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e Moments u(y) := (u(i)('y)>ieN:

1) =K (X') e R, pO(y) = 1.



e Moments u(y) := (u(i)(7)>ieN
10() =E(X') € R, W) =1.

e Cumulants k() = (n(i)(v)) o from the moment-generating function
1

S w0D(y)= = log (Zu”(v) ) :

ieN ieN



Moments and cumulants on R 3 X ~

e Moments u(y) := (M”(v))ieN:

10(4):=E(X') R, pO(y) = 1.

e Cumulants k(y) = (/s",(")(w/)), o from the moment-generating function

e

Zh Iog(z,u )

ieN ieN

(’Y) :E(X mean
k(3 (y) =E(X — EX)? variance
kB3 (7) =E(X — EX)3 3rd central moment
k) (y) =E(X — EX)* — 3 [E(X — EX)?]?
kO)(7) =E(X — EX)® — 10E(X — EX)3E(X — EX)?
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#D () = E(X), {1}



W (y) = E(X), {{1}}
s (7) = E (X?) - EX(X)



#D () = E(X), {{1}}
E(XX)
—
KA (7) =E (X?) —E2(X), {12} ({1}, {21}

where X, X' ~ 7, independent.



kD (y) = E(X), {{1}}
E(XX")
—
5(2)(’7) :]E(Xz) _Ez(X)a {{1a2}}7{{1}7{2}}

KO(7) = E (X*) = 3B (X?) E(X) + 2E3(X)

where X, X' ~ 7, independent.



kD(y) = E(X), {{1}}
E(XX')
—~
K2(y) =B (X?) — EX(X), {{1,2}}, {{1},{2}}

E(XXX')+E(XX' X)+E(X' XX)
—_—
KO(7) = E (X*) - 3E (X?) B(X) +2B3(X), {{1,2,3}},{{1,2},{3}},

{{1,3} {23}, {42, 35, {13},
{1} {2}, 3},

where X, X' ~ 7, independent.

What are the weights in front of the moments? l




Unzipping cumulants on R: the weights

El
9

m  elements of m € P(m)

1 {1}

2 {12}
{1}.{2}

3 {123}
{1.2}, {3}
{1.3}, {2}
{23}, {1}
{1}, {2}, {3}

WNDNDDN = N = | =
| I B | 1
NRrR R RPRR|RR|[R

with P(m) := all partitions of [m], ¢; = (—1)"1=1(|x| — 1)!
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Motivation, i.e. one reason why one likes cumulants

Moment and cumulants on RY

Change E (X) € R to E[X[ -+ X}¥] € R (i € N¥).

Known theorem [Billingsley, 2012]

Let v be a probability measure on a bounded subset of R with
cumulants x(7) and let (Xi,...,Xy4) ~ . Then

@ 7 — k() is injective.

@ Xi,...,Xy are independent < ki(y) =0 for all i € Nﬁlr.
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Motivation, i.e. one reason why one likes cumulants

Moment and cumulants on RY

Change E (X') e Rto E [ X{i - X}¥| € R (i € N).

Known theorem [Billingsley, 2012]

Let v be a probability measure on a bounded subset of R with
cumulants () and let (Xi,...,Xq4) ~ . Then

@ 7 — k() is injective.
@ Xi,...,Xy are independent < ki(y) =0 for all i € Nﬁlr.

Motivation
© Various data types, nonlinear features: kernels.
@ Linear: not even characteristic (see MMD and HSIC).

© Computable estimators.
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X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.




X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.

Ingredients:
©@ Moments: swap out E [Xlil e X(’f] € R to

E [[61(X0)]%" @ - @ [0g(Xa)]®¥] € HER @ - @ HES.



X1y, Xg) € X1 — (P1(X1), ..., Pa(Xd)) € x5 Hy.

Ingredients:
©@ Moments: swap out E [Xlil . -XZ,"] € R to

E[[0100)]" @ @ [04(Xa)]*"] e HGR © - @ HE.

@ From moments to cumulants:

e log on tensor algebras, or
e combinatorial description of cumulants (+ a bit simpler, but <).



Idea

Lifting
(Xl, .. 7Xd) (S dezl‘)(j — (¢1(X1), ceey de(Xd)) S Xf:lij-

Ingredients:
© Moments: swap out E {Xl"l . ~Xﬂ €Rto

E[[0:00)% @ 9 [0u(X)|7] € HEH & - 0 M.

@ From moments to cumulants:

e log on tensor algebras, or
e combinatorial description of cumulants (+— a bit simpler, but <).

© Computation: by the "expected kernel trick’ (V-statistics).
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@ Def-1 (feature space):
k(a, b) = (®(a), ®(b))y, -
@ Def-2 (reproducing kernel):
k(-,b) € H, f(b)= (f, k(-, b))n.

o Def-3 (Gram matrix): G = [k(x;, x;)]7;—; € R™" = 0.



Kernel (generalization of a'b), RKHS

@ Def-1 (feature space):
k(a, b) = (®(a), ®(b))y, -
@ Def-2 (reproducing kernel):
k(-,b) € H, f(b)= (f,k(-,b))x.
o Def-3 (Gram matrix): G = [k(x;, )]} ;=1 € R™" = 0.
Notes

o k& = Span(k(-, x):x € X): Fourier analysis, polynomials,
splines, ...

o Examples: ky(x,y) = ((x,¥) + )P, kg(x,y) = e~ Ix=yl3.

@ Kernels exist on various domains!

Kernel Cumulants



@ Mean embedding (Bochner integral):

1(P) = / k(- x) dP(x) € Ha.
X N~—~—
d(x)EH



@ Mean embedding (Bochner integral):
1(P) = / k(- x) dP(x) € Ha.
X N~—~—
d(x)EH

@ Maximum mean discrepancy:

MMD (P, Q) := ||k (P) — pusc(Q)ll2¢,.-



Mean embedding, MMD, HSIC

e Mean embedding (Bochner integral):

/k x) € Hg.

d(x)EH

@ Maximum mean discrepancy:

MMD(P, Q) := |1k (P) — 11k (Q) |74 -

@ Hilbert-Schmidt independence criterion, k := ®J‘-1:1kj:

HSIC, (P) := MMD, (P, @, P;)
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Mean embedding, MMD, HSIC

e Mean embedding (Bochner integral):

/k x) € Hg.

d(x)EH

@ Maximum mean discrepancy:

MMD (P, Q) = [lpuk(P) — psc(Q)l 24, -
@ Hilbert-Schmidt independence criterion, k := ®J‘-1:1kj:
HSIC, (P) := MMD, (P, @, P;)

- H Had i (F) = L1 (P)) H

cross-covariance operator

He
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Mean embedding, MMD, HSIC

e Mean embedding (Bochner integral):

/k x) € Hg.

d(x)EH

@ Maximum mean discrepancy:

MMD (P, Q) = [lpuk(P) — psc(Q)l 24, -
@ Hilbert-Schmidt independence criterion, k := ®J‘-1:1kj:
HSIC, (P) := MMD, (P, @, P;)

- H Had i (F) = L1 (P)) H

cross-covariance operator

He

Clarification of what ®J‘-i:1kj and ®J‘f:1ukj (P;) are follows.
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e IfacR™, be R™:
R>v (abT> w = (v a) (bT ) (a,v)rn (b, W)gm,

a®@b:=ab' isan R™ x R™ — R bilinear form.



e IfacR™, be R™:
R>v (abT) w = (v a) (bT ) (a,v)rn (b, W)gm,

a®b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for d = 2:

(a®@ b)(v,w) := (a, V)3, (b, w)ys,.



Tensor product: ®{_; a;

e lfacR™, begR™:
R>v (abT) w = (v a) (bT ) = (a,v)rm (b, W)gn,

a®@b:=ab' isan R™ x R™ — R bilinear form.
@ For a € H1, b € H, Hilbert spaces, i.e. for d = 2:

(a® b)(v,w) = (a,v), (b, w)yn,.

e Ford >2and aj € H;,

<®Jd:13j> (bl, ey bd) = H(aj, bj>’Hj-
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®Jd=1Hj = Span(®L13; 1 3 € H), (¥ J—la_l7 j= ibj) = de 1), bj)n;-



®}1=1Hj = Span(®f=1aj D €Hy) (® J—1aj> = ¢ 1bj) = de 1(aj, bj) -

Hi = LMy,
d

k(X) X,) = (®7:1kj)(x7xl) = H kJ(XJaXJ,)

coordinate-wise similarity




Validness:
e MMD(P,Q) =0 < P =Q: k is characteristic.



Validness:
e MMD(P,Q) =0 < P =Q: k is characteristic.

e HSIC,(P) =0 P = ®j’:11[”j < kj-s are universal.



Validness of MMD & HSIC, their estimation

Validness:

e MMD(P,Q) =0 < P = Q: k is characteristic.

o HSICk(P) =0 & P = ®{_,P; < k;-s are universal.
Properties:

@ Injectivity of p, on probability / finite signed measures, so
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Validness of MMD & HSIC, their estimation

Validness:

e MMD(P,Q) =0 < P = Q: k is characteristic.

e HSIC,(P) =0 P = ®J‘7:1Pj < kj-s are universal.
Properties:

@ Injectivity of p, on probability / finite signed measures, so

@ Easy-to-estimate: expected kernel trick

(ue(B): 1 @) = [ [ K(x)AP)IQ0).

Kernel Cumulants



Kernelized moments — towards kernelized cumulants

@ From now:
o X = (X)L, € x X, X~ 7,
o kernels ki : X; x X; — R, j € [d],
lifting ®(X) = (®;(X))iL1 with ®;(x;) := ki(-, x;),
o RKHS H® := HP" @ -+ @ M with kernel k& := k" @ - @ k§™,
and feature

PU(X) = [1(X)]" © - @ [Sa(Xa)]
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Kernelized moments — towards kernelized cumulants

@ From now:
o X = (X)L, € x X, X~ 7,
o kernels ki : X; x X; — R, j € [d],
lifting ®(X) = (®;(X))iL1 with ®;(x;) := ki(-, x;),
o RKHS H® := HP" @ -+ @ M with kernel k& := k" @ - @ k§™,
and feature

S(X) = [P1(X0)] " @ - @ [Pa(Xa)] 7
@ Moment sequence:

n(v) = (1) H(7) = E [6¥(X)] € HE.

jeNd’
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ed=1me[3]: X~~,
k) (7) = E[0(X)]



ed=1me[3]: X~~,
w0 () = E[o(X)],
2 (7) = E[0(X) ® &(X)] — E[6(X)] @ E[®(X)]



Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
ki (7) = E[O(X)],
kD (7) = E[0(X) @ &(X)] — E[6(X)] @ E[®(X)],
£ () = E[073(X) | — E[®(X) © &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
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Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
k) (7) = E[0(X)],
w0 (7) = E[0(X) @ 0(X)] — E[(X)] @ E[¢(X)],
() = E[23(X) | — E[0(X) © &(X) ® &(X')]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2 m=2: (X1, X2) ~7,
() = E[0§20x)] - E#2 [01(x1)],
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Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
wD(7) = E[0(X)],
#D(7) = B[0(X) @ ®(X)] — E[®(X)] & E[o(X)],
() = E[6%3(X) | — E[®(X) @ &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2 m=2: (X1, X2) ~7,
() = E[0§20x)] - E#2 [01(x1)],
KU () = E[01(X1) © 0206G)] — E[01(X1)] © E[92(X2)]

Kernel Cumulants



Kernelized cumulants: examples first, analogous to R

e d=1 me[3]: X,X' ~+~, independent,
k) (7) = E[0(X)],
w0 (7) = E[0(X) @ 0(X)] — E[(X)] @ E[¢(X)],
() = E[6%3(X) | — E[®(X) @ &(X) @ &(X)]
—E[®(X) @ (X)) @ ®(X)] — E[®(X') @ D(X) @ &(X)]
+ 2EP3[d(X)].
e d=2m=2 (X,X)~",
R0 () = E[0§20x)] - E#2 [01(X0)),
D () = B [01(X0) @ 92(X0)] — B [61(X1)] @ E [62(X0)]
RO () = E[0520)| — B2 [92(X)].

Wanted: repetition and partitioning. Weights: as before (c;). J
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@ Repetition (diagonal measure): i € N9,

’yi = LaW(?(l,...,Xll,XQ,...,X%,...,Xd,...,Xd).

i1 times ip times iy times




Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,X1,X2,...,Xg,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure): 7 € P(d), b = |r|, Xz, = [[jer, &

Vi =Y, @ @Yy, -
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Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,X1,X2,...,Xg,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure): 7 € P(d), b = |r|, Xz, = [[jer, &
Vi =Y, @ @Yy, -

. . . OK
o Kernelized cumulants: m = deg(i) := J‘-jzl i = :

Fokyeorkg (V) = (Hikl,...,kd(v)>i€Nd ,

By, () = Y B k(L (X, Xm)).
TEP(m)
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Kernelized cumulants: X ~ 7 prob. measure on x¢

JZIXJ

@ Repetition (diagonal measure): i € N9,

’yi = LaW(Xl,...,X1,X2,...,Xg,...,Xd,...,Xd).

i1 times ip times iy times

e Partitioning (partition measure): 7 € P(d), b = |r|, Xz, = [[jer, &

Vo=V, ® 0 @, -

. . . OK
o Kernelized cumulants: m = deg(i) := J‘-jzl i = :

Fokyeorkg (V) = (Hikl,...,kd(v)>i€Nd ,

By, () = Y B k(L (X, Xm)).
TEP(m)

= expected kernel trick is applicable J
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_ := injectivity of ® < characteristic k <= universal k.




Cumulants characterize distributions

_ := injectivity of ® <« characteristic k < universal k.

Theorem
@ Assume:
e v, n: probability measures on xj’zlé\fj
o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).




Cumulants characterize distributions

_ := injectivity of ® <« characteristic k < universal k.

Theorem
@ Assume:
e v, n: probability measures on xj’zlé\fj
o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).

@ Then, vy =1 ki, k(7)) = Fky,...ky(1)




Cumulants characterize distributions

Point-separating k| := injectivity of ® <« characteristic k <= universal k.

Theorem
@ Assume:

e v, n: probability measures on xj’zlé\,’j,

o (X))%, are Polish spaces,
e k;: bounded, continuous, point-separating kernel (j € [d]).

@ Then, v =n & k... k, (V) = Kk, k(1) and

d'(7,1) = K. kg (V) = Bl (M) [

= > o |[Epen k(X X), (Y, Yim))
w,TEP(m)

+ Eni,@qﬂ k®i((Xla oo 7Xm)7 (Yla ocog Ym))
— 2 o KE((Xt, s Xin), (Y1, Y,,,))]
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@ Assume:
e : probability measure on x,
o (X))f; are Polish spaces,
e kj: bounded, continuous, point-separating kernel (j € [d]).

A

® Then, vy =7|x, ® - ®7lx, & Kl () =0 for every i € N{




Cumulants characterize independence

Theorem
@ Assume:
e : probability measure on xle)c}
o (X))2, are Polish spaces,
e kj: bounded, continuous, point-separating kernel (j € [d]).
@ Then, y =9y, ® - Q7|x, & “ikh...,kd(w =0 for every i € N9,
and

1K e = D nerBap gt kE((XG) 1, (Y))20),
m,7€P(m)

where m = deg(i).
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Cumulants characterize independence

Theorem
@ Assume:
e : probability measure on xle)(},
o (X;)9; are Polish spaces,

=1
e kj: bounded, continuous, point-separating kernel (j € [d]).

@ Then, y =9y, ® - Q7|x, & “ikh...,kd('y) =0 for every i € N9,

and
Ik kB = D B g K (X)rs (Y))s
m,T€P(m)
where m = deg(i).
Estimation in both cases
Ek®((X1,..., Xm), (Y1,--., Ym)) = V-statistics v/ J
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Distance between kernel variance embeddings

@ By our theorem: if y =5, then d®(v,n) = 0.
e V-statistic estimator of d(®(~,7):

1 1 2
mT]p[(KXJ,V) |+ WTT[(KyJM) |- o T [Ko Iy In
. ii.d. iid.
with (Xn)ryzl ~ " (Ym)rl\r/ylzl ~'n, K= [k(Xiv)g)]ll'\,/jzlv
Ky = [k(yi, y)1M=1, Kiy = [k(X,,yJ)],d vdn=l,—H,=1,-11,1"
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Distance between kernel variance/skewness embeddings

@ By our theorem: if y =5, then d®(v,n) = 0.
e V-statistic estimator of d(®(~,7):
1 1 2
mT]p[(KXJ,V) |+ WTT[(KyJM) |- o T [Ko Iy In
: iid. i.i.d.
with (Xn)ryzl ~ " (Ym)rl\r/ylzl ~'n, K= [k(Xiv)g)]ll'\,/jzlv
Ky = [k(Yh)’j)]ll'V’,j:lv Kyy = [k(XHYJ)]u vdn=l—Hy=1,— %lnlnT-

Time complexity
Quadratic as MMD. J

o d®)(~,n): EEM; quadratic time.
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Cross-skewness independence criterion (CSIC)

@ By our theorem: if v = 7|y, ® v|x,, then mfkl)( )=0and H(l 2)( ) =0.

@ \/-statistic estimator of ng( (v )HH@@H@Q

1
Nz<KOKoL—4KoKHoL—2KoKoLH—|—4KHoKoLH

+2K o L<;>+2KH ocHKolL +4KoHKoLH+ Ko K<I\I/'>

K L K \?2
_8KoLH<N2>—4K HK< >+4<N2> L>,

with kernels k : X2 - R, £: X7 - R, K:=K,,L:=L,, (A) := >0 A
@ Time complexity: quadratic.
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@ Seoul bicycle rental data:
e two-sample test (MMD, d(z)): winter vs fall, d = 11,

100

Test power (%)

4 8 12 16 20 24 28 32 36 40 44
N



Numerical illustration: improved power

@ Seoul bicycle rental data:
e two-sample test (MMD, d(z)): winter vs fall, d = 11,

100 e
e — o
=B
=
X =
o 60 o
2
5]
Q 40
o
n
ki)
F 20
4

4 8 12 16 20 24 28 32 36 40 44

@ Brazilian traffic data:
e independence test (HSIC, CSIC); (blockage, fire, ...) vs slowness of
traffic; dy = 16, d» = 1; L.h.s.

Test power (%)

4 8 12 16 20 24 28 32 36 40
N



Numerical illustration: improved power

@ Seoul bicycle rental data:
e two-sample test (MMD, d(z)): winter vs fall, d = 11,

100 JEN—.
=B
~ %0 =
g o EE
o 60 o
: &
a
b 40 @
k] B
F 20 ) 2
0

4 8 12 16 20 24 28 32 36 40 44

@ Brazilian traffic data:
e independence test (HSIC, CSIC); (blockage, fire, ...) vs slowness of
traffic; dy = 16, d» = 1; L.h.s.,
o two-sample test (MMD, d®)): slow vs fast moving traffic, d = 16; r.h.s.

100

80

60

40

Test power (%)
Test power (%)

4 8 12 16 20 24 28 32 36 40 5 10 15 20 25 30 35 40 45 50
N N



@ We proposed a kernelized extension of cumulants,
@ leveraging a combinatorial route (and tensor algebras).


https://github.com/PatricBonnier/Kernelized-Cumulants

@ We proposed a kernelized extension of cumulants,
@ leveraging a combinatorial route (and tensor algebras).

—d= i=1
o MMD <"==L k_cumulants =22 HSIC (d = 2).

. . = . . . i=1
e k-Lancaster interaction <= k-Streitberg interaction {4 k-cumulants.


https://github.com/PatricBonnier/Kernelized-Cumulants

Summary

@ We proposed a kernelized extension of cumulants,

@ leveraging a combinatorial route (and tensor algebras).

o MMD <™=%=L k_cumulants =22 HSIC (d = 2).

e k-Lancaster interaction <=> k-Streitberg interaction &k cumulants.
@ Relaxed kernel assumptions: point-separating.

°

°

Higher-order cumulants: potential to improve power.
Details @ NeurIPS [Bonnier et al., 2023], code.

Kernel Cumulants


https://github.com/PatricBonnier/Kernelized-Cumulants

Summary

We proposed a kernelized extension of cumulants,
leveraging a combinatorial route (and tensor algebras).

—d= i=1
MMD <"=2=L _cumulants =22 HSIC (d = 2).

. . = . . .=l
k-Lancaster interaction <= k-Streitberg interaction &£ k-cumulants.
Relaxed kernel assumptions: point-separating.

Higher-order cumulants: potential to
Details @ NeurIPS [Bonnier et al., 2023], code.

-~
~

=/

Kernel Cumulants


https://github.com/PatricBonnier/Kernelized-Cumulants

[ Y Bell numbers

[ Y Characteristic kernels J

[ Universal kernels
[ Y Moments and cumulants on RY
[ Y Estimator for d®(~, n)



@ B(m) := number of elements in P(m).
o Bo=Bl=1, BQ=2, B3=5, B4=15, B5=52, Be=203,
B, — 877, Bg = 4140, . ..



@ B(m) := number of elements in P(m).

o Bo=Bl=1, BQ=2, B3=5, B4=15, B5=52, Be=203,
B, = 877, Bg = 4140, ...

@ Recursion:

Bt = |P(m+1)| = ij ('Z) By

k=0



@ Easy computation by the Bell triangle

1

1 2

2 3 5
5 7 10 15

15 20 27 37 52

52



@ Easy computation by the Bell triangle

1

1 2

2 3 5

5 7 10 15
15 20 27 37 52

52

e Asymptotics:

InB Inl 11 /Inlnn2 Inl
S =inn—Ininn -1+ nn"+—+—<nnn> +0<n2nn>
5 Inn ! 2\ | In“ n

as n — oQ.



For continuous bounded shift-invariant kernels on R¢:

Kox) = ko(x —x) 2 [ el lan(w)
R

(x): Bochner's theorem.



Description of characteristic kernels on R?

For continuous bounded shift-invariant kernels on RY:
k(x,x") = ko(x — x) © / e X W N (w) =
Rd
12 (P) = 1 (@), = llee = call 2(ny -

(x): Bochner's theorem, cp: characteristic function of P.
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For continuous bounded shift-invariant kernels on R¢:
k(x,x) = ko(x — x') 2 / e A (w) =
R
11k (P) = pusc(Q) I, = llee — call2(n) -

(x): Bochner's theorem, cp: characteristic function of P.

k is characteristic iff. supp(N\) = RY.




Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).
kernel name kg /?o(w) supp(/%)
X2 oW
Gaussian e 2.2 oe” 5 R
Laplacian el 22 R
B _spline x2n+2 ( ) 4 sinz"”(% R
2n+1-SPIin . X[_%,%] X) Vam T oEE
Sinc M \/?X[—a,a‘] (OJ) [_07 U]
. _0-2 o'e) H .
Poisson w V 2 ij_oc a'IJ‘(s(w 7_/) Z
i 2n+1)x
Dirichlet (()) V2r Y 0w — ) {0,41,+2, ..., +n}
y P2 (1)x n . .
Fejér e s.nz(g) vem i ( - n'i‘1)5(w—1) {0,41,£2,...,4n}
Cosine cos(ox) V56w —0)+6(w+0)] {-0,0}
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Examples on R; similarly R? [Sriperumbudur et al., 2010]

For Poisson kernel: o € (0,1).

kernel name kg /?o(w) supp(/%)
X2 oW
Gaussian e 27 oe” i R
Laplacian el 22 R
n Sin2n+2 w
Bany1-spline *2"+2X[_%,% f/;;wzifzz R
Sinc M \/?X[—a,a‘] (UJ) [_07 U]
Poisson #g;(x)_ﬂ V2r Y2 olile(w —J) Z
in( 2rrx
Dirichlet (()) V2r Y 0w — ) {0,41,+2, ..., +n}
y 2 () n . .
Fejér e s.nz(g) vem i ( - n'i‘1)5( —J) {0,41,£2,...,+n}
Cosine cos(ox) V56w —0)+6(w+0)] {-0,0}
For x € RY: ko(x) = [T2; ko(x;), ko(w) = TTE; ko(wy)-
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If k is universal, then
@ k(x,x) >0 forall x € X.



If k is universal, then
@ k(x,x) >0 forall x € X.

o Every restriction of k to an X’ C X compact set is universal.



If k is universal, then
@ k(x,x) >0 forall x € X.

o Every restriction of k to an X’ C X compact set is universal.

e ®(x) = k(-,x) is injective, i.e.

Pr(X,y) = [|®(x) = D(y)ll3,

is a metric.



Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
k(x,x) >0 for all x € X.
Every restriction of k to an X/ C X compact set is universal.

d(x) = k(-, x) is injective, i.e.

Pr(%,y) = [|P(x) = @(y) I3,

is a metric.

The normalized kernel (like corr)

T L k(va)
Koo) = ok y)

is universal.

Kernel Cumulants



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0



@ Foran C*>f:(—r,r)—>R

f(t)= i ant" te(—r,r), re(0,00].
n=0

o If a, > 0 Vn, then
k(x,y) = f({x,y))

is universal on X := {x eRY: x|, < \/F}



a

o k(x,y) = e*®¥): previous result with f(t) = et = a, = %.



a

o k(x,y) = e*®¥): previous result with f(t) = et = a, = %.

2
o k(x,y) = e ®I*=¥l2: exp. kernel & normalization.



e k(x,y) = (1— (x,y))~“ binomial kernel
e on X compact C {x € R? : ||x|, < 1}.

o f(0)=(1- 0 = ()1 (<)

0
where (5) =7, b=+l

n 1



Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1

u(7) = (4(7))

moment sequence () := (Iu(i)(fy))iEN .
moments pO(M) =E(X) eR pi(y):=E[X} - X}| eR
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Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1
moment sequence = ( ):eN n(y) = (Ni(W)) ieNd
moments u(’)(’y) =E(X)eR /i(7):=E [X'l X } eR
mth moment (™) () = (v))deg(,):m

where deg(i) =i +---+ig, 1°(7) =1
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Moments and cumulants on RY 3 X ~ v, i € N9

d=1 d>1
moment sequence ( >:eN p(y) = Mi(V))ieNd
moments u()( ) =E(X')eR /(y) :=E[X{1---X;d} eR
m-th moment N(m)('Y) pm(v) = (Mi(7)>deg(i)

and cumulants k(v) = (Hi(“;))ieNd

ZHi 9' (Zu ), 6 € RY,
ieNd ieNd

N . _ i i ig
where deg(i) == i1 + -+ +ig, p°(7) =1, il = ! iy, ' = 0F --- 0.
[ Contents M moments and cumulants on & Ml motivation of cumulants J
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3
dD(ym) = 1w (e + 15 305 = 20 (1), ()



Estimator for d®)(v,n) = ||/£§(3)(7) — /£ (77)HH®3, =

dD(y,m) = 157 (N 05 + 18 )0 = 2087 (), 57 ()

1
<H5{3)(,\/)7 h6(3»)(77)%,_[%@3 ~ I\12<ny oK, oK, —3K,, o K,, o HK,,

- 3K,y oK,y o K,yH +6K,, o K, H o HK,,
K,y
+ 3K,y o K,y < e

Kay
+ 2K,y 0 K, H o K, H — 6K,y 0 K, H < o >

K, K \?
oy o, () e (16K, )

Note: Matrix multiplication takes precedence over the Hadamard one.

> + 2K, o HK,, o HK,,

Kernel Cumulants



Estimator for d®(,7) - continued

1
K9 )||H®3~<KXoKXoKX_6KXoKXHOKX

K,
+ 4K, H o K, o KiH + 3K, o K, <N2>

K
+ 6K H o HK 0o K, — 12K o HK, < >

N2
K 2
+4<N2> KX>.

\]/15(3)(77)]\5{?3: similarly (change Ky to K,).

, d2('y, 7)) estimation
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