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e Moments u(y) := (u(i)('y)>ieN:

1) =K (X') e R, pO(y) = 1.



Moments and cumulants [McCullagh, 2018] on R 5 X ~ ~

e Moments u(y) := (u(i)(7)>ieN:

n0() =K (X') e R, pO(y) =1,

e Cumulants x(vy) = (/ﬂ'/(i)(W)). o from the moment-generating function

e

ieN ieN
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Moments and cumulants [McCullagh, 2018] on R 5 X ~ ~

e Moments u(y) := (M”(v))ieN:

10(4):=E(X') R, pO(y) =1,

e Cumulants k(y) = (/s",(")(w/)), o from the moment-generating function

e

ZH(”(“/)% = log (Z ”(i)m?!l) '

ieN

(v) =E(X mean
k(3 (y) =E(X — EX)? variance
kB3 (7) =E(X — EX)3 3rd central moment
k) (y) =E(X — EX)* — 3 [E(X — EX)?]?
kO)(7) =E(X — EX)® — 10E(X — EX)3E(X — EX)?
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#D () = E(X), {1}



W (y) = E(X), {{1}}
s (7) = E (X?) - EX(X)



#D () = E(X), {{1}}
E(XX)
—
KA (7) =E (X?) —E2(X), {12} ({1}, {21}

where X, X' ~ 7, independent.



kD (y) = E(X), {{1}}
E(XX")
—
5(2)(’7) :]E(Xz) _Ez(X)a {{1a2}}7{{1}7{2}}

KO(7) = E (X*) = 3B (X?) E(X) + 2E3(X)

where X, X' ~ 7, independent.



Unzipping cumulants on R: (known) combinatorial
description [Speed, 1983, Speed, 1984]

kM (y) = E(X), {{1}}
E(XX')
—~
() = E (X?) ~E*(X). {12 {1 21

E(XXX')+E(XX' X)+E(X' XX)
—
£O(7) =E (X*) = 3 (X?) E(X) +2B3(X), {{1,2,3}},{{1,2},{3}},

{13} {23, {{2, 3}, {1}},
{1142}, {3},

where X, X' ~ v, independent.
Question J

What are the weights in front of the moments?
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Unzipping cumulants on R

m  elements of T € P(m)

1 {1}

2 {1,2}
{1}.{2}

3 {123}
{12}, {3}
{1.3}, {2}
{23} {1}
{1}, {2}, {3}

El

W NN DN = N = —

with P(m) := all partitions of [m], [m] :=={1,...,m}
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Unzipping cumulants on R: the weights

m elements of m € P(m) 7| c¢&

1 {1} 11
2 {1,2} 11
{1}.{2} 2 -1
3 {123} 11
{12}, {3} 2 -1
{13}, {2} 2 -1
{23}, {1} 2 -1
{1}, {2}, {3} 3. 2

with P(m) := all partitions of [m], [m] := {1,..., m},
¢ = (1) (|m| - 1)!
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Motivation, i.e. one reason why one likes cumulants

Moment and cumulants on RY

Change E (X') € R to E (X{! - X}¥) € R (i € NY).

Known theorem [Billingsley, 2012]

Let v be a probability measure on a bounded subset of RY with
cumulants () and let (X1,...,Xq4) ~ . Then

@ 7 — k(y) is injective.

@ Xi,...,Xy are independent < ri(v) =0 for all i € NI
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Motivation, i.e. one reason why one likes cumulants

Moment and cumulants on RY |

Change E (X') € R to E (X{! - X}¥) € R (i € NY).

Known theorem [Billingsley, 2012] |

Let v be a probability measure on a bounded subset of RY with
cumulants () and let (X1,...,Xq4) ~ . Then

@ 7 — k(y) is injective.
@ Xi,...,Xy are independent < ki(y) = 0 for all i € Ni-

Motivation
© Various data types, nonlinear features: kernels.
@ Linear: not even characteristic (see MMD and HSIC).

© Computable estimators.
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X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.




X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.

Ingredients:
©@ Moments: swap out E (Xl"1 . -X:;’) €Rto

E ([0100)]%" @ -+ @ [04(Xe)]"¥) € HE @ @ HEY.



X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.

Ingredients:
©@ Moments: swap out E (X:{l . -XZj’) €Rto

E ([¢1(X1)]®i1 R ® [¢d(Xd)]®id) c 'H%h L ® H@Id.

@ From moments to cumulants:

e log on tensor algebras, or
e combinatorial description of cumulants (+ a bit simpler, but <).



Idea

Lifting
(Xl, .. ,Xd) (S dezl‘)(j — (¢1(X1), ceey q)d(Xd)) S Xf:lij-

Ingredients:
© Moments: swap out E (X{l . ~X("j’) €Rto

E ([0100)]% @ - 0 [0a(Xo)I7¥) € HEH @ -+ 0 HEW,

@ From moments to cumulants:

e log on tensor algebras, or
e combinatorial description of cumulants (+— a bit simpler, but <).

© Computation: by the "expected kernel trick’ (V-statistics).
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@ Def-1 (feature space):

Ka,b) = (6(2), ®(b))y. a.be X.
@ Def-2 (reproducing kernel):
k(-,b) € H, f(b)=(f,k(-,b))n, be X, feH.

o Def-3 (Gram matrix): G = [k(x;, x;)]7;=1 € R™" = 0.



Kernel (generalization of a'b), RKHS

[Aronszajn, 1950, Steinwart and Christmann, 2008]

@ Def-1 (feature space):
k(a,b) = (®(a),®(b)),, a,beX.
@ Def-2 (reproducing kernel):
k(-,b) € H, f(b)=(f,k(-,b))n, beX,feH.
o Def-3 (Gram matrix): G = [k(x;, x;)]7;=1 € R™" = 0.
Notes

o k& = Span(k(-, x):x € X): Fourier analysis, approximation
with polynomials, splines, ...

e Examples (¢ >0, p € N): ky(x,y) = ((x,y) + ¢)P,
ke(x,y) = e~clx=vlZ,

@ Kernels exist on various domains!
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Some

kernel-enriched domains : (X, k)

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],

time series [Riiping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Kiraly and Oberhauser, 2019],

@ trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],

groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],

@ sets [Haussler, 1999, Géartner et al., 2002, Balanca and Herbin, 2012,

Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],

various [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],
fuzzy domains [Guevara et al., 2017], or

graphs [Kondor and Lafferty, 2002, Gartner et al., 2003,
Kashima et al., 2003, Borgwardt and Kriegel, 2005,
Shervashidze et al., 2009, Vishwanathan et al., 2010,

Kondor and Pan, 2016, Bai et al., 2020, Borgwardt et al., 2020,
Schulz et al., 2022, Nikolentzos and Vazirgiannis, 2023].
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@ Mean embedding (@EEED; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):

1k () :=/ k(- x) dy(x) € Hy.
X ~——
B(x)EH, a la d(x)=ell)



Mean embedding, MMD

@ Mean embedding (; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):

:Ulk(ﬁ)/) = / k(',X) d’y(x) € Hy.
X N—~—
O(x)EHy, a la P(x)=el()

@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDk(v,m) = [[1k(7) = 1k (1) |34, -
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Mean embedding, MMD, HSIC

@ Mean embedding (; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):

i) = [ kx) d(x) € M
X N~~~
D(x)EHy, a la D(x)=ei(X)
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD (v, 1) == llpk () = pkc () |-

@ Hilbert-Schmidt independence criterion [Gretton et al., 2005] (d = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a] (d > 3), k 1= ®_}j:1k_j:

HSIC, () = MMD (7, ¢4,
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Mean embedding, MMD, HSIC

@ Mean embedding (; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):
i) = [ kx) d(x) € M
X N~~~
D(x)EHy, a la D(x)=ei(X)
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDk(v,m) = [[1k(7) = 1k (1) |34, -

@ Hilbert-Schmidt independence criterion [Gretton et al., 2005] (d = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a] (d > 3), k 1= ®_}j:1k_j:

HSIC, () = MMD, (7, ¢ 17x,)

= H P 1o (7) — ®fa g (V‘Xf) Hm

cross-covariance operator
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Mean embedding, MMD, HSIC

@ Mean embedding (; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):
i) = [ kx) d(x) € M
X N—~—
D(x)EHy, a la D(x)=ei(X)
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDy (v, 1) = llp(7) — k(1) |2,

@ Hilbert-Schmidt independence criterion [Gretton et al., 2005] (d = 2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a] (d > 3), k 1= ®Jd:1 ki:

HSIC, () = MMD (7, ¢4,

= H B 1o (1) — B (V‘Xf) Hm

cross-covariance operator

Notes before clarification of what ®Jd:1kj and ®J‘-1:1/ij (fy|XJ) are. J
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o M MD:
MMD (v, n) = (7)) = ruac ()0, = [SUBFEBR (F> 1x(7) — 11k (),




MMD, HSIC: information theoretical & statistical links

o M MD:
MMD(y, n) = llak(7) = pac(n)ll30,, = [SUBFEBR (F 11 (7) — 11 (1)),
Exnry f(X) = Exnnf(x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],
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MMD, HSIC: information theoretical & statistical links

e M MD:

MMDx(7v,7) = |lpk(7) — k()3 = SUPFEBR (f: 1k () — 1k(1)) 3y,

Exnrnf(x) = Exyf(x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

° <l> [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

T [Sejdinovic et al., 2013b].
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MMD, HSIC: information theoretical & statistical links

e M MD:

MMDx(7v,7) = |lpk(7) — k()3 = SUPFEBR (f: 1k () — 1k(1)) 3y,

Exnry F(x) = Exyf(x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

° <l> [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

e HSIC (d =2) & distance covariance
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].
T [Sejdinovic et al., 2013b].
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(X1, X2, X3) ~ =, Lancaster interaction measure [Lancaster, 1969]

L(’Y) == 7'/\’1){2 & ’Y|X3 - 7|X2X3 029 ’Y|X1 - 7|X1X3 029 7|X2
=+ 27'/\’1 ® 'Y|X2 ® 7|X3'



Interaction measures: d = 3, (X1, Xz, X3) € A1 X Ap x A3

(X1, X2, X3) ~ ~, Lancaster interaction measure [Lancaster, 1969]

L(V) == ’Y’X1X2 X ’7’/"(3 - 7’X2X3 @ PY’/"Q - 7‘X1X3 @ ’V’/b
+ 2')"?(1 ® 7‘?(2 & '7’/"@'

In case of some factorization (£):

(X1, X2) 1L X3 V (X1, X3) LL Xo V (X2, X3) 1L X1 = L(v) = 0.
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(X1, X2, X3) ~ =, Lancaster interaction measure [Lancaster, 1969]

L(’Y) == 7|X1X2 & ’Y|X3 - 7|X2X3 029 ’Y|X1 - 7|X1X3 029 7|X2
=+ 27|X1 ® 'Y|X2 ® 7|X3'

In case of some factorization (+):

(X17X2) 1L X3V (Xl,X3) 1L X5 v (X2,X3) 1 X = L(’y) =0.

?
||Nk(L(’Y))||§.¢k > 0 = no factorization.




@ Partition measure (partitioning): = € P(d), b = |n|,

fyﬂ' = 7|X7r1 ® e ® 7|X7rb'



Interaction measures: d > 2, X = (X;)_; € x©_

e Partition measure (partitioning): = € P(d), b = |r|,
Vi = ’Y|Xﬂ1 ®”'®7‘Xﬁb'

e Weights: ¢, = (—1)I"=1(|x| — 1)L
@ Streitberg interaction [Streitberg, 1990], X ~ ~:

S(’Y): Z Cn Ve

meP(d)
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Interaction measures: d > 2, X = (X;)_; € x©_

e Partition measure (partitioning): = € P(d), b = |r|,
Vi = ’Y|Xﬂ1 ®”'®’Y‘Xﬂ'b'

e Weights: ¢, = (—1)I"=1(|x| — 1)L
@ Streitberg interaction [Streitberg, 1990], X ~ ~:

ec.: d=2
S = Y e =55 5() = - Y @9
meP(d)
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Interaction measures: d > 2, X = (X;)_; € x©_

e Partition measure (partitioning): = € P(d), b = |r|,
’)/,/T:::f7|Xﬂ_1 R - ..Qg,y‘k}b'

e Weights: ¢, = (—1)I"=1(|x| — 1)L
@ Streitberg interaction [Streitberg, 1990], X ~ ~:

spec.:
Z CrnYm —> 5(7) =7- '7|X1 ®7’X2-
meP(d)
@ One could it (analogously to Lancaster interaction, KLI):

(SO, » k = 1k

We now return to the meaning of

091k and ®F_y iy, (Wj) in HSIC.
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e IfacR™, be R™:
R>v (abT> w = (v a) (bT ) (a,v)rn (b, W)gm,

a®@b:=ab' isan R™ x R™ — R bilinear form.



e IfacR™, be R™:
R>v (abT) w = (v a) (bT ) (a,v)rn (b, W)gm,

a®b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for d = 2:

(a®@ b)(v,w) := (a, V)3, (b, w)ys,.



Tensor product: ®{_; a;

e lfacR™, begR™:
R>v (abT) w = (v a) (bT ) = (a,v)rm (b, W)gn,

a®@b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for d = 2:

(a® b)(v,w) = (a,v), (b, w)yn,.

e Ford >2and aj € H;,

<®Jd:13j> (bl, ey bd) = H(aj, bj>’Hj-
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®J‘-’:1Hj = Span(®1‘-’:13j : aj € Hj).



®j’:17-lj = Span(®leaj s aj € Hj).

Hie = LMy,
d

k(x,x') = (91k)(x x) = ][] ki, %)
P ———
=1 coordinate-wise similarity




Validness:

@ MMDy(vy,n7) =0< v =mn: k is characteristic (CEEEEEIEED)
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].



Validness of MMD & HSIC, their estimation

Validness:
@ MMDy(v,n) =0 < v =mn: k is characteristic (CEEEEEIED)
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].
[Szabé and Sriperumbudur, 2018]

o HSIC,(7) =0 & v =L 7lx,
kj-s are universal [Steinwart, 2001, Micchelli et al., 2006].
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Validness of MMD & HSIC, their estimation

Validness:
@ MMDy(v,n) =0 < v =mn: k is characteristic (CEEEEEIED)
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].
[Szabé and Sriperumbudur, 2018]

o HSIC,(7) =0 & v =% 9|y
kj-s are universal [Steinwart, 2001, Micchelli et al., 2006].
Properties:
@ Injectivity of p, on probability / finite signed measures, so

universal = characteristic.
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Validness of MMD & HSIC, their estimation

Validness:
@ MMDy(v,n) =0 < v =mn: k is characteristic (CEEEEEIED)
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].
[Szabé and Sriperumbudur, 2018]

o HSICk(y) =0e v =% 7|y,
kj-s are universal [Steinwart, 2001, Micchelli et al., 2006].
Properties:
@ Injectivity of p, on probability / finite signed measures, so

universal = characteristic.

@ Easy-to-estimate:

(i (), (1)) 2 / / k(x, y)dy(x)dn(y).
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Mean embedding, MMD, HSIC: a few applications

two-sample testing [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Szekely and Rizzo, 2005, Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012,
Jitkrittum et al., 2016, Schrab et al., 2022, Hagrass et al., 2022, Zhang et al., 2022], and its
differential private variant [Raj et al., 2019]; independence

[Gretton et al., 2008, Pfister et al., 2018, Jitkrittum et al., 2017a, Albert et al., 2022] and
goodness-of-fit testing

[Jitkrittum et al., 2017b, Balasubramanian et al., 2021, Baum et al., 2022], causal discovery
[Mooij et al., 2016, Pfister et al., 2018, Chakraborty and Zhang, 2019, Schélkopf et al., 2021],
learning fair representations [Deka and Sutherland, 2023],

@ feature selection [Camps-Valls et al., 2010, Song et al., 2012, Wang et al., 2022] 22>
biomarker detection [CIimente—GonzéIez et al., 2019], wind power prediction
[Bouche et al., 2023], clustering [Song et al., 2007, Climente-Gonzélez et al., 2019],

@ domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2021], change-point
detection [Harchaoui and Cappé, 2007, Kalinke et al., 2023], post selection inference
[Yamada et al., 2018], sensitivity analysis [da Veiga, 2021, Fellmann et al., 2023],

@ kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schélkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016], Bayesian optimization [Buathong et al., 2020],

@ topological data analysis [Kusano et al., 2016], learning on distributions [Sutherland, 2016]:
classification [Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], regression
[Szabé et al., 2016, Sutherland et al., 2016, Law et al., 2018, Fang et al., 2020, Miicke, 2021],

@ generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Sutherland et al., 2017, Binkowski et al., 2018],
understanding the dynamics of complex dynamical systems [Klus et al., 2019, Klus et al., 2020],

@ functional data analysis [Wynne and Nagy, 2021, Wynne and Duncan, 2022], ...



Kernelized moments — towards kernelized cumulants

@ From now:

o X = (X)L, € x X, X~ 7,

o kernels ki : X; x X; — R, j € [d],

lifting ®(X) = (®;(X))iL1 with ®;(x;) := ki(-, x;),

o RKHS H® := HP" @ -+ @ M with kernel k& := k" @ - @ k§™,
and feature

PU(X) = [1(X)]" © - @ [Sa(Xa)]
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Kernelized moments — towards kernelized cumulants

@ From now:
o X = (X)L, € x X, X~ 7,
o kernels ki : X; x X; — R, j € [d],
lifting ®(X) = (®;(X))iL1 with ®;(x;) := ki(-, x;),
o RKHS H® := HP" @ -+ @ M with kernel k& := k" @ - @ k§™,
and feature

S(X) = [P1(X0)] " @ - @ [Pa(Xa)] 7
@ Moment sequence:

n(v) = (1) H(7) = E [6¥(X)] € HE.

jeNd’
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ed=1me[3]: X~~,
k) (7) = E[0(X)]



ed=1me[3]: X~~,
w0 () = E[o(X)],
2 (7) = E[0(X) ® &(X)] — E[6(X)] @ E[®(X)]



Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
k) (7) = E[0(X)],
w0 (7) = E[0(X) @ 0(X)] — E[(X)] @ E[¢(X)],
() = E[6%3(X) | — E[®(X) @ &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
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Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
k) (7) = E[0(X)],
w0 (7) = E[0(X) @ 0(X)] — E[(X)] @ E[¢(X)],
() = E[23(X) | — E[0(X) © &(X) ® &(X')]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2 m=2: (X1, X2) ~7,
() = E[0§20x)] - E#2 [01(x1)],
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Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
wD(7) = E[0(X)],
#D(7) = B[0(X) @ ®(X)] — E[®(X)] & E[o(X)],
() = E[6%3(X) | — E[®(X) @ &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2 m=2: (X1, X2) ~7,
() = E[0§20x)] - E#2 [01(x1)],
KU () = E[01(X1) © 0206G)] — E[01(X1)] © E[92(X2)]

Generalized Mean and Variance for Sample-Efficient Data Science



Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
k) (7) = E[0(X)],
w0 (7) = E[0(X) @ 0(X)] — E[(X)] @ E[¢(X)],
() = E[6%3(X) | — E[®(X) @ &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2m=2 (X,X)~",
R0 () = E[0§20x)] - E#2 [01(X0)),
D () = B [01(X0) @ 92(X0)] — B [61(X1)] @ E [62(X0)]
RO () = E[0520)| — B2 [92(X)].

Wanted: repetition and partitioning. Weights: as before (c;). J

Generalized Mean and Variance for Sample-Efficient Data Science



@ Repetition (diagonal measure): i € N9,

’y' = Law(?(l,. .. ,X];,XQ,.. . ,XQ,.. . ,Xd,. . .,Xd).
i a;es i %es iy E;es




Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,Xl,XQ,...,XQ,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure, as for KLI): m € P(d), b = |r|,

Vo =, @ @7, -
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Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,Xl,XQ,...,XQ,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure, as for KLI): m € P(d), b = |r|,

Vo =, @ @7, -

e Kernelized cumulants: m = deg(i) := Zj’zl i oK, ,
Pk (1) = (e (1) e

By, () = Y B kS (Xey . X))
mEP(m)
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Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,Xl,XQ,...,XQ,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure, as for KLI): m € P(d), b = |r|,

Vo =, @ @7, -

e Kernelized cumulants: m = deg(i) := Zj’zl i oK, ,
Pk (1) = (e (1) e

By, () = Y B kS (Xey . X))
mEP(m)

= expected kernel trick is applicable J

Generalized Mean and Variance for Sample-Efficient Data Science



_ := injectivity of ® < characteristic k <= universal k.




Cumulants characterize distributions

_ := injectivity of ® <« characteristic k < universal k.

Theorem
@ Assume:
e v, n: probability measures on xj’zlé\fj
o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).




Cumulants characterize distributions

_ := injectivity of ® <« characteristic k < universal k.

Theorem
@ Assume:
e v, n: probability measures on xj’zlé\fj
o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).

@ Then, vy =1 ki, k(7)) = Fky,...ky(1)




Cumulants characterize distributions

Point-separating k| := injectivity of ® <« characteristic k <= universal k.

Theorem
@ Assume:

e v, n: probability measures on xj’zlé\,’j,

o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).

@ Then, v =n & k... k, (V) = Kk, k(1) and

d'(7,1) = K. kg (V) = Bl (M) [

= > o |[Epen k(X X), (Y, Yim))
w,TEP(m)

+ Eni,@qﬂ k®i((Xla oo 7Xm)7 (Yla ocog Ym))
— 2 o KE((Xt, s Xin), (Y1, Y,,,))]

Generalized Mean and Variance for Sample-Efficient Data Science



@ Assume:
e : probability measure on x,
o (X))f; are Polish spaces,
e kj: bounded, continuous, point-separating kernel (j € [d]).

A

® Then, vy =7|x, ® - ®7lx, & Kl () =0 for every i € N{




Cumulants characterize independence

Theorem
@ Assume:
e : probability measure on xle)c}-,

o (X))2, are Polish spaces,

e kj: bounded, continuous, point-separating kernel (j € [d]).

@ Then, y =9y, ® - Q7|x, & “ikh...,kd(w =0 for every i € N9,
and

I8 bg N = D erCrEag oy k(X)L ()L1),

m,TEP(m)

where m = deg(i).

Generalized Mean and Variance for Sample-Efficient Data Science



Cumulants characterize independence

Theorem
@ Assume:
e : probability measure on xle)(},
o (X;)9; are Polish spaces,

j
e kj: bounded, continuous, point-separating kernel (j € [d]).

@ Then, y =9y, ® - Q7|x, & “ikh...,kd('y) =0 for every i € N9,

and
Ik kgD e = D erCrBoi i k(X rs (Y1),
m,T€P(m)
where m = deg(i). )
Estimation in both cases
Ek®((X1,..., Xm), (Y1,--., Ym)) = V-statistics v/ J

Generalized Mean and Variance for Sample-Efficient Data Science



Distance between kernel variance embeddings

@ By our theorem: if y =5, then d®(v,n) = 0.
e V-statistic estimator of d(®(~,7):

1 1 2
mT]p[(KXJ,V) |+ WTT[(KyJM) |- o T [Ko Iy In
. ii.d. iid.
with (Xn)ryzl ~ " (Ym)rl\r/ylzl ~'n, K= [k(Xiv)g)]ll'\,/jzlv
Ky = [k(yi, y)1M=1, Kiy = [k(X,,yJ)],d vdn=l,—H,=1,-11,1"

Generalized Mean and Variance for Sample-Efficient Data Science



Distance between kernel variance/skewness embeddings

@ By our theorem: if y =5, then d®(v,n) = 0.
e V-statistic estimator of d(®(~,7):
1 1 2
mT]p[(KXJ,V) |+ WTT[(KyJM) |- o T [Ko Iy In
: iid. i.i.d.
with (Xn)ryzl ~ " (Ym)rl\r/ylzl ~'n, K= [k(Xiv)g)]ll'\,/jzlv
Ky = [k(Yh)’j)]ll'V’,j:lv Kyy = [k(XHYJ)]u vdn=l—Hy=1,— %lnlnT-

Time complexity
Quadratic as MMD. J

o d®)(~,n): EEM; quadratic time.

Generalized Mean and Variance for Sample-Efficient Data Science



Cross-skewness independence criterion (CSIC)

@ By our theorem: if v = 7|y, ® v|x,, then mfkl)( )=0and H(l 2)( ) =0.

@ \/-statistic estimator of ng( (v )HH@@H@Q

1
Nz<KOKoL—4KoKHoL—2KoKoLH—|—4KHoKoLH

+2K o L<;>+2KH ocHKolL +4KoHKoLH+ Ko K<I\I/'>

K L K\?
_8KoLH<N2>—4K HK< >—|—4<N2> L>,
with kernels k : X2 - R, £: X7 - R, K:=K,,L:=L,, (A) := >0 A

@ Time complexity: quadratic.

Generalized Mean and Variance for Sample-Efficient Data Science



Numerical illustrations (a = 0.05): improved power

@ Seoul bicycle rental data [E et al., 2020]:

e features: temperature, humidity, wind speed, visibility, rainfall, snowfall, ...

/



Numerical illustrations (a = 0.05): improved power

@ Seoul bicycle rental data [E et al., 2020]:

e features: temperature, humidity, wind speed, visibility, rainfall, snowfall, ...

/

e two-sample test (MMD, d(2)): winter vs fall, d = 11,
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Numerical illustrations (a = 0.05): improved power

@ Brazilian traffic data [Ferreira, 2016]:

e independence test (HSIC, CSIC); (blockage, fire, flood, ...) vs slowness of
traffic; dy = 16, d» = 1; l.h.s.

Test power (%)

3 8 12 16 20 24 28 32 36 40



Numerical illustrations (a = 0.05): improved power

@ Brazilian traffic data [Ferreira, 2016]:

e independence test (HSIC, CSIC); (blockage, fire, flood, ...) vs slowness of
traffic; dy = 16, db» = 1; L.h.s.,

o two-sample test (MMD, d®)): slow vs fast moving traffic, d = 16; r.h.s.

Test power (%)
Test power (%)

3 8 12 16 20 24 28 32 36 40 5 10 15 20 25 30 35 40 45 50



@ We developed a kernelized extension of cumulants,
@ leveraging a combinatorial route (and tensor algebras).


https://arxiv.org/abs/2301.12466
https://github.com/PatricBonnier/Kernelized-Cumulants

Summary

@ We developed a kernelized extension of cumulants,
@ leveraging a combinatorial route (and tensor algebras).
e Unified umbrella (ITE toolkit: https://bitbucket.org/szzoli/ite/):

i=1,

o MMD <"==L k_cumulants ‘=2 HSIC (d = 2).

. . d=3 . . .=
e k-Lancaster interaction <— k-Streitberg interaction <—2% k-cumulants.


https://arxiv.org/abs/2301.12466
https://github.com/PatricBonnier/Kernelized-Cumulants

Summary

We developed a kernelized extension of cumulants,

leveraging a combinatorial route (and tensor algebras).
Unified umbrella (ITE toolkit: https://bitbucket.org/szzoli/ite/):
o MMD <"=%=L k_cumulants =22 HSIC (d = 2).
o k-Lancaster interaction 2= k-Streitberg interaction & ke cumulants.
Relaxed kernel assumptions: point-separating.
Higher-order cumulants: potential to improve power.
Paper (presented at NeurlPS-2023), code.


https://arxiv.org/abs/2301.12466
https://github.com/PatricBonnier/Kernelized-Cumulants

Summary

We developed a kernelized extension of cumulants,
leveraging a combinatorial route (and tensor algebras).
Unified umbrella ( : https:// .org/szzoli/ite/):
o MMD <"=%=L k_cumulants =22 HSIC (d = 2).
o k-Lancaster interaction 2= k-Streitberg interaction & ke cumulants.
Relaxed kernel assumptions: point-separating.

Higher-order cumulants: potential to
Paper (presented at NeurlPS-2023), code.
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~
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https://arxiv.org/abs/2301.12466
https://github.com/PatricBonnier/Kernelized-Cumulants
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@ B(m) := number of elements in P(m).
o Bo=Bl=1, BQ=2, B3=5, B4=15, B5=52, Be=203,
B, — 877, Bg = 4140, . ..



Bell numbers

@ B(m) := number of elements in P(m).

(] BOIBlz]_, 82:2, B3:5, B4:15, B5:52, B6:203,
B; =877, Bg = 4140, ...

@ Recursion:



e Easy computation by the Bell triangle (like Pascal triangle for (}))

1

1 2

2 3 5
5 7 10 15

15 20 27 37 52
52



Bell numbers — continued

e Easy computation by the Bell triangle (like Pascal triangle for (}))

1

1 2

2 3 5

5 7 10 15

15 20 27 37 52
52

e Asymptotics [de Bruijn, 1981, Lovész, 1993]:

Inlnm 1 1 /Inlnm\? Inlnm
= —Inlnm—-14 ——+ —+ - +0 | —
Inm Inm 2 Inm In“m

as m — Q.




Description of characteristic kernels on R?

For continuous bounded shift-invariant kernels on RY:

k(x,x") = ko(x — x') 52 ) e X W N (w)
R

(x): Bochner's theorem.



Description of characteristic kernels on R?

For continuous bounded shift-invariant kernels on R¢:
k(x,x") = ko(x — x’ ()/ —ixX @ N (w) =
1k () — Nk(n)HHk =ley — CnHL2(/\) .

(*): Bochner's theorem, c,: characteristic function of ~.



Description of characteristic kernels on R?

For continuous bounded shift-invariant kernels on R¢:
k(x,x") = ko(x — x’ ()/ —ixX @ N (w) =
1k () — Nk(n)HHk =ley — CnHL2(/\) .

(*): Bochner's theorem, c,: characteristic function of ~.

Theorem ([Sriperumbudur et al., 2010])
k is characteristic iff. supp(/\) = RY.




Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(kAo)

Xz oW
Gaussian e 2.2 oe” St R
Laplacian el \/gﬁiuﬂ R

e 2042 gri1 sin™2(4
Bsny1-spline *. ( )X[f%,%](x) Van w2 R
SInC s%l . \/§X[7;U] (w) . ' [—0', 0']
Poisson W{;(XHL V 2T Zj:—oo O'IJ‘é(w —J) 7
in n+1)x
Dirichlet g V2r 2 6w —J) {0,+1,42, ..., +n}
sin 2 -

sin2 (n+1)x n . .

Fejér Sy VIS (1 - 'J+‘1) S(w —j) {0,£1,%2, ..., £n}

Cosine cos(ox) V56w —0)+6(w+0)]

{_07 U}




Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name kg ko(w) supp(/?o)
Xz oW
Gaussian e 2.2 oe” St R
Laplacian el \/gﬁiuﬂ R
) ., i1 sin2"t2( @
Bsny1-spline *.2(+2)X[,%’%](X) f/g% R
Sinc STU R \/?X[fo',o] (W) ‘ [_Ua 0]
Poisson % vV 2T Zj:—oo O'IJ‘é(OJ __j) Z
in n+1
Dirichlet ()) V2r 2 6w —J) {0,+1,42, ..., +n}
. sin? (nt1)x n i .
Fejér ) ez (1 - 'J+‘1) 5w —j) {0,£1,42,...,+n}
Cosine cos(ox) V56w —0)+6(w+0)] {-0,0}

For x € RY: ko(x) = 1%y ko(%). ko(w) = TT%1 ko(wy).
P Conicns g vaines



Let C(X) = {f : X — R continuous}.

Assume:
@ X: compact metric space.
@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(C(X), [l - lloo)-




Let C(X) = {f : X — R continuous}.

Assume:
@ X: compact metric space.
@ k: continuous kernel on X.
k is called (c)-universal [Steinwart, 2001] if Hy is dense in

(C(X), [l - lloo)-

C(X) = Cp(X) = {f : X = R continuous bounded}




@ k universal means that #y is dense in C(X).



Denseness in C(X) < injectivity of ux on Mp(X)

@ k universal means that # is dense in C(X).

e Hahn-Banach theorem [Rudin, 1991]: Let H be a subspace of
a normed space C. H is dense in C iff.

{0} =H' ={FeC :V¥feH, 1



Denseness in C(X) < injectivity of ux on Mp(X)

@ k universal means that # is dense in C(X).

e Hahn-Banach theorem [Rudin, 1991]: Let H be a subspace of
a normed space C. H is dense in C iff.

{0} =H' ={FeC :V¥feH, 1

@ Denseness <

{0} =Hi = {Fe C(x) :vF e Ha, - / faF )
~—— X
=M(X) D v

<f7/“<(]F)>’Hk



Denseness in C(X) < injectivity of ux on Mp(X)

@ k universal means that # is dense in C(X).

e Hahn-Banach theorem [Rudin, 1991]: Let H be a subspace of
a normed space C. H is dense in C iff.

{0} =H' ={FeC :V¥feH, 1

@ Denseness <

{0} =Hi = {Fe C(x) :vF e Ha, - / faF )
~—— X
=M(X) D v

<f7uk(]F)>’Hk

— {F € Mp(X) : 4 (F) = 0}



If k is universal, then
@ k(x,x) >0 forall x € X.



If k is universal, then
@ k(x,x) >0 forall x € X.

o Every restriction of k to an X’ C X compact set is universal.



Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
@ k(x,x)>0forall xe X.
@ Every restriction of k to an X’ C X compact set is universal.

e ®(x) = k(-,x) is injective, i.e.

Pr(%,y) = [|P(x) = @(y) I3,

is a metric.



Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
k(x,x) >0 for all x € X.
Every restriction of k to an X/ C X compact set is universal.

d(x) = k(-, x) is injective, i.e.

Pr(%,y) = [|P(x) = @(y) I3,

is a metric.

The normalized kernel (like corr)

T L k(va)
Koo) = ok y)

is universal.



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0

o If a, > 0 Vn, then
k(x,y) = f({x,y))

is universal on X := {x eRY: x|, < \/F}



a

o k(x,y) = e*®¥): previous result with f(t) = et = a, = %.



Universal kernels on compact subsets of R, o > 0

_a”

o k(x,y) = e*™¥): previous result with f(t) = et = a, = 2.

2
o k(x,y) = e @l*Vl2: exp. kernel & normalization.



Universal kernels on compact subsets of R, o > 0

@ k(x,y) = (1— (x,y))~® binomial kernel
e on X compact C {x € RY: ||x||, < 1}.
a

o f == =S () (e <),

>0
where (°) =y, b=kl

1



Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1

u(7) = (4(7))

moment sequence  pu(7y) := (M(i)(7)>ieN .
moments pO(M) =E(X) eR pi(y):=E[X} - X}| eR




Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1
moment sequence = ( ):eN n(y) = (Ni(’V)) ieNd
moments MU( ) =E(X)eR 4i(y)=E|[x} - x¥| R
m-th moment M(m)(’Y) () = ( (7)>deg(|):m

where deg(i) == i1 + -+ ig, p°(y) =1



Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1
moment sequence p(y) = Mi(V))ieNd
moments M( )( ) p(y) =E [Xlil o 'Xclld} €R
m-th moment #(m)(’Y) pm(y) = (Mi(7)>

and cumulants x(7) = (5'(7))iene

S - (

icNd

), 0 cRY,

where deg(i) == i + -+ ig, 10(7) =1, il = izl ---ig!, @' =61 ... 0%,

Contents moments and cumulants on R motivation of cumulants
' '



3
dD(ym) = 1w (e + 15 305 = 20 (1), ()



Estimator for d®)(v,n) = ||/£§(3)(7) — /£ (77)HH®3, =

(1) = 5 (M) s + 157 300 = 2057 (). 57 ()00

1
</<;5<3)(~/), &S(B)(n»?_[i@s ~ /\/2<KXY oK, oKy, —3K,, ocK,, o HK,,

- 3K,y oK,y o K,yH +6K,, o K, H o HK,,
K,y
+ 3K,y o K,y < e

Kay
+ 2K,y 0 KyH o Ky H — 6K, 0 K, H < o >

K, K \?
oy o, () e (16K, )

Note: Matrix multiplication takes precedence over the Hadamard one.

> + 2K, o HK,, o HK,,



Estimator for d®(,7) - continued

1
K9 )||H®3~—<KXoKXoKX_6KXoKXHOKX

Kx
+ 4K, H o K, o KiH + 3K, o K, <m>

K
+ 6K H o HK, 0 K — 12K o HK < >

N2
K 2
+4<N2> KX>.

\]/15(3)(77)]\3_‘%3: similarly (change Ky to K,).

, d(z)('y, 7) estimation



Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

o Given:

o (X,A,~): o-finite measure space,
o f:(X,A) — H-valued function (note: Banach-valued f v).



Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

o Given:

o (X,A,~): o-finite measure space,
o f:(X,A) — H-valued function (note: Banach-valued f v).

e For f =3%I_; cixa, (Ai € A, ci € H) step functions

/ fdy = Z C,")/(A,') eH.
X i=1



Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

o Given:

o (X,A,~): o-finite measure space,
o f:(X,A) — H-valued function (note: Banach-valued f v).

e For f =3%I_; cixa, (Ai € A, ci € H) step functions

/ fdy = Z C,")/(A,') eH.
X i=1

@ f measurable function is Bochner y-integrable if
o 3 (fa)nen step functions: lim,_,o [, [|f — f]l,, dy = 0.
e In this case lim,_ o fx f,dy exists, =: fx fdy.



o f: X — H is Bochner integrable < [ ||f|l,, dvy < oc.



o f: X — H is Bochner integrable < [ ||f|l,, dvy < oc.
o In this case || [ fdy|l, < [y [[flly dy. ('Jensen inequality’)



Bochner integral: properties

o f: X — H is Bochner integrable < [, ||f];, dy < cc.
o In this case || [y fdv|l,, < [y [l dv. ('Jensen inequality’)

o [Infourcontext|: # = .,

pk(y) exists iff. [ [[k(-, x) |15, dv(x) < oo
—_——

\ k(x,x)

Specifically: for bounded kernel (sup, /¢y k(x,x") < o00) v .



Bochner integral: properties — continued

o If

e S: B — By: bounded linear operator,
e f : X — B: Bochner integrable, then

Sof: X — By is Bochner integrable and

5(/){ fdy) :/XSfdfy.



o If

e S: B — By: bounded linear operator,
e f : X — B: Bochner integrable, then

Sof: X — By is Bochner integrable and

5(/ fcw) :/ Sfdv.
X X
|[ fdy| < [|f|dy and ¢ [ fdy = [ cfdy generalize nicely. |

, mean embedding and friends




() @ G, [ KCp)n)n

(a): px definition



Mean embedding: expected kernel trick

G i 2 ), [ kG y)dn())m

() s defidon, ()5 e ) = J ST, (2) = 1402 L
ille's theorem



Mean embedding: expected kernel trick

k(7)) b /X k(-

©)
/ (1), Ky ()

D[ ([ k. Pda(y)

(a): uk definition, (b): S ([ i) = [y SFAp, S(2) = (1), 2, [
Hille's theorem], (c): uk definition



Mean embedding: expected kernel trick

(1 ()5 1k (1)) 24, @

(a): uk definition, (b): S ([ i) = [y SFAp, S(2) = (1), 2), [
Hille's theorem], (c): px definition, (d): (b) with S,(z) = (z, k(-, ¥))2,



Mean embedding: expected kernel trick

(e (), ) Q<(w/'()mu»

b)/ k() kG5 y ) adn(y)

M/’/k Pda(y)

D[] KKy (X))

@//kx,ydv )Ydn(y)
X JX

(a): pu definition, (b): S([y fdu) = [ Sfdp, 5(z) = (ue(v), 2)n, [«
Hille's theorem], (c): p definition, (d): (b) with S,(z) = (z, k(-, ¥)) 2.
(e): reproducing property.

Contents , MMD estimation
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