Existing estimators:

convergence rate: O (%) n = sample size.
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@ Kernel Stein discrepancy (KSD;
[Chwialkowski et al., 2016, Liu et al., 2016, Hagrass et al., 2025]):

o simple-to-estimate, popular goodness-of-fit measure,
o defined on both R9 and general domains,
o with various successful applications.

o Existing estimators:

convergence rate: O (%) n = sample size.

@ Question: Can we go faster?

@ Answer: No.




Kernel, RKHS, information theoretical
measures
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o InR%: (a,b) = ¥4 aibi = |]a—b]|, and <(a,b).
@ Nonlinear features:

p(a) = (a%, V2aa, a%) :

2

a b%
_=< V2aiaa| | V2biby >
2

2 b3
= a?b? + V2V2 a1axb by + a3b3
2

= (a1by 4 a2by)?
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Kernel motivation

o InRY: (a,b) =Y c(q aibi = [la— b, and <(a,b).

@ Nonlinear features:

o(a) = (a%, V2aas, a%) ,

2 b2
a1 1
2 b2
a 2

= a7b? + V/2V2 ajaxby by + a3 b3
2
= (albl + 32b2)2

B < lzj / [Zj >2 = [ = k(a.b).

(x,x')P = (p(x), o(x)): Explicit computation would be heavy!
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@ Def-1 (feature space):
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@ Def-1 (feature space):

k(a,b) = {¢(a),p(b))y, a,beX.

@ Def-2 (reproducing kernel):

k(-,b) € H, f(b)= (f,k(-, b))s.

o Def-3 (Gram matrix): G = [k(x;, x;)]7 ;=1 € R™" = 0.



Kernel (generalization of a'b), RKHS

[Aronszajn, 1950, Steinwart and Christmann, 2008, Saitoh and Sawano, 2016]

@ Def-1 (feature space):

k(a,b) = (#(a), p(b))g, a,beX.

Def-2 (reproducing kernel):

k(-,b) € H, F(b)= (f, k(-, b))sc.

Def-3 (Gram matrix): G = [k(x;, x;)]7 =1 € R™" = 0.
Def-4 (evaluation): dx(f) = f(x) is continuous for all x.
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Kernel (generalization of a'b), RKHS

[Aronszajn, 1950, Steinwart and Christmann, 2008, Saitoh and Sawano, 2016]

@ Def-1 (feature space):
k(a,b) = (#(a), p(b))g, a,beX.
@ Def-2 (reproducing kernel):
k(- b) € K, F(b)= (f, k(-, b))s.
o Def-3 (Gram matrix): G = [k(x;, x;)]7 ;=1 € R™" = 0.

@ Def-4 (evaluation): d,(f) = f(x) is continuous for all x.
Note:

o k¥, = Span(k(-, x):x € X): Fourier, polynomials, splines, ...
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ko(x,y) = (%, y) + ¢)”



ko(x.y) = ({x,y) + c)?, ke(x,y) = e IxvB,

ke(x,y) = e—7|IX—YI|2’ ki(x,y) = e—7||x—y||1,
1

kC(X,y) = ké(x,y) = e7<xvy>.

1+ y]x—y3’



Kernel examples on RY (v,0,v>0, ¢ >0, p € Z*)

ko(x,¥) = ((x,y) + ©)”, ke(x,y) = eI,
ke(x,y) = e Ix=yllz ki(x,y) = e VIx=ll;.
1
kC(X, y) — T & ké(x, y) — e’Y<xzy>.
L+7lx -yl

Or the flexible Matérn family:

ku(x.y) zrl() (m‘;—y\lz> (mnx y||2> |

where

@ K,: modified Bessel function of the second kind of order v,

. lix—yll
@ Specific cases: For v = % one gets k(x,y) = e~ o

Gaussian kernel: v — oo.
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Some kernel-enriched domains : (X, k)

@ Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],
@ time series
[Riiping, 2001, Cuturi et al., 2007, Cuturi, 2011, Kirdly and Oberhauser, 2019],
@ trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],
@ groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
@ sets [Haussler, 1999, Géartner et al., 2002, Balanca and Herbin, 2012,
Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],
@ various [Jaakkola and Haussler, 1999, Tsuda et al., 2002,
Seeger, 2002, Jebara et al., 2004],
@ fuzzy domains [Guevara et al., 2017], or
@ graphs [Kondor and Lafferty, 2002, Gartner et al., 2003, Kashima et al., 2003,
Borgwardt and Kriegel, 2005, Shervashidze et al., 2009,
Vishwanathan et al., 2010, Kondor and Pan, 2016, Bai et al., 2020,
Borgwardt et al., 2020, Schulz et al., 2022, Nikolentzos and Vazirgiannis, 2023].
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[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Hy is bounded:

repr. pri . CBS
[FC PP K x)ae, | <

[Fllge, 1K %) lag, -
—_——
V k(x,x)

@ k: continuous = Hy: separable [¢2(Np)].



- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Hy is bounded:

OO (F k(- x) g,

CBS
< Fllge, 16Co Xl -
—_——

k(x,x)

e k: continuous = Hy: separable [¢?(Np)].

@ k: bounded and continuous = Vf € Hj is bounded &
continuous.
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- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Hy is bounded:

OO (F k(- x) g,

CBS
< Fllge, 16Co Xl -
—_——

k(x,x)

e k: continuous = Hy: separable [¢?(Np)].

@ k: bounded and continuous = Vf € Hj is bounded &
continuous.

@ ke C™ = Vf € Hy is m-times continuously differentiable.
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- k control that of -

[Steinwart and Christmann, 2008, Chapter 4]:
@ k: bounded [sup, ,cx k(x,y) < C] = Vf € Hy is bounded:

OO (F k(- x) g,

CBS
< Fllge, 16Co Xl -
—_——

k(x,x)

k: continuous = Hy: separable [¢2(Np)].

k: bounded and continuous = Vf € H, is bounded &
continuous.

k € C™ = Vf € Hy is m-times continuously differentiable.

k: analytic = Vf € Hy is analytic.
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o Cumulative density function:

P Fp(Z) = P(X < Z) = /]Rd X(—oo,z)(x)dp(x)'



o Cumulative density function:

P s Fp(z) = P(X < 2) = /R (o) (AP(x).
o Characteristic function:

P — cp(z) = /Rd '@ dP(x).



Towards mean embeddings: distribution representation

e Cumulative density function:
P s Fp(z) = P(X < ) = /R (oo (X)AP(x).
@ Characteristic function:
P — cp(z) = / '@ dP(x).
Rd
@ Moment generating function:

P — Mp(z) = /Rd e@Xqp (x).

Minimax Lower Bound for KSD Estimation



o Cumulative density function:
P s Fp(z) = P(X < 2) = /R (o) (AP(x).
@ Characteristic function:
P — cp(z) = / '@ dP(x).
Rd
@ Moment generating function:

P — Mp(z) = /Rd e@Xqp (x).

@: on any kernel-endowed domain!




@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

jk(P) = / k(- x) dP(x) € Ky
X ~~—~—
p(x)E€Hx



Mean embedding, MMD

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1(P) ;:/ K(-.x) dP(x) € H.
X ~~—~—
p(x)€Hy

@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDy(P, Q) := ||k (P) — 1k(Q)lls, -
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:
(P = / K(-.x) dP(x) € H.
X ~~—~—
(x)EH«k
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD(P, Q) := [l (P) — 1k (Q)ll, -

@ Hilbert-Schmidt independence criterion [Gretton et al., 2005] (M = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a, Szabé and Sriperumbudur, 2018]
(M>3), k:= ®’\m/’:1km:

HSIC, (P) = MMDy (P, &M, P,
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:
/ k(- x) dP(x) € Hy.
@(X)Ejfk
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD(P, Q) := [l (P) — 1k (Q)ll, -

@ Hilbert-Schmidt independence criterion [Gretton et al., 2005] (M = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a, Szabé and Sriperumbudur, 2018]
(M>3), k:= ®’\m/’:1km:

HSIC, (P) == MMDy (P, @M1 Pp) .

= || ek (P) = @iy ttk, (P |

cross-covariance operator

Ky
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o (M| MD :
MMD(P, Q) = ll14(P) = 14(Q) s, = SRR 4(P) — (s,




MMD, HSIC: information theoretical & statistical relations

° - MD :
MMD(P, Q) = (P) ~ 1#(Q) |, = [UBREBIF (P) — 1k(Q)s,
Epf(X) — Eqf(X)

e € IPMs [Zolotarev, 1983, Miiller, 1997]
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MMD, HSIC: information theoretical & statistical relations

e M MD:

MMD(P, Q) = [l1k(P) = 1k(Q)lls, = [SUBFEBRLT: 114 (P) — 11k(@)) s,

Epf(X) — Eof (X)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

° <l> [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

T [Sejdinovic et al., 2013b].
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MMD, HSIC: information theoretical & statistical relations

e M MD:

MMD(P, Q) = [l1k(P) = 1k(Q)lls, = [SUBFEBRLT: 114 (P) — 11k(@)) s,

Epf(X) — Eof (X)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

° <l> [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

e HSIC (M =2) & distance covariance
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].
T [Sejdinovic et al., 2013b].
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e MMD(P,Q) =0« P = Q: k is characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].



If Hy is 'rich’, no information is lost; example

e MMDy(P,Q) =0« P = Q: k is characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].

@ For continuous bounded shift-invariant kernels on RY:

K(x,X') = ko(x — X)) )/ it @) A (w) =

(*): Bochner's theorem.
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If Hy is 'rich’, no information is lost; example

e MMDy(P,Q) =0« P = Q: k is characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].

@ For continuous bounded shift-invariant kernels on RY:

K(x,X') = ko(x — X)) *)/ it @) A (w) =
[ (P) = 1k (@)l 3¢, = ller — callizn

(x): Bochner's theorem, cp: characteristic function of P.

Theorem ([Sriperumbudur et al., 2010])
k is characteristic iff. supp(A) = R9.
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Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name ko(x) ko(w) supp (ko)

X2 oW
Gaussian e 272 ge~ T R
Laplacian el \/gaziwz R
Bony1-spline #2712 (x) o s (5) R

2n+1-SP . X[_%ﬁ%] V2r  went?
Sinc M \/?X[fo',d] (W) [_Ua U]
Poisson #gj(x)ﬂ Ver Y2 olilé(w —J) Z
. (2n+1)x
Dirichlet ((2)) V2T 6w —J) {0,+1,42, ..., +n}
sin 2

gin? (1 N . )
Fejér R Y (1 - n'i‘l) S(w —j) {0,£1,%2,... £n}
Cosine cos(ox) V56w —0)+6(w+0)] {—0,0}
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Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name ko(x) ko(w) supp (ko)
X2 oW
Gaussian e 272 g~ R
Laplacian el \/ggziwz R
L2042 gri1 sin2(4
Bap11-spline *. X[_%,%](X) N A R
Sinc % 2 \/gx[,gf] () | [-0,0]
Poisson W&‘S(X){l V 2 Zj:—oo o'IJ‘(s(oJ —J) Z
Dirichlet (72) V2T 6w —J) {0,+1,42, ..., +n}
gin? (1 N . )
Fejér R Y (1 - n'i‘l) S(w —j) {0,£1,%2,... £n}
Cosine cos(ox) V56w —0)+6(w+0)] {—0,0}
For x € RY: ko(x) = de:l ko(xj), ko(w) = Hle ko(wj).
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Kernel Stein discrepancy (KSD)
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@ Aim: compare 2 distributions Py, P € M (RY).
@ Assumptions:

o Py: target distribution; fixed and known



@ Aim: compare 2 distributions Py, P € M (RY).
@ Assumptions:

e Py: target distribution; fixed and known,
e P: sampling distribution; unknown, but we have samples from it.



Towards Langevin-Stein KSD on R

@ Aim: compare 2 distributions Py, P € M7 (R9).
@ Assumptions:

e Py: target distribution; fixed and known,
e P: sampling distribution; unknown, but we have samples from it.
e Py, P < A\y: corresponding pdf-s = pg, p.
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Towards Langevin-Stein KSD on R

@ Aim: compare 2 distributions Py, P € M7 (R9).

@ Assumptions:

Py: target distribution; fixed and known,

P: sampling distribution; unknown, but we have samples from it.
Py, P < Ay: corresponding pdf-s = pg, p.

k:RY x RY — R kernel.
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KSD is a specific IPM: F = {Apof fe B(H—Cﬂ)}

KSD(P, P) = sup [Epy [f(X)] = Ep[f(X)]|
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€
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with Ap; designed to satisfy the mean-zero property:

Epy[(Apof)(X)] = 0 for all £ € B(3F).



KSD is a specific IPM: F = {Apof fe B(H—Cﬂ)}
KSD(Py, P) = sup [Ep, [f(X)] — Ep[f(X)]]
= sup |Ep[(Apf)(X)] = Ep[(Apf)(X)]|
feB(3)

= sup Ep[(Apf)(X)],
feB(7])

with Ap; designed to satisfy the mean-zero property:

Epy[(Apof)(X)] = 0 for all £ € B(3F).



For instance, the Langevin-Stein operator does the job:
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= J

hence
@ one assumes:
Q po>0



For instance, the Langevin-Stein operator does the job:

d

(Apf)(x) = (ViIn(po(x)), F(x)) Z

= J

hence
@ one assumes:

Q po >0,
Q po € CH(RY)



Langevin-Stein operator

For instance, the Langevin-Stein operator does the job:

4. Of(x

(AnF)(R) = (Tln(po(x)), Fx)) + 6XJ,

hence
@ one assumes:
Q m >0,
Q po € CHRY),
© lim|x||, 00 h(x)po(x) = 0 for all h € Hy (to the mean zero property).
[<= po: bounded, lim), o0 h(x) = 0 for all h € 4]

Minimax Lower Bound for KSD Estimation



Langevin-Stein operator

For instance, the Langevin-Stein operator does the job:

4. Of(x

(AnF)(R) = (Tln(po(x)), Fx)) + 6XJ,

hence

@ one assumes:
Q m >0,
Q po € CH(RY),
© lim|x||, 00 h(x)po(x) = 0 for all h € Hy (to the mean zero property).
[<= po: bounded, lim), o0 h(x) = 0 for all h € 4]

@ Cpy: OK with C > 0.
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Let h € Hy.

(Apoh)(x) = [In(po(x))]'h(x) + h'(x)



Let h € Hy.
(A h)(x) = [In(po () hx) + H ()
R0, K
= o000 " oy )



Let h € Hy.

(A h)(x) = [In(po () hx) + H ()
IO (O P L)
= 000 " P = T




Why does the mean-zero property hold? (d = 1)

Let h € H,.
(Aph)(x) = [In(po(x))]'h(x) + H'(x)
), KGO [0kl
- PO(X)h( )+ PO(X)pO( ) PO(X) :

Therefore, for any h € Hy

x)h(x
Ep,[(Ap, h)(X /[Po dx

X

Minimax Lower Bound for KSD Estimation



Why does the mean-zero property hold? (d = 1)

Let h € H,.
(Aph)(x) = [In(po(x))]'h(x) + H'(x)
), KGO [0kl
- PO(X)h( )+ PO(X)pO( ) PO(X) :

Therefore, for any h € JHy
B [(An (0] = [ PP 5 ax

= [ o))V dx
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Why does the mean-zero property hold? (d = 1)

Let h € H,.
(Aph)(x) = [In(po(x))]'h(x) + H'(x)
), KGO [0kl
- PO(X)h( )+ PO(X)pO( ) PO(X)

Therefore, for any h € Hy
B [(An (0] = [ PP 5 ax
= [ [poOCY dx = [po() G, = 0.

Hence, the assumption: lim|,|_, po(x)h(x) = 0.

Minimax Lower Bound for KSD Estimation



Assuming further that k € C?(R? x R?), KSD takes a nice form:
KSD?(Po, P) = Epgp[Ko(X, X)),

with the so-called Stein kernel



Langevin-Stein KSD

Assuming further that k € C2(RY x R9), KSD takes a nice form:
KSD?(Py, P) = Epgp[Ko(X, X)],
with the so-called Stein kernel

Ko(x,y) = (VxIn(po(x)), VyIn(po(y)))k(x,y)
+ (VyIn(po(y)), Vxk(x,y))
+ (VxIn(po(x)), Vyk(x,y))
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Q@ Py < Ay, with pdf

@ po>0,
@ po € CY(RY),
(3] Iim||x||2_>oo h(x)po(x) =0 for all h € Hy,

@ k € C3(RY x RY) kernel.



KSD applications & domains

Applications:

@ model validation [Gorham and Mackey, 2017, Futami et al., 2019,
Hodgkinson et al., 2021, Wang et al., 2023],

@ learning variational models [Liu and Wang, 2016, Liu and Wang, 2018,
Chen et al., 2018, Chen et al., 2019, Korba et al., 2020, Korba et al., 2021],

@ testing [Liu et al., 2016, Chwialkowski et al., 2016, Schrab et al., 2022,
Baum et al., 2023, Hagrass et al., 2025],

@ model comparison [Lim et al., 2019, Kanagawa et al., 2020],

@ model explainability [Sarvmaili et al., 2025].
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KSD applications & domains

Applications:

model validation [Gorham and Mackey, 2017, Futami et al., 2019,
Hodgkinson et al., 2021, Wang et al., 2023],

learning variational models [Liu and Wang, 2016, Liu and Wang, 2018,
Chen et al., 2018, Chen et al., 2019, Korba et al., 2020, Korba et al., 2021],
testing [Liu et al., 2016, Chwialkowski et al., 2016, Schrab et al., 2022,
Baum et al., 2023, Hagrass et al., 2025],

model comparison [Lim et al., 2019, Kanagawa et al., 2020],

model explainability [Sarvmaili et al., 2025].

Domains:

discrete spaces [Yang et al., 2018],

[Xu and Matsuda, 2020, Xu and Matsuda, 2021, Barp et al., 2022], Hilbert
spaces [Wynne et al., 2025], point processes [Yang et al., 2019], graph
data [Xu and Reinert, 2021].
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mean-zero property. —

Let
e (X, 7x): topological space; Py, P € M7 (X)
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mean-zero property. —
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KSD on general domains

Key to KSD
mean-zero property. J

Let (AL": below and Hk, separable)
e (X, 7x): topological space; Py, P € M7 (X),
@ H: a Hilbert space of functions on X,

@ Vp : & — H measurable s.t. the mean-zero property holds:

Ep, [Wp,(X)] = 0.

Then, an IPM construction gives
KSD?(Po, P) == Epgp[Ko(X, X )], Ko(x,x") = (Wp(x), Wpy(X"))q -
[Spec.: X =RY, H =HZ, Wp (x) = Vx[ln(po(x))]k(~,x) + Vik(,x) € 3] ]
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KSD?(Po, P) = Epgp[Ko(X, X')] = HEP[KO(',X)]llngO-

© V-statistic estimator: Replacing P with P, = = 16x gives
KSDy(Po, P) = KSD?(Py, P, Z Ko(Xa, X»).
ab 1



KSD?(Po, P) = Epgp[Ko(X, X')] = [Ep[Ko(-, X)]ll3, -

@ Nystrom KSD estimator:
@ subsample with replacement: {{Xi,..., Xy} } = subspace:

Hyom = Span(Ko(- %) : Jj € [m]) C F,



KSD estimators: Nystrom acceleration

Thanks to
KSD?(Po, P) = Epgp[Ko(X, X')] = [Ep[Ko(-, X)]ll3, -

@ Nystrom KSD estimator:
@ subsample with replacement: {{X1,..., X} } = subspace:

Hiom = Span(Ko (- Xj) : j € [m]) C Hixy-

@ we approximate [ [Ko(+, X)] from Hx,, min-norm solution of

min
a=(oj)L, R

Ep [Ko(+, X)] — Zm:O‘J'KO (’)?J)

%KO
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KSD estimators: Nystrom acceleration — continued

@ Nystréom KSD estimator:
@ resulting squared KSD estimator:

2
KSDyy(Po, P

- [S (%)

:}CKO
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KSD estimators: Nystrom acceleration — continued

@ Nystréom KSD estimator:
@ resulting squared KSD estimator:

2
K/S\D Po, ZOéJKo( )
Fig
@ simple form in terms of Gram matrices:
—2 T — 1
KSDN(’DOa P) = B Km mﬁa /8 = 7Km n]-na

Kmm— [KO(XaaXb)] b=1" Kmn— [KO(XaaXb)]ab 1
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KSD estimators: Nystrom acceleration — continued

@ Nystréom KSD estimator:
@ resulting squared KSD estimator:

2
K/S\D Po, ZOéJKo( )
Fig
@ simple form in terms of Gram matrices:
—2 T — 1
KSDN(’DOa P) = B Km mﬁa /8 = 7Km n]-na

Kmm— [KO(XaaXb)] b=1" Kmn— [KO(XaaXb)]ab 1

Both (and [Li et al., 2024]) converge at a rate O(n~1/?) [Kalinke et al., 2025].

Can we get faster?
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Existing minimax lower bounds:
@ maximum mean discrepancy [Tolstikhin et al., 2016],
@ mean embedding [Tolstikhin et al., 2017],
© covariance operator [Zhou et al., 2019],
@ Hilbert-Schmidt independence criterion [Kalinke and Szabé, 2024].



Existing minimax lower bounds:
@ maximum mean discrepancy [Tolstikhin et al., 2016],
@ mean embedding [Tolstikhin et al., 2017],
© covariance operator [Zhou et al., 2019],
@ Hilbert-Schmidt independence criterion [Kalinke and Szabé, 2024].

They all assume bounded kernel; the Stein kernel Kj is (typically)
not so.




Minimax estimation

Minimax risk with estimator F,(X1.,) and Xi., ~ P", with Py given:

best estimator estimator target

/,\_J\‘ /_/\—
Fo (X1.0) — KSD(Po, P) .

worst case

e
R, = |nfﬁn SUPPyeT  SUPPESH, Epn
—_— —

Al KSD(P,Py)<oo expected error

<Epy/ KQ(X,X)<OO
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Minimax estimation

Minimax risk with estimator IA-_,,(XL,,) and Xi., ~ P", with Py given:

estimator target

—_— —_——~—
Fa (X1.0) — KSD(Po, P)| .

best estimator worst case

* 7 N
Rn = Inff_-n SUppyeT SupPGSPO Epn
—_— —

Al KSD(P,Py)<co expected error

SEpr/Ko(X,X) <00

R = smallest possible maximum risk achievable by any estimator.

In short
: |
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Minimax estimation

Minimax risk with estimator IA-_,,(XL,,) and Xi., ~ P", with Py given:

estimator target

—_— —_—~—
Fa (X0.) — KSD(Po, P)| .

best estimator worst case

.
R, = mf,A_-n SUPpeT  SUPPESH, Epn
—_— —

Al KSD(P,Pp)<co expected error

SEpr/Ko(X,X) <00

Aim (after Markov inequality)
Sequence s, [= ©(n~1/?)] > 0 such that

A

s;lR,f > inf sup sup P"( Fo(X1:n) — KSD(PO,P)‘ > sn> > 0.

Fn POGT PESPO
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Minimax estimation

Minimax risk with estimator IA-_,,(XL,,) and Xi., ~ P", with Py given:

best estimator worst case estimator target
’/\ N /_/%
Fa (X0.) — KSD(Po, P)| .

.
R, = mf,A_-n SUPpeT  SUPPESH, Epn
—_— —

Al KSD(P,Pp)<co expected error

SEpr/Ko(X,X) <00

Aim (after Markov inequality)
Sequence s, [= ©(n~1/?)] > 0 such that

A

s;lR,f > inf sup sup P"( Fo(X1:n) — KSD(PO,P)‘ > sn> > 0.

Fn POGT PESPO

Known KSD estimation rates: ()(n '/?) = previous estimators:
rate-optimal.
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Assume:
o Al,
@ k: bounded, shift-invariant (with A1 = Bochner kernel),
@ characteristic.

Then, 3¢ > 0 s.t. for all n € Z,

inf sup sup P"(

Fo(X:n) — KSD(Po, P)| > i)> 0.
Fn PocT PESPO \/ﬁ




Main result on R?

Theorem

Assume:
o Al,
@ k: bounded, shift-invariant (with A1 = Bochner kernel),
@ characteristic.

Then, 3¢ > 0 s.t. for all n € Z,

A

E.(Xe.n) — KSD(Po, P)’ > \%) > 0.

inf sup sup P"
Fn PoETPESpO

Note: with k(x,y) = e VIxYI3, ¢ = (4 + 1)=9/4/2.
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Assume:
e Al
constant functions on X
—
o Cp(X)\ Fe(X) #0,
o KSD is valid.




Main result on general domain

Theorem
Assume:

e Al

constant functions on X
—

@ Cp(X)\Fe(X)#0,

o KSD is valid.
Then, 3B > 0 and nyg € Z s.t. for all n > ng

inf sup sup P”(

. B
" Fo(X1.n) — KSD(Po, P)( > ) > 0.
Fo PocT PeSp, vn

n
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Proof idea: design of (a sequence of) adversarial pairs

Requirements to the Le Cam’s method:
@ KSD(Py, P,) > Cn~'/2 with C > 0,
@ KL(PJIP]) < a with a > 0.
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Lkepn=(tedo

P, is a perturbation of Py

Po(A) = /A 1+ epp(x)dPo(x), VA € B(X),

with © € Cp(X)\ Fe(X), Ep,[0(X)] =0, ¢ #0, € = cn /2, ¢ > 0.



_ Proof idea: general case
Wep=Gradm

P, is a perturbation of Py
Pa(A) = / 1+ epp(x)dPo(x), VA€ B(X),
A

with © € Cp(X)\ Fe(X), Ep,[0(X)] =0, ¢ #0, e = cn™ /2, ¢ >0,

@ KSD(Py, P,) = cn~/2C,, > 0 [validness of KSD, Ep,[¢(X)] = 0]




_Proof idea sene el
Uep-Gtedm

P, is a perturbation of Py
Pa(A) = / 1+ epp(x)dPo(x), VA€ B(X),
A

with © € Cp(X)\ Fe(X), Ep,[0(X)] =0, ¢ #0, e = cn™ /2, ¢ >0,

@ KSD(Po, Pn) =cn 1/2C<p > 0 [validness of KSD, Ep,[¢(X)] = 0],
@ KL(P||P7) < cM, M = Ep,[¢*(X)] [In properties, E, [o(X)] = 0]




@ Focus: quantifying goodness-of-fit with KSD.
@ KSD can not be estimated faster than n~1/2.
@ Paper on arXiv.


https://arxiv.org/abs/2510.15058

Summary

e Focus: quantifying goodness-of-fit with KSD.
@ KSD can not be estimated faster than n=1/2.
°
°

Paper on arXiv.
ITE toolbox (https://bitbucket.org/szzoli/ite/):

e various information theoretical estimators.
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@ KSD can not be estimated faster than n=1/2.
°
°

Paper on arXiv.
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e various information theoretical estimators.
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