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Today: in a nutshell

Kernel Stein discrepancy (KSD;
[Chwialkowski et al., 2016, Liu et al., 2016, Hagrass et al., 2025]):

simple-to-estimate, popular goodness-of-fit measure,
defined on both Rd and general domains,
with various successful applications.

Existing estimators:
convergence rate: O

(
1√
n

)
, n = sample size.

Focus
Question: Can we go faster?

Answer: No.
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Kernel, RKHS, information theoretical
measures
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Kernel motivation

In Rd : ⟨a, b⟩ =
∑

i∈[d] aibi ⇒
∥∥a − b

∥∥
2 and ∢

(
a, b

)
.

Nonlinear features:

φ(a) =
(
a2

1,
√

2a1a2, a2
2

)
,

⟨φ(a), φ(b)⟩ =?

〈 a2
1√

2a1a2
a2

2

 ,

 b2
1√

2b1b2
b2

2

〉

= a2
1b2

1 +
√

2
√

2︸ ︷︷ ︸
2

a1a2b1b2 + a2
2b2

2

= (a1b1 + a2b2)2

=
〈[

a1
a2

]
,

[
b1
b2

]〉2

= ⟨a, b⟩2 =: k(a, b).

⟨x, x′⟩p = ⟨φ(x), φ(x′)⟩: Explicit computation would be heavy!
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Kernel (generalization of a⊤b), RKHS
[Aronszajn, 1950, Steinwart and Christmann, 2008, Saitoh and Sawano, 2016]

Def-1 (feature space):

k(a, b) = ⟨φ(a), φ(b)⟩H , a, b ∈ X .

Def-2 (reproducing kernel):

k(·, b) ∈ H, f (b)= ⟨f , k(·, b)⟩H.

Def-3 (Gram matrix): G = [k(xi , xj)]ni ,j=1 ∈ Rn×n ⪰ 0.
Def-4 (evaluation): δx (f ) = f (x) is continuous for all x .

Note:

k 1:1↔ Hk = Span(k(·, x):x ∈ X ): Fourier, polynomials, splines, . . .
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Kernel examples on Rd (c ≥ 0, p ∈ Z+)

kp(x, y) = (⟨x, y⟩ + c)p

, kG(x, y) = e−γ∥x−y∥2
2 ,

ke(x, y) = e−γ∥x−y∥2 , kL(x, y) = e−γ∥x−y∥1 ,

kC (x, y) = 1
1 + γ ∥x − y∥2

2
, kẽ(x, y) = eγ⟨x,y⟩.

Or the flexible Matérn family:

kM(x, y) = 21−v

Γ(v)

(√
2v ∥x − y∥2

σ

)v

Kv

(√
2v ∥x − y∥2

σ

)
,

where
Kv : modified Bessel function of the second kind of order v ,

Specific cases: For v = 1
2 one gets k(x, y) = e− ∥x−y∥2

σ .
Gaussian kernel: v → ∞.

Minimax Lower Bound for KSD Estimation



Kernel examples on Rd (γ> 0, c ≥ 0, p ∈ Z+)

kp(x, y) = (⟨x, y⟩ + c)p, kG(x, y) = e−γ∥x−y∥2
2 ,

ke(x, y) = e−γ∥x−y∥2 , kL(x, y) = e−γ∥x−y∥1 ,

kC (x, y) = 1
1 + γ ∥x − y∥2

2
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Some kernel-enriched domains : (X , k)

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],
time series
[Rüping, 2001, Cuturi et al., 2007, Cuturi, 2011, Király and Oberhauser, 2019],
trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],
groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
sets [Haussler, 1999, Gärtner et al., 2002, Balanca and Herbin, 2012,
Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],
various generative models [Jaakkola and Haussler, 1999, Tsuda et al., 2002,
Seeger, 2002, Jebara et al., 2004],
fuzzy domains [Guevara et al., 2017], or
graphs [Kondor and Lafferty, 2002, Gärtner et al., 2003, Kashima et al., 2003,
Borgwardt and Kriegel, 2005, Shervashidze et al., 2009,
Vishwanathan et al., 2010, Kondor and Pan, 2016, Bai et al., 2020,
Borgwardt et al., 2020, Schulz et al., 2022, Nikolentzos and Vazirgiannis, 2023].
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Properties of k control that of Hk

[Steinwart and Christmann, 2008, Chapter 4]:
k: bounded [supx ,y∈X k(x , y) ≤ C ] ⇒ ∀f ∈ Hk is bounded

:

|f (x)| repr. prop.=
∣∣∣⟨f , k(·, x)⟩Hk

∣∣∣ CBS
≤ ∥f ∥Hk

∥k(·, x)∥Hk︸ ︷︷ ︸√
k(x ,x)

.

k: continuous ⇒ Hk : separable
[
ℓ2(N0)

]
.

k: bounded and continuous ⇒ ∀f ∈ Hk is bounded &
continuous.
k ∈ Cm ⇒ ∀f ∈ Hk is m-times continuously differentiable.
k: analytic ⇒ ∀f ∈ Hk is analytic.
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Towards mean embeddings: distribution representation
P 7→ µk(P) =

∫
X φ(x)dP(x) .

Cumulative density function:

P 7→ FP(z) = P(X < z) =
∫
Rd

χ(−∞,z)(x)dP(x).

Characteristic function:

P 7→ cP(z) =
∫
Rd

ei⟨z,x⟩dP(x).

Moment generating function:

P 7→ MP(z) =
∫
Rd

e⟨z,x⟩dP (x) .

Trick
φ: on any kernel-endowed domain!
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Mean embedding

, MMD, HSIC

Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

µk(P) :=
∫

X
k(·, x)︸ ︷︷ ︸

φ(x)∈Hk

dP(x) ∈ Hk .

Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDk(P, Q) := ∥µk(P) − µk(Q)∥Hk
.

Hilbert-Schmidt independence criterion [Gretton et al., 2005] (M = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a, Szabó and Sriperumbudur, 2018]
(M ≥ 3), k := ⊗M

m=1km:

HSICk (P) := MMDk
(
P, ⊗M

m=1Pm
)

,

=
∥∥∥µ⊗M

m=1km(P) − ⊗M
m=1µkm (Pm)︸ ︷︷ ︸

cross-covariance operator

∥∥∥
Hk

.
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MMD, HSIC: information theoretical & statistical relations

M MD :

MMDk(P, Q) = ∥µk(P) − µk(Q)∥Hk
= supf ∈Bk ⟨f , µk(P) − µk(Q)⟩Hk︸ ︷︷ ︸

EP f (X ) − EQf (X )

∈ IPMs [Zolotarev, 1983, Müller, 1997]

,

†⇔ energy distance [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,
Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

HSIC (M = 2) †⇔ distance covariance
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].

† [Sejdinovic et al., 2013b].
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If Hk is ’rich’, no information is lost; example

MMDk(P, Q) = 0 ⇔ P = Q: k is characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].

For continuous bounded shift-invariant kernels on Rd :

k(x, x′) = k0(x − x′) (∗)=
∫
Rd

e−i⟨x−x′,ω⟩dΛ(ω)

⇒

∥µk(P) − µk(Q)∥Hk
= ∥cP − cQ∥L2(Λ) .

(∗): Bochner’s theorem

, cP : characteristic function of P.

Theorem ([Sriperumbudur et al., 2010])
k is characteristic iff. supp(Λ) = Rd .
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Examples on R; similarly Rd [Sriperumbudur et al., 2010]

For Poisson kernel: σ ∈ (0, 1).

kernel name k0(x) k̂0(ω) supp
(
k̂0
)

Gaussian e− x2
2σ2 σe− σ2ω2

2 R
Laplacian e−σ|x |

√
2
π

σ
σ2+ω2 R

B2n+1-spline ∗2n+2χ[− 1
2 , 1

2 ](x) 4n+1
√

2π

sin2n+2( ω
2 )

ω2n+2 R
Sinc sin(σx)

x
√

π
2 χ[−σ,σ](ω) [−σ, σ]

Poisson 1−σ2

σ2−2σ cos(x)+1
√

2π
∑∞

j=−∞ σ|j|δ(ω − j) Z

Dirichlet
sin
(

(2n+1)x
2

)
sin( x

2 )
√

2π
∑∞

j=−∞ δ(ω − j) {0, ±1, ±2, . . . , ±n}

Fejér 1
n+1

sin2 (n+1)x
2

sin2( x
2 )

√
2π
∑n

j=−n

(
1 − |j|

n+1

)
δ(ω − j) {0, ±1, ±2, . . . , ±n}

Cosine cos(σx)
√

π
2 [δ(ω − σ) + δ(ω + σ)] {−σ, σ}

For x ∈ Rd : k0(x) =
∏d

j=1 k0(xj), k̂0(ω) =
∏d

j=1 k̂0(ωj).
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Kernel Stein discrepancy (KSD)
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Towards Langevin-Stein KSD on Rd

Aim: compare 2 distributions P0, P ∈ M+
1 (Rd).

Assumptions:
P0: target distribution; fixed and known

,
P: sampling distribution; unknown, but we have samples from it.
P0, P ≪ λd : corresponding pdf-s = p0, p.
k : Rd × Rd → R kernel.
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KSD on Rd

KSD is a specific IPM: F =
{

Ap0f : f ∈ B
(
Hd

k
)}

KSD(P0, P) = sup
f ∈F

|EP0 [f (X )] − EP [f (X )]|

= sup
f∈B(Hd

k )
|EP0 [(Ap0f)(X ) ] − EP [(Ap0f)(X )]|

= sup
f∈B(Hd

k )
EP [(Ap0f)(X )],

with Ap0 designed to satisfy the mean-zero property:

EP0 [(Ap0f)(X ) ] = 0 for all f ∈ B
(
Hd

k

)
.
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Langevin-Stein operator

For instance, the Langevin-Stein operator does the job:

(Ap0f)(x) = ⟨∇x ln
(
p0(x)

)
, f(x)⟩ +

d∑
j=1

∂fj(x)
∂xj

,

hence
one assumes:

1 p0 > 0

,
2 p0 ∈ C1(Rd)

,

3 lim∥x∥2→∞ h(x)p0(x) = 0 for all h ∈ Hk (to the mean zero property).
[⇐ p0: bounded, lim∥x∥2→∞ h(x) = 0 for all h ∈ Hk ]

Cp0: OK with C > 0.
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Why does the mean-zero property hold? (d = 1)

Let h ∈ Hk .

(Ap0h)(x) = [ln(p0(x))]′h(x) + h′(x)

= p′
0(x)

p0(x)h(x) + h′(x)
p0(x)p0(x) = [p0(x)h(x)]′

p0(x) .

Therefore, for any h ∈ Hk

EP0 [(Ap0h)(X )] =
∫
R

[p0(x)h(x)]′
p0(x) p0(x) dx

=
∫
R

[p0(x)h(x)]′ dx = [p0(x)h(x)]x=∞
x=−∞ = 0.

Hence, the assumption: lim|x |→∞ p0(x)h(x) = 0.
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Langevin-Stein KSD

Assuming further that k ∈ C2(Rd × Rd), KSD takes a nice form:

KSD2(P0, P) = EP⊗P [K0(X , X ′)],

with the so-called Stein kernel

K0(x, y) =
〈
∇x ln

(
p0(x)

)
, ∇y ln

(
p0(y)

)〉
k(x, y)

+
〈
∇y ln

(
p0(y)

)
, ∇xk(x, y)

〉
+
〈
∇x ln

(
p0(x)

)
, ∇yk(x, y)

〉
+

d∑
j=1

∂2k(x, y)
∂xj∂yj

.
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KSD2(P0, P) = EP⊗P [K0(X , X ′)],

with the so-called Stein kernel

K0(x, y) =
〈
∇x ln

(
p0(x)

)
, ∇y ln

(
p0(y)

)〉
k(x, y)

+
〈
∇y ln

(
p0(y)

)
, ∇xk(x, y)

〉
+
〈
∇x ln

(
p0(x)

)
, ∇yk(x, y)

〉
+

d∑
j=1

∂2k(x, y)
∂xj∂yj

.
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Langevin-Stein KSD: assumptions so far (=: A1 )

1 P0 ≪ λd , with pdf
1 p0 > 0,
2 p0 ∈ C1(Rd),
3 lim∥x∥2→∞ h(x)p0(x) = 0 for all h ∈ Hk ,

2 k ∈ C2(Rd × Rd) kernel.
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KSD applications & domains

Applications:
model validation [Gorham and Mackey, 2017, Futami et al., 2019,
Hodgkinson et al., 2021, Wang et al., 2023],
learning variational models [Liu and Wang, 2016, Liu and Wang, 2018,
Chen et al., 2018, Chen et al., 2019, Korba et al., 2020, Korba et al., 2021],
testing [Liu et al., 2016, Chwialkowski et al., 2016, Schrab et al., 2022,
Baum et al., 2023, Hagrass et al., 2025],
model comparison [Lim et al., 2019, Kanagawa et al., 2020],
model explainability [Sarvmaili et al., 2025].

Domains:
discrete spaces [Yang et al., 2018], Riemannian manifolds
[Xu and Matsuda, 2020, Xu and Matsuda, 2021, Barp et al., 2022], Hilbert
spaces [Wynne et al., 2025], point processes [Yang et al., 2019], graph
data [Xu and Reinert, 2021].
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KSD on general domains

Key to KSD
mean-zero property.

Let

( A1’ : below and HK0 separable)

(X , τX ): topological space; P0, P ∈ M+
1 (X )

,
H: a Hilbert space of functions on X

,

ΨP0 : X → H measurable s.t. the mean-zero property holds:

EP0 [ΨP0(X )] = 0.

Then, an IPM construction gives

KSD2(P0, P) := EP⊗P [K0(X , X ′)], K0(x , x ′) :=
〈
ΨP0(x), ΨP0(x ′)

〉
H

.

[Spec.: X = Rd , H = Hd
k , ΨP0 (x) = ∇x

[
ln
(
p0(x)

)]
k(·, x) + ∇xk(·, x) ∈ Hd

k .]
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KSD estimators

Thanks to
KSD2(P0, P) = EP⊗P [K0(X , X ′)] = ∥EP [K0(·, X )]∥2

HK0
.

1 V-statistic estimator: Replacing P with P̂n = 1
n
∑n

j=1 δXj gives

K̂SD
2
V (P0, P) := KSD2(P0, P̂n

)
= 1

n2

n∑
a,b=1

K0(Xa, Xb).
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KSD estimators: Nyström acceleration

Thanks to
KSD2(P0, P) = EP⊗P [K0(X , X ′)] = ∥EP [K0(·, X )]∥2

HK0
.

2 Nyström KSD estimator:
1 subsample with replacement:

{{
X̃1, . . . , X̃m

}}
⇒ subspace:

HK0,m = Span
(
K0
(
·, X̃j

)
: j ∈ [m]

)
⊂ HK0 .

2 we approximate EP̂n
[K0(·, X )] from HK0 , min-norm solution of

min
α=(αj )m

j=1∈Rm

∥∥∥∥∥EP̂n
[K0(·, X )] −

m∑
j=1

αjK0

(
·, X̃j

)∥∥∥∥∥
HK0

.
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KSD estimators: Nyström acceleration – continued

2 Nyström KSD estimator:
3 resulting squared KSD estimator:

K̂SD
2
N(P0, P) =

∥∥∥∥∥
m∑

j=1
α̂jK0

(
·, X̃j

)∥∥∥∥∥
2

HK0

.

4 simple form in terms of Gram matrices:

K̂SD
2
N(P0, P) = β⊤K−

m,mβ, β = 1
nKm,n1n,

Km,m =
[
K0
(
X̃a, X̃b

)]m
a,b=1 , Km,n =

[
K0
(
X̃a, Xb

)]m,n
a,b=1 .

Both (and [Li et al., 2024]) converge at a rate O(n−1/2) [Kalinke et al., 2025].
Can we get faster?
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Challenge

Existing minimax lower bounds:
1 maximum mean discrepancy [Tolstikhin et al., 2016],
2 mean embedding [Tolstikhin et al., 2017],
3 covariance operator [Zhou et al., 2019],
4 Hilbert-Schmidt independence criterion [Kalinke and Szabó, 2024].

However
They all assume bounded kernel; the Stein kernel K0 is (typically)
not so.
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Minimax estimation

Minimax risk with estimator F̂n(X1:n) and X1:n ∼ Pn, with P0 given:

R∗
n =

best estimator︷ ︸︸ ︷
inf F̂n

worst case︷ ︸︸ ︷
supP0∈T︸ ︷︷ ︸

A1

supP∈SP0︸ ︷︷ ︸
KSD(P,P0)<∞

⇔EP
√

K0(X ,X)<∞

EPn

∣∣∣
estimator︷ ︸︸ ︷

F̂n (X1:n) −
target︷ ︸︸ ︷

KSD(P0, P)
∣∣∣︸ ︷︷ ︸

expected error

.
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In short
R∗

n = smallest possible maximum risk achievable by any estimator.
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Minimax estimation
Minimax risk with estimator F̂n(X1:n) and X1:n ∼ Pn, with P0 given:
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F̂n (X1:n) −
target︷ ︸︸ ︷

KSD(P0, P)
∣∣∣︸ ︷︷ ︸

expected error

.

Aim (after Markov inequality)

Sequence sn [= Θ(n−1/2)] > 0 such that

s−1
n R∗

n ≥ inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ sn
)

> 0.

Known KSD estimation rates: O(n−1/2) ⇒ previous estimators:
rate-optimal.
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Main result on Rd

Theorem
Assume:

A1

,
k: bounded, shift-invariant (with A1 ⇒ Bochner kernel)

,

characteristic.
Then, ∃c > 0 s.t. for all n ∈ Z+,

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ c√
n

)
> 0.

Note: with k(x, y) = e−γ∥x−y∥2
2 , c = (4γ + 1)−d/4/2.

Minimax Lower Bound for KSD Estimation



Main result on Rd

Theorem
Assume:

A1 ,
k: bounded, shift-invariant (with A1 ⇒ Bochner kernel)

,
characteristic.

Then, ∃c > 0 s.t. for all n ∈ Z+,

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ c√
n

)
> 0.

Note: with k(x, y) = e−γ∥x−y∥2
2 , c = (4γ + 1)−d/4/2.

Minimax Lower Bound for KSD Estimation



Main result on Rd

Theorem
Assume:

A1 ,
k: bounded, shift-invariant (with A1 ⇒ Bochner kernel),
characteristic.

Then, ∃c > 0 s.t. for all n ∈ Z+,

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ c√
n

)
> 0.

Note: with k(x, y) = e−γ∥x−y∥2
2 , c = (4γ + 1)−d/4/2.

Minimax Lower Bound for KSD Estimation



Main result on Rd

Theorem
Assume:

A1 ,
k: bounded, shift-invariant (with A1 ⇒ Bochner kernel),
characteristic.

Then, ∃c > 0 s.t. for all n ∈ Z+,

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ c√
n

)
> 0.

Note: with k(x, y) = e−γ∥x−y∥2
2 , c = (4γ + 1)−d/4/2.

Minimax Lower Bound for KSD Estimation



Main result on Rd

Theorem
Assume:

A1 ,
k: bounded, shift-invariant (with A1 ⇒ Bochner kernel),
characteristic.

Then, ∃c > 0 s.t. for all n ∈ Z+,

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ c√
n

)
> 0.

Note: with k(x, y) = e−γ∥x−y∥2
2 , c = (4γ + 1)−d/4/2.

Minimax Lower Bound for KSD Estimation



Main result on general domain

Theorem
Assume:

A1’

,

Cb(X )\
constant functions on X︷ ︸︸ ︷

Fc(X ) ̸= ∅

,

KSD is valid.
Then, ∃B > 0 and n0 ∈ Z+ s.t. for all n ≥ n0

inf
F̂n

sup
P0∈T

sup
P∈SP0

Pn
( ∣∣∣F̂n(X1:n) − KSD(P0, P)

∣∣∣ ≥ B√
n

)
> 0.
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Proof idea: design of (a sequence of) adversarial pairs

Requirements to the Le Cam’s method:
1 KSD(P0, Pn) ≥ Cn−1/2 with C > 0,
2 KL(Pn

0 ∥Pn
n ) ≤ α with α > 0.
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Proof idea: general case

Like pn = (1 + ϵnφ)p0

Pn is a perturbation of P0

Pn(A) =
∫

A
1 + ϵnφ(x)dP0(x), ∀A ∈ B(X ),

with φ ∈ Cb(X ) \ Fc(X ), EP0 [φ(X )] = 0, φ ̸≡ 0, ϵn = cn−1/2, c > 0.

Control of the terms
1 KSD(P0, Pn) = cn−1/2Cφ > 0 [validness of KSD, EP0 [φ(X )] = 0]

,
2 KL(Pn

0 ∥Pn
n ) ≤ cM, M := EP0 [φ2(X )] [ln properties, EP0 [φ(X )] = 0].
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Summary

Focus: quantifying goodness-of-fit with KSD.
KSD can not be estimated faster than n−1/2.
Paper on arXiv.
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