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In a nutshell

@ Hilbert-Schmidt independence criterion (HSIC):
e popular dependency measure, various applications.
@ Bottleneck:
@ quadratic runtime: O (n2), n = sample size,
@ existing accelerations [Zhang et al., 2018]: M = 2, no guarantees.
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@ quadratic runtime: O (n2), n = sample size,
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Contributions
@ M > 2, computational gain even for M = 2,
@ improved runtime: O (n%) instead of O (n?),

© convergence rate: Op (%) — optimal in minimax sense.
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In a nutshell

@ Hilbert-Schmidt independence criterion (HSIC):
e popular dependency measure, various applications.
@ Bottleneck:
@ quadratic runtime: O (n2), n = sample size,
@ existing accelerations [Zhang et al., 2018]: M = 2, no guarantees.

Contributions
@ M > 2, computational gain even for M = 2,

@ improved runtime: O (n%) instead of O (n?),

© convergence rate: Op (%) — optimal in minimax sense.

This is what we unfold in the sequel.
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@ Def-1 (feature space):

k(a, b) = (®(a), ®(b))y, -

o Def-2 (reproducing kernel):

k(-,b) € H, f(b)=(f,k(-,b))x.

o Def-3 (Gram matrix): G = [k(x;, x;)]7;=; € R™" = 0.



Kernel (generalization of a'b), RKHS

[Aronszajn, 1950, Steinwart and Christmann, 2008]

@ Def-1 (feature space):
k(a, b) = (®(a), ®(b))y, -
@ Def-2 (reproducing kernel):
k(- b) € H, f(b)= (f, k(- b))
o Def-3 (Gram matrix): G = [k(x;, x;)]};=1 € R™" = 0.
Notes

o k¥ H, = Span(k(-,x):x € X): Fourier analysis, polynomials,
splines, ...

e Examples: ky(x,y) = ((x,¥) + )P, kg(x,y) = e~ Ix=yl3,

@ Kernels exist on various domains!
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Some

kernel-enriched domains : (X, k)

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],

time series [Riiping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Kiraly and Oberhauser, 2019],

@ trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],

groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],

@ sets [Haussler, 1999, Géartner et al., 2002, Balanca and Herbin, 2012,

Fellmann et al., 2023], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],

various [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],

fuzzy domains [Guevara et al., 2017], or

graphs [Kondor and Lafferty, 2002, Gartner et al., 2003,
Kashima et al., 2003, Borgwardt and Kriegel, 2005,
Shervashidze et al., 2009, Vishwanathan et al., 2010,

Kondor and Pan, 2016, Bai et al., 2020, Borgwardt et al., 2020,
Schulz et al., 2022, Nikolentzos and Vazirgiannis, 2023].



@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1 (P) ;=/ k(- x) dP(x) € Ha.
X ~—~—
d(x)EHK



Mean embedding, MMD

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1 (P) ::/X k(- x) dP(x) € Hy.

D(x)EH

@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMD(P, Q) := |k (P) — 1k (Q) |2, -
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

1 (P) ::/ k(- x) dP(x) € Hy.
X ~~—~—
D(x)EH

@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMD(P, Q) := |k (P) — 1k (Q) |2, -

@ HSIC [Gretton et al., 2005] (M=2), [Quadrianto et al., 2009, Sejdinovic et al., 2013a,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018] (M > 3), k = ®,A#:1 Km:

HSIC (P) := MMD, (P,@%’ZIIP’,,,)
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

puk(P) == k(-,x) dP(x) € Hg.
X N——
D(x)EH
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD(P, Q) := |1k (P) — 11k (Q) |74 -

@ HSIC [Gretton et al., 2005] (M=2), [Quadrianto et al., 2009, Sejdinovic et al., 2013a,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018] (M > 3), k = ®,A#:1 Km:

HSIC (P) := MMD, (JP, @lepm)

= | 1ot s (B) = O, (Bur) ||

cross-covariance operator
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Mean embedding, MMD, HSIC

@ Mean embedding [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]:

puk(P) == k(-,x) dP(x) € Hg.
X N——
D(x)EH
@ Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:
MMD(P, Q) := |1k (P) — 11k (Q) |74 -

@ HSIC [Gretton et al., 2005] (M=2), [Quadrianto et al., 2009, Sejdinovic et al., 2013a,
Pfister et al., 2018, Szabé and Sriperumbudur, 2018] (M > 3), k = ®,A#:1 Km:

HSIC (P) := MMD, (JP, @lepm)

= | 1ot s (B) = O, (Bur) ||

cross-covariance operator

Notes before clarification of what ®™_, k,, and @M_, jux. (P) are.J
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o [M MD:
MMD(P, @) = lak(P) — ()1, = [GUBRERH {F24(P) — 1(Qe,




o [M MD:
MMD(P, @) = lak(P) — ()1, = [GUBRERH {F24(P) — 1(Qe,

o € IPMs [Zolotarev, 1983, Miiller, 1997],



MMD, HSIC: statistical relations, validness of HSIC

e M MD :

MMD (P, Q) = [[pu(P) — puc(Q) |7, = [SUPFEBR (f 1tk (P) — 11k (Q)) 5y,
Expf(x) — Exwof (x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

o L

[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005],
a.k.a. N-distance [Zinger et al., 1992, Klebanov, 2005].
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MMD, HSIC: statistical relations, validness of HSIC

e M MD :

MMD(P, Q) = [|1ax(P) — 1k (Q)ll7¢, = [SUBFERH (F 11k (P) — 11k (Q))3y,

Expf(x) — Exwof (x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

o L

[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005],
a.k.a. N-distance [Zinger et al., 1992, Klebanov, 2005].

e HSIC (M =2) [Sejdinovic et al., 2013b]

[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].

distance covariance
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MMD, HSIC: statistical relations, validness of HSIC

e M MD :

MMD(P, Q) = [|1ax(P) — 1k (Q)ll7¢, = [SUBFERH (F 11k (P) — 11k (Q))3y,

Expf(x) — Exwof (x)

e € IPMs [Zolotarev, 1983, Miiller, 1997],

o L

[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005],
a.k.a. N-distance [Zinger et al., 1992, Klebanov, 2005].

Sejdinovic et al., 2013b
o HSIC (M = 2) <23 ]
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].

. Szabé and Sriperumbudur, 2018 .
@ Validness of HSIC [ P ] km-s are universal
[Steinwart, 2001, Micchelli et al., 2006, Sriperumbudur et al., 2011].

distance covariance
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o IfacR™ beR™:
R>v <abT> w = (v a) (bT ) (a,v)rm (b, w)gn,

a®@b:=ab' isan R™ x R™ — R bilinear form.



o IfacR™ beR™:
R>v <abT> w = (v a) (bT ) (a,v)rm (b, w)gn,

a®b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for M = 2:

(a ® b)(v, W) = <av V>H1<b7 W)Hz



Tensor product: ®M_,a,

e lfacRM becR™:
R>v (abT> w = (v a) (bT ) = (a,v)rm (b, W)gn,

a®@b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for M = 2:

(a® b)(v,w) = (a,v)y, (b, W)y,

@ For M >2and a,, € Hp,

(®fnﬂzlam) (by,... .by) = ﬁ (am, b3, -
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OM_ Hpm = Span(®M_,a, : am € Hm).



OM_ Hpm = Span(®M_,a, : am € Hm).

Hi = 1 Hicn>
M
k(6 x) = (@M ikn) (6 XY =TT ks 1)
m=1_ S
coordinate-wise similarity




A few HSIC applications

@ independence testing [Gretton et al., 2008, Bilodeau and Nangue, 2017,
Goérecki et al., 2018, Pfister et al., 2018, Albert et al., 2022],

o feature selection
[Camps-Valls et al., 2010, Song et al., 2012, Yamada et al., 2014, Wang et al., 2022],
with apps in biomarker detection [Climente-Gonzalez et al., 2019] & wind
power prediction [Bouche et al., 2023],

@ clustering [Song et al., 2007, Climente-Gonzélez et al., 2019],

@ causal discovery [Mooij et al., 2016, Pfister et al., 2018,
Chakraborty and Zhang, 2019, Schélkopf et al., 2021],

° [Veiga, 2015, Fellmann et al., 2023],

@ uncertainty quantification [Stenger et al., 2020],

@ analysis of data augmentation methods for brain tumor detection
[Anaya-lsaza and Mera-Jiménez, 2022].
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o Samples: Py := {(xt, ..., x{,) ooy (X xfh)} C A



HSIC estimators: classical vs. proposed

o Samples: B, = {(xt,...,x}) s ooy (X, xf)} C X,
o Classical:
. 1 1
2 T T
HSIC) (IP’,,) =51 <Ome[M]Kkm) Lot o E[IM] 1,Ky,1n
m

- ﬁll (ome[M]Kkmln> ;

K = [km (x,"n,x{n)}l_,je[n] eR™"  me [M].



HSIC estimators: classical vs. proposed

e Samples: P, := {0 oxt) s O xip)} C X
@ Classical:
. 1 1
2 T T
HSICk (]P)n) = ? ].n (Ome[M]Kkm) ]-n + W er[[M] ankm]'"
m

- ﬁll (OmE[M]Kkmln> ;

K = [km (x,"n,x{n)}l_,je[n] eR™"  me [M].

e Proposed: P, subsample of P, (with replacement),

Kt o = [k (&j,,,;{,,)}ue[n/] R me[M],



HSIC estimators: classical vs. proposed

e Samples: P, := {0 oxt) s O xip)} C X
@ Classical:
. 1 1
2 T T
HSICk (Pn) = ? ]'n (Omg[M]Kk,”) ]-n + W g[M] ]-nKkm]'"
m

- ﬁll (ome[M]Kkmln> ;

_ i nxn
K = [km (xm,xmﬂi,je[n] eR™" me [M].
e Proposed: P, subsample of P, (with replacement),

HSIC%,N (]fbn> = 0"1/; (ome[l\/l]Kkm.n’.n/) oy + H O‘I,,,Kk,,,.n/.n/akm
me[M]

T
— 20 (OmG[M]Kkm-n’fn/akm) )

Kk,,%n/.n/ = [km ()?';’i#)}i,je[n’] € Rn’xn/’ m & [M]v

with appropriately chosen vy, av,, € R” (m € [M]).



@ Recall: k =@M_ Kk,

HSICK (P) = [[Cxllyy » Cx = bt (B) — ©Mypie, (Brr).
u

————

1 mean M means



o Recall: k=®M_ k.

HSICK (P) = [[Cxllyy » Cx = bt (B) — ©Mypie, (Brr).
u

———
1 mean

Approximate the M + 1 means, with the Nystrom method
[Chatalic et al., 2022], and analyze the error propagation.

M means




o We will choose

,0,Q) = (X, k,P), (V,0,Q)=(Xm, km,Pm), m e [M],

o @y ={7%....7" }: subsample of @y = {y},...,y"} "¥" Q



The classical Nystrom approach: mean approximation

e We will choose

(V,£,Q) = (X, k,P), (1,¢,Q) = (Xm,km,Pm), me[M],

) @n’ = {)71,...,}7”/}: subsample of @n = {ylv"'7y } ”d
o ldea:
Q) = e @n) = 37 in(5) =2 e (@) € HY™,
i€[n’]

HNyS = Span (¢g(}7i) cie [n’]) C Hy.
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@ Find the minimum norm solution of
2

i (@)~ = v (7).

a,€R” i€[n’]



Nystrom approximation: computational task

@ Find the minimum norm solution of

the (@n) — Y aide (?i)

i€[n’]

2
min
aZGR”,

He
@ Solution [Laub, 2004, Chatalic et al., 2022]:
3 — 1 .
127 (Qn’) = Z ak(b@ (y ) , Oy = ; (Ké,n’,n’) Kf,n/,nlna
i€[n’]

with Gram matrices

Ké,n’,n/ = [5 ()"(i’)?J')LJe[n/] c Rn’xn”
Ko = V <)~<i’xj Le[n'],je[nl R

Nystrém M-HSIC



Results for the proposed HSIC estimator [Kalinke and Szabs, 2023]

o Runtime: O (Mn'3 + Mn'n) vs. O (Mn?) =
o Saving if n' = o (n*/3).
e Finite-sample guarantee = \/n-consistency if the effective dimension
decays

e polynomially (< cA=7, ¢ >0,y € (0,1]) and ' = O (nl/(2’7)), or
o exponentially (< log(1+c/7)/8, ¢, >0) and n' = O (V/n). =

Runtime can be O (n%) J

@ This matches the rate of the quadratic-time estimator.
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o Let

o X=Xp)M ,eXx =xM X, X,~Pp,

o km: Xm X Xp — R bounded (sup, cx /km(Xm, Xm) < ax, ), k = @M_; km,
° Iﬁ’m,,,/: Nystrom sample of the m-th marginal.



Key lemma: error propagation on tensor products

o Let
o X=X ) e X =xM_Xx, Xp~Ppn,
o km: Xp X Xy — R bounded (sup, cx v/ km(Xm, xm) < ax,), k = QM_ km,
° I@’ : Nystrom sample of the m-th marginal.

@ Then

Jeheastn (B = s, ()

b < I1 Gt de) = T s

me[M] me[M]

‘Hkm'

where dkm = H,ukm (Pm) — Mk, (Pmm/)
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Demo-1: million song data — media annotations

@ Task: test the dependence of (X, Y) [M =2, H; holds],
e X: 90 acoustic features; Y: year of release.

e M = 2: allows comparing to existing methods.



Demo-1: million song data — media annotations

@ Task: test the dependence of (X, Y) [M =2, H; holds],
e X: 90 acoustic features; Y: year of release.
e M = 2: allows comparing to existing methods.
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@ runtime & power like N-HSIC and RFF-HSIC, but M > 2V
@ lower complexity than V-HSIC,
© NFSIC: restricted to RY, M = 2, and analytic kernels.




Demo-2: weather causal discovery [Mooij et al., 2016]

@ Observation: (altitude, temperature, sunshine) triplets, M = 3, n = 349.
@ Task: infer the most plausible DAG on the 3 nodes.
e Approach: for each DAG candidatef

@ additive model regression: Xpm =3 ;cpp, fmj(Xj) + em, m € [M],

@ independence testing of (&,)M_,.

133 — 2 = 25, 2 graphs contain cycles.



Demo-2: weather causal discovery [Mooij et al., 2016]

@ Observation: (altitude, temperature, sunshine) triplets, M = 3, n = 349.
@ Task: infer the most plausible DAG on the 3 nodes.
e Approach: for each DAG candidatef

© additive model regression: Xp =3 ;cpa, fmj (X)) + em, m € [M],

@ independence testing of (&,)M_,.

133 — 2 = 25, 2 graphs contain cycles.

N-MHSIC V-HSIC
Altitude
2 107?
S
‘h' . T
C Sunshine Hemperatura
T T T T T
5 10 15 20 25

Compared to V-HSIC
Both methods find the most plausible DAG. J




Summary

@ Focus: HSIC acceleration with the Nystrom method.
@ Results:

@ M > 2, computational gain even for M = 2,
@ /n-consistency (upon appropriate effective dimension decay),

© improved runtime: O (n%) instead of O (n2),
© numerical demo: dependency testing of media annotations, causal discovery.
@ Details @ UAI [Kalinke and Szabé, 2023], code.
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https://github.com/FlopsKa/nystroem-mhsic

Summary

@ Focus: HSIC acceleration with the Nystrom method.
@ Results:

@ M > 2, computational gain even for M = 2,
@ /n-consistency (upon appropriate effective dimension decay),

© improved runtime: O (n%) instead of O (n2),
© numerical demo: dependency testing of media annotations, causal discovery.
@ Details @ UAI [Kalinke and Szabé, 2023], code.
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