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Moments and cumulants [McCullagh, 2018] on R ∋ X ∼ γ

Moments µ(γ) :=
(
µ(i)(γ)

)
i∈N

:

µ(i)(γ) := E
(
X i
)
∈ R, µ(0)(γ) := 1.

Cumulants κ(γ) =
(
κ(i)(γ)

)
i∈N

: from the moment-generating function

∑
i∈N

κ(i)(γ)θi

i! = log

∑
i∈N

µ(i)(γ)θi

i!

 .

κ(1)(γ) =E(X ) mean
κ(2)(γ) =E(X − EX )2 variance
κ(3)(γ) =E(X − EX )3 3rd central moment
κ(4)(γ) =E(X − EX )4 − 3

[
E(X − EX )2]2

κ(5)(γ) =E(X − EX )5 − 10E(X − EX )3E(X − EX )2
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Unzipping cumulants on R: (known) combinatorial
description [Speed, 1983, Speed, 1984]

κ(1)(γ) = E(X ), {{1}}

κ(2)(γ) = E
(
X 2
)
− , {{1, 2}}, {{1}, {2}}

κ(3)(γ) = E
(
X 3
)
−+2E3(X ), {{1, 2, 3}}, {{1, 2}, {3}},

{{1, 3}, {2}}, {{2, 3}, {1}},
{{1}, {2}, {3}},

. . .

where X , X ′ ∼ γ, independent.

Question
What are the weights in front of the moments?
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Unzipping cumulants on R: the weights

m elements of π ∈ P(m) |π| cπ

1 {1} 1 1

2 {1,2} 1 1
{1},{2} 2 -1

3 {1,2,3} 1 1
{1,2}, {3} 2 -1
{1,3}, {2} 2 -1
{2,3}, {1} 2 -1
{1}, {2}, {3} 3 2

with P(m) := all partitions of [m], cπ = (−1)|π|−1(|π| − 1)!
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Motivation, i.e. one reason why one likes cumulants

Moment and cumulants on Rd

Change E
(
X i) ∈ R to E

[
X i1

1 · · ·X
id
d

]
∈ R (i ∈ Nd). log, P(m) : ✓

Known theorem [Billingsley, 2012]

Let γ be a probability measure on a bounded subset of Rd with
cumulants κ(γ) and let (X1, . . . , Xd) ∼ γ. Then

1 γ 7→ κ(γ) is injective.
2 X1, . . . , Xd are independent ⇔ κi(γ) = 0 for all i ∈ Nd

+.

Motivation
1 Various data types, nonlinear features: kernels.
2 Linear: not even characteristic (see MMD and HSIC).
3 Computable estimators.
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Idea

Lifting
(X1, . . . , Xd) ∈ ×d

j=1Xj →
(
Φ1(X1), . . . , Φd(Xd)

)
∈ ×d

j=1Hkj .

Ingredients:
1 Moments: swap out E

[
X i1

1 · · ·X
id
d

]
∈ R to

E
[
[Φ1(X1)]⊗i1 ⊗ · · · ⊗ [Φd(Xd)]⊗id

]
∈ H⊗i1

k1
⊗ · · · ⊗ H⊗id

kd
.

2 From moments to cumulants:
log on tensor algebras, or
combinatorial description of cumulants (← a bit simpler, but ⇔).

3 Computation: by the ’expected kernel trick’ (V-statistics).
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Kernel (generalization of a⊤b), RKHS
[Aronszajn, 1950, Steinwart and Christmann, 2008]

Def-1 (feature space):

k(a, b) = ⟨Φ(a), Φ(b)⟩H , a, b ∈ X .

Def-2 (reproducing kernel):

k(·, b) ∈ H, f (b)= ⟨f , k(·, b)⟩H.

Def-3 (Gram matrix): G = [k(xi , xj)]ni ,j=1 ∈ Rn×n ⪰ 0.

Notes

k 1:1↔ Hk = Span(k(·, x):x ∈ X ): Fourier analysis, approximation
with polynomials, splines, . . .
Examples: kp(x, y) = (⟨x, y⟩+ c)p, kG(x, y) = e−c∥x−y∥2

2 .
Kernels exist on various domains!
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Some kernel-enriched domains : (X , k)

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],
time series [Rüping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Király and Oberhauser, 2019],
trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],
groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
sets [Haussler, 1999, Gärtner et al., 2002], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],
various generative models [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],
fuzzy domains [Guevara et al., 2017], or
graphs [Kondor and Lafferty, 2002, Gärtner et al., 2003,
Kashima et al., 2003, Borgwardt and Kriegel, 2005,
Shervashidze et al., 2009, Vishwanathan et al., 2010,
Kondor and Pan, 2016, Bai et al., 2020, Borgwardt et al., 2020].



Why kernels+

1 Flexible function class: characteristic property, universality.
2 Still computationally tractable: G = [k(xi , xj)]ni ,j=1.
3 Hilbert structure of RKHSs: statistical analysis.
4 vRKHSs: encodes dependency among output coordinates.
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Towards mean embeddings: distribution representation
γ 7→ µγ =

∫
X φ(x)dγ(x) .

Cdf:

γ 7→ Fγ(z) = Ex∼γχ(−∞,z)(x).

Characteristic function:

γ 7→ cγ(z) =
∫
Rd

ei⟨z,x⟩dγ(x).

Moment generating function:

γ 7→ Mγ(z) =
∫
Rd

e⟨z,x⟩dγ (x) .

Trick
φ: on any kernel-endowed domain!
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Mean embedding

, MMD, HSIC

Mean embedding ( integral ; [Berlinet and Thomas-Agnan, 2004, Smola et al., 2007]):

µk(γ) :=
∫

X
k(·, x)︸ ︷︷ ︸

Φ(x)∈Hk

dγ(x) ∈ Hk .

Maximum mean discrepancy [Smola et al., 2007, Gretton et al., 2012]:

MMDk(γ, η) := ∥µk(γ)− µk(η)∥Hk .

Hilbert-Schmidt independence criterion [Gretton et al., 2005] (d=2),
[Quadrianto et al., 2009, Sejdinovic et al., 2013a] (d ≥ 3), k := ⊗d

j=1kj :

HSICk (γ) := MMDk
(
γ,⊗d

j=1γ|Xj

)

,

=
∥∥∥µ⊗d

j=1kj
(γ)−⊗d

j=1µkj

(
γ|Xj

)
︸ ︷︷ ︸

cross-covariance operator

∥∥∥
Hk

.

Notes before clarification of what ⊗d
j=1kj and ⊗d

j=1µkj

(
γ|Xj

)
are.
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MMD, HSIC: information theoretical & statistical relations

M MD :

MMDk(γ, η) = ∥µk(γ)− µk(η)∥Hk = supf ∈Bk ⟨f , µk(γ)− µk(η)⟩Hk︸ ︷︷ ︸
Ex∼γf (x)− Ex∼ηf (x)

∈ IPMs [Zolotarev, 1983, Müller, 1997],
†⇔ energy distance [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,

Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

HSIC (d = 2) †⇔ distance covariance
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].

† [Sejdinovic et al., 2013b].
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MMD, HSIC: information theoretical & statistical relations

M MD :

MMDk(γ, η) = ∥µk(γ)− µk(η)∥Hk = supf ∈Bk ⟨f , µk(γ)− µk(η)⟩Hk︸ ︷︷ ︸
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Székely and Rizzo, 2005], a.k.a. N-distance
[Zinger et al., 1992, Klebanov, 2005].

HSIC (d = 2) †⇔ distance covariance
[Székely et al., 2007, Székely and Rizzo, 2009, Lyons, 2013].

† [Sejdinovic et al., 2013b].
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Interaction measures: d = 3, (X1, X2, X3) ∈ X1 ×X2 ×X3

(X1, X2, X3) ∼ γ, Lancaster interaction measure [Lancaster, 1969]

L(γ) := γ − γ|X1X2 ⊗ γ|X3 − γ|X2X3 ⊗ γ|X1 − γ|X1X3 ⊗ γ|X2

+ 2γ|X1 ⊗ γ|X2 ⊗ γ|X3 .

In case of some factorization (̸⇐):

(X1, X2) ⊥⊥ X3 ∨ (X1, X3) ⊥⊥ X2 ∨ (X2, X3) ⊥⊥ X1 ⇒ L(γ) = 0.

Idea [Sejdinovic et al., 2013a], acceleration [Kalinke and Szabó, 2023]∥∥∥µkX1 ⊗kX2 ⊗kX3
(L(γ))

∥∥∥2

HkX1
⊗HkX2

⊗HkX3

?
> 0⇒ no factorization.
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Interaction measures: d ≥ 2, X = (Xj)d
j=1 ∈ ×d

j=1Xj

Partition measure: π ∈ P(d), b = |π|,

γπ := γ|Xπ1
⊗ · · · ⊗ γ|Xπb

.

Weights: cπ = (−1)|π|−1(|π| − 1)!.
Streitberg interaction [Streitberg, 1990], X ∼ γ:

S(γ) =
∑

π∈P(d)
cπγπ

spec.: d=2−−−−−−→ S(γ) = γ − γ|X1 ⊗ γ|X2 .

One could kernelize it (analogously to Lancaster interaction):∥∥∥µ⊗d
j=1kj

(S(γ))
∥∥∥2

⊗d
j=1Hkj

.

We now return to the meaning of

⊗d
j=1kj and ⊗d

j=1µkj

(
γ|Xj

)
.
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Tensor product: ⊗d
j=1aj

If a ∈ Rn1 , b ∈ Rn2 :

R ∋ v⊤
(
ab⊤

)
w =

(
v⊤a

) (
b⊤w

)
= ⟨a, v⟩Rn1 ⟨b, w⟩Rn2 ,

a⊗ b := ab⊤ is an Rn1 × Rn2 → R bilinear form.

For a ∈ H1, b ∈ H2 Hilbert spaces, i.e. for d = 2:

(a ⊗ b)(v , w) := ⟨a, v⟩H1⟨b, w⟩H2 .

For d ≥ 2 and aj ∈ Hj ,

(
⊗d

j=1aj
)

(b1, . . . , bd) :=
d∏

j=1
⟨aj , bj⟩Hj .
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Tensor product: ⊗d
j=1Hj

⊗d
j=1Hj := Span(⊗d

j=1aj : aj ∈ Hj).

spec.−−−→ The tensor product of RKHSs is an RKHS
[Berlinet and Thomas-Agnan, 2004]

Hk = ⊗d
j=1Hkj ,

k(x , x ′) := (⊗d
j=1kj)(x , x ′) :=

d∏
j=1

kj(xj , x ′
j )︸ ︷︷ ︸

coordinate-wise similarity

.
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Validness of MMD & HSIC, their estimation

Validness:
MMDk(γ, η) = 0⇔ γ = η: k is characteristic
[Fukumizu et al., 2008, Sriperumbudur et al., 2010].

HSICk(γ) = 0⇔ γ = ⊗d
j=1γ|Xj

[Szabó and Sriperumbudur, 2018]⇐=====================
kj -s are universal [Steinwart, 2001, Micchelli et al., 2006].

Properties:
1 Injectivity of µk on probability / finite signed measures, so

universal ⇒ characteristic.

2 Easy-to-estimate: expected kernel trick

⟨µk(γ), µk(η)⟩Hk =
∫

X

∫
X

k(x , y)dγ(x)dη(y).
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Mean embedding, MMD, HSIC: a few applications
two-sample testing [Baringhaus and Franz, 2004, Székely and Rizzo, 2004,
Székely and Rizzo, 2005, Borgwardt et al., 2006, Harchaoui et al., 2007,
Gretton et al., 2012, Jitkrittum et al., 2016, Schrab et al., 2022, Hagrass et al., 2022], and
its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2018, Jitkrittum et al., 2017a, Albert et al., 2022] and
goodness-of-fit testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2021], causal
discovery [Mooij et al., 2016, Pfister et al., 2018, Chakraborty and Zhang, 2019,
Schölkopf et al., 2021],
feature selection [Camps-Valls et al., 2010, Song et al., 2012, Wang et al., 2022] app.−−→
biomarker detection [Climente-González et al., 2019], wind power prediction
[Bouche et al., 2023], clustering [Song et al., 2007, Climente-González et al., 2019],
domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2021],
change-point detection [Harchaoui and Cappé, 2007, Kalinke et al., 2023], post selection
inference [Yamada et al., 2018],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schölkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],
topological data analysis [Kusano et al., 2016],
distribution classification
[Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], distribution regression
[Szabó et al., 2016, Law et al., 2018, Fang et al., 2020, Mücke, 2021],
generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2019, Klus et al., 2020], . . .
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Kernelized moments – towards kernelized cumulants

From now:
X = (Xj)d

j=1 ∈ ×d
j=1Xj , X ∼ γ,

kernels kj : Xj ×Xj → R, j ∈ [d ],
lifting Φ(X ) = (Φj(Xj))d

j=1 with Φj(xj) := kj(·, xj),
RKHS H⊗i := H⊗i1

k1
⊗ · · · ⊗ H⊗id

kd
with kernel k⊗i := k⊗i1

1 ⊗ · · · ⊗ k⊗id
d ,

and feature

Φ⊗i(X ) := [Φ1(X1)]⊗i1 ⊗ · · · ⊗ [Φd(Xd)]⊗id .

Moment sequence:

µ(γ) =
(
µi(γ)

)
i∈Nd

, µi(γ) := E
[
Φ⊗i(X )

]
∈ H⊗i.
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Kernelized cumulants: examples first, analogous to R
d = 1, m ∈ [3]: X ∼ γ,

κ
(1)
k (γ) = E

[
Φ(X )

]

,

κ
(2)
k (γ) = E

[
Φ(X )⊗ Φ(X )

]
− E

[
Φ(X )

]
⊗ E

[
Φ(X )

]
,

κ
(3)
k (γ) = E

[
Φ⊗3(X )

]
− E

[
Φ(X )⊗ Φ(X )⊗ Φ(X ′)

]
− E

[
Φ(X )⊗ Φ(X ′)⊗ Φ(X )

]
− E

[
Φ(X ′)⊗ Φ(X )⊗ Φ(X )

]
+ 2E⊗3[Φ(X )

]
.

d = 2, m = 2: (X1, X2) ∼ γ,

κ
(2,0)
k1,k2

(γ) = E
[
Φ⊗2

1 (X1)
]
− E⊗2 [Φ1(X1)] ,

κ
(1,1)
k1,k2

(γ) = E [Φ1(X1)⊗ Φ2(X2)]− E [Φ1(X1)]⊗ E [Φ2(X2)] ,

κ
(0,2)
k1,k2

(γ) = E
[
Φ⊗2

2 (X2)
]
− E⊗2 [Φ2(X2)] .

Wanted: repetition and partitioning. Weights: as before (cπ).
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κ
(2,0)
k1,k2

(γ) = E
[
Φ⊗2

1 (X1)
]
− E⊗2 [Φ1(X1)] ,

κ
(1,1)
k1,k2

(γ) = E [Φ1(X1)⊗ Φ2(X2)]− E [Φ1(X1)]⊗ E [Φ2(X2)]

,

κ
(0,2)
k1,k2

(γ) = E
[
Φ⊗2

2 (X2)
]
− E⊗2 [Φ2(X2)] .

Wanted: repetition and partitioning. Weights: as before (cπ).
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Kernelized cumulants: examples first, analogous to R
d = 1, m ∈ [3]: X , X ′ ∼ γ, independent,

κ
(1)
k (γ) = E

[
Φ(X )

]
,

κ
(2)
k (γ) = E

[
Φ(X )⊗ Φ(X )

]
− E

[
Φ(X )

]
⊗ E

[
Φ(X )

]
,

κ
(3)
k (γ) = E

[
Φ⊗3(X )

]
− E
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− E

[
Φ(X )⊗ Φ(X ′)⊗ Φ(X )

]
− E

[
Φ(X ′)⊗ Φ(X )⊗ Φ(X )

]
+ 2E⊗3[Φ(X )

]
.

d = 2, m = 2: (X1, X2) ∼ γ,
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(2,0)
k1,k2
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]
− E⊗2 [Φ1(X1)] ,

κ
(1,1)
k1,k2

(γ) = E [Φ1(X1)⊗ Φ2(X2)]− E [Φ1(X1)]⊗ E [Φ2(X2)] ,

κ
(0,2)
k1,k2

(γ) = E
[
Φ⊗2

2 (X2)
]
− E⊗2 [Φ2(X2)] .
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Kernelized cumulants: X ∼ γ prob. measure on ×d
j=1Xj

Repetition (diagonal measure): i ∈ Nd ,

γi := Law(X1, . . . , X1︸ ︷︷ ︸
i1 times

, X2, . . . , X2︸ ︷︷ ︸
i2 times

, . . . , Xd , . . . , Xd︸ ︷︷ ︸
id times

).

Partitioning (partition measure): π ∈ P(d), b = |π|,

γπ := γ|Xπ1
⊗ · · · ⊗ γ|Xπb

.

Kernelized cumulants: m = deg(i) :=
∑d

j=1 ij
OK==⇒ γi

π =
(
γi)

π
,

κk1,...,kd (γ) :=
(
κi

k1,...,kd (γ)
)

i∈Nd
,

κi
k1,...,kd (γ) :=

∑
π∈P(m)

cπEγ i
π
k⊗i(·, (X1, . . . , Xm)).

⇒ expected kernel trick is applicable
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Cumulants characterize distributions
Point-separating k := injectivity of Φ ⇐ characteristic k ⇐ universal k.

Theorem
Assume:

γ, η: probability measures on ×d
j=1Xj ,

(Xj)d
j=1 are Polish spaces,

kj : bounded, continuous, point-separating kernel (j ∈ [d ]).

Then, γ = η ⇔ κk1,...,kd (γ) = κk1,...,kd (η)

, and

d i(γ, η) := ∥κi
k1,...,kd (γ)− κi

k1,...,kd (η)∥2H⊗i

=
∑

π,τ∈P(m)
cπcτ

[
Eγ i

π⊗γ i
τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

+ Eηi
π⊗ηi

τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

− 2Eγ i
π⊗ηi

τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

]
.
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Cumulants characterize independence

Theorem
Assume:

γ: probability measure on ×d
j=1Xj ,

(Xj)d
j=1 are Polish spaces,

kj : bounded, continuous, point-separating kernel (j ∈ [d ]).
Then, γ = γ|X1 ⊗ · · · ⊗ γ|Xd ⇔ κi

k1,...,kd
(γ) = 0 for every i ∈ Nd

+

,
and

∥κi
k1,...,kd (γ)∥2H⊗i =

∑
π,τ∈P(m)

cπcτEγ i
π⊗γ i

τ
k⊗i((Xj)m

j=1, (Yj)m
j=1),

where m = deg(i).

Estimation in both cases
Ek⊗i((X1, . . . , Xm), (Y1, . . . , Ym))⇒ V-statistics ✓
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Distance between kernel variance embeddings

By our theorem: if γ = η, then d (2)(γ, η) = 0.
V-statistic estimator of d (2)(γ, η):

1
N2 Tr

[
(KxJN)2

]
+ 1

M2 Tr
[
(Ky JM)2

]
− 2

NM Tr
[
Kxy JMK⊤

xy JN
]
,

with (xn)N
n=1

i.i.d.∼ γ, (ym)M
m=1

i.i.d.∼ η, Kx = [k(xi , xj)]Ni ,j=1,
Ky = [k(yi , yj)]Mi ,j=1, Kx ,y = [k(xi , yj)]N,M

i ,j=1, Jn = In−Hn = In− 1
n1n1⊤

n .

Time complexity
Quadratic as MMD.

d (3)(γ, η): similarly ; quadratic time.
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Distance between kernel variance/skewness embeddings

By our theorem: if γ = η, then d (2)(γ, η) = 0.
V-statistic estimator of d (2)(γ, η):

1
N2 Tr

[
(KxJN)2

]
+ 1

M2 Tr
[
(Ky JM)2

]
− 2

NM Tr
[
Kxy JMK⊤

xy JN
]
,

with (xn)N
n=1

i.i.d.∼ γ, (ym)M
m=1

i.i.d.∼ η, Kx = [k(xi , xj)]Ni ,j=1,
Ky = [k(yi , yj)]Mi ,j=1, Kx ,y = [k(xi , yj)]N,M

i ,j=1, Jn = In−Hn = In− 1
n1n1⊤

n .

Time complexity
Quadratic as MMD.

d (3)(γ, η): similarly ; quadratic time.
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Cross-skewness independence criterion (CSIC)

By our theorem: if γ = γ|X1 ⊗ γ|X2 , then κ
(2,1)
k,ℓ (γ) = 0 and κ

(1,2)
k,ℓ (γ) = 0.

V-statistic estimator of ∥κ(1,2)
k,ℓ (γ)∥2H⊗1

k ⊗H⊗2
ℓ

:

1
N2

〈
K ◦K ◦ L− 4K ◦KH ◦ L− 2K ◦K ◦ LH + 4KH ◦K ◦ LH

+2K ◦ L
〈 K

N2

〉
+ 2KH ◦HK ◦ L + 4K ◦HK ◦ LH + K ◦K

〈 L
N2

〉

−8K ◦ LH
〈 K

N2

〉
− 4K ◦HK

〈 L
N2

〉
+ 4

〈 K
N2

〉2
L
〉

,

with kernels k : X 2
1 → R, ℓ : X 2

2 → R, K := Kx , L := Ly , ⟨A⟩ :=
∑

i ,j Ai ,j .
Time complexity: quadratic.
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Numerical illustrations (α = 0.05): improved power

1 Seoul bicycle rental data [E et al., 2020]:
features: temperature, humidity, wind speed, visibility, rainfall, snowfall, . . .

two-sample test (MMD, d (2)): winter vs fall, d = 11,
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Numerical illustrations (α = 0.05): improved power

2 Brazilian traffic data [Ferreira, 2016]:
independence test (HSIC, CSIC); (blockage, fire, flood, . . . ) vs slowness of
traffic; d1 = 16, d2 = 1; l.h.s.

,
two-sample test (MMD, d (3)): slow vs fast moving traffic, d = 16; r.h.s.
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Numerical illustrations (α = 0.05): improved power

2 Brazilian traffic data [Ferreira, 2016]:
independence test (HSIC, CSIC); (blockage, fire, flood, . . . ) vs slowness of
traffic; d1 = 16, d2 = 1; l.h.s.,
two-sample test (MMD, d (3)): slow vs fast moving traffic, d = 16; r.h.s.
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Summary

We developed a kernelized extension of cumulants,
leveraging a combinatorial route (and tensor algebras).

Unified umbrella (ITE toolkit: https://bitbucket.org/szzoli/ite/):
MMD m=d=1←−−−− k-cumulants i=12−−→ HSIC (d = 2).
k-Lancaster interaction d=3←−− k-Streitberg interaction i=1d←−−− k-cumulants.

Relaxed kernel assumptions: point-separating.
Higher-order cumulants: potential to improve power.
TR on arXiv (submitted), code.

https://arxiv.org/abs/2301.12466
https://github.com/PatricBonnier/Kernelized-Cumulants
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Appendix

Bell numbers .
Characteristic kernels .

Universal kernels:
equivalent definitions, Hahn-Banach theorem .
properties, examples .

Moments and cumulants on Rd .
Estimator for d(3)(γ, η) .
Bochner integral .
Mean embedding: expected kernel trick .



Bell numbers

B(m) := number of elements in P(m).
B0 = B1 = 1, B2 = 2, B3 = 5, B4 = 15, B5 = 52, B6 = 203,
B7 = 877, B8 = 4140, . . .

Recursion:

Bm+1 = |P(m + 1)| =
m∑

k=0

(
m
k

)
Bk .
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Bell numbers – continued

Easy computation by the Bell triangle (like Pascal triangle for
(n

k
)
)

1
1 2
2 3 5
5 7 10 15
15 20 27 37 52
52 . . .

Asymptotics [de Bruijn, 1981, Lovász, 1993]:

ln Bm
m = ln m − ln ln m − 1 + ln ln m

ln m + 1
ln m + 1

2

( ln ln m
ln m

)2
+O

( ln ln m
ln2 m

)
as m→∞.

Contents
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Description of characteristic kernels on Rd

For continuous bounded shift-invariant kernels on Rd :

k(x, x′) = k0(x− x′) (∗)=
∫
Rd

e−i⟨x−x′,ω⟩dΛ(ω)

⇒

∥µk(γ)− µk(η)∥Hk
= ∥cγ − cη∥L2(Λ) .

(∗): Bochner’s theorem.

, cγ : characteristic function of γ.

Theorem ([Sriperumbudur et al., 2010])
k is characteristic iff. supp(Λ) = Rd .
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Examples on R; similarly Rd [Sriperumbudur et al., 2010]
For Poisson kernel: σ ∈ (0, 1).

kernel name k0 k̂0(ω) supp
(
k̂0
)

Gaussian e− x2
2σ2 σe− σ2ω2

2 R
Laplacian e−σ|x |

√
2
π

σ
σ2+ω2 R

B2n+1-spline ∗2n+2χ[− 1
2 , 1

2 ](x) 4n+1
√

2π

sin2n+2( ω
2 )

ω2n+2 R
Sinc sin(σx)

x
√

π
2 χ[−σ,σ](ω) [−σ, σ]

Poisson 1−σ2

σ2−2σ cos(x)+1
√

2π
∑∞

j=−∞ σ|j|δ(ω − j) Z

Dirichlet
sin
(

(2n+1)x
2

)
sin( x

2 )
√

2π
∑∞
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n+1
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)
δ(ω − j) {0,±1,±2, . . . ,±n}
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For x ∈ Rd : k0(x) =
∏d

j=1 k0(xj), k̂0(ω) =
∏d

j=1 k̂0(ωj).
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Examples on R; similarly Rd [Sriperumbudur et al., 2010]
For Poisson kernel: σ ∈ (0, 1).

kernel name k0 k̂0(ω) supp
(
k̂0
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√
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Universal kernel

Let C(X ) = {f : X → R continuous}.

Definition
Assume:

X : compact metric space.
k: continuous kernel on X .

k is called (c)-universal [Steinwart, 2001] if Hk is dense in
(C(X ), ∥ · ∥∞).

X assumption ⇒
C(X ) = Cb(X ) = {f : X → R continuous bounded}



Universal kernel

Let C(X ) = {f : X → R continuous}.

Definition
Assume:

X : compact metric space.
k: continuous kernel on X .

k is called (c)-universal [Steinwart, 2001] if Hk is dense in
(C(X ), ∥ · ∥∞).

X assumption ⇒
C(X ) = Cb(X ) = {f : X → R continuous bounded}



Denseness in C(X ) ⇔ injectivity of µk on Mb(X )

k universal means that Hk is dense in C(X ).

Hahn-Banach theorem [Rudin, 1991]: Let H be a subspace of
a normed space C . H is dense in C iff.

{0} = H⊥ := {F ∈ C ′ : ∀f ∈ H, F (f ) = 0}.

Denseness ⇔

{0} = H⊥
k =

{
F ∈ C(X )′︸ ︷︷ ︸

=Mb(X )

: ∀f ∈ Hk , 0 = TF(f ) =
∫

X
f dF︸ ︷︷ ︸

⟨f ,µk(F)⟩Hk

}

= {F ∈Mb(X ) : µk(F) = 0} .

Contents
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Properties of universal kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

If k is universal, then
k(x , x) > 0 for all x ∈ X .

Every restriction of k to an X ′ ⊆ X compact set is universal.
Φ(x) = k(·, x) is injective, i.e.

ρk(x , y) = ∥Φ(x)− Φ(y)∥Hk

is a metric.
The normalized kernel (like corr)

k̃(x , y) := k(x , y)√
k(x , x)k(y , y)

is universal.
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Universal Taylor kernels
[Steinwart, 2001, Steinwart and Christmann, 2008]

For an C∞ ∋ f : (−r , r)→ R

f (t) =
∞∑

n=0
antn t ∈ (−r , r), r ∈ (0,∞].

If an > 0 ∀n, then

k(x, y) = f (⟨x, y⟩)

is universal on X :=
{

x ∈ Rd : ∥x∥2 ≤
√

r
}

.
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Universal kernels on compact subsets of Rd , α > 0

k(x, y) = eα⟨x,y⟩: previous result with f (t) = eαt ⇒ an = αn

n! .

k(x, y) = e−α∥x−y∥2
2 : exp. kernel & normalization.

k(x, y) = (1− ⟨x, y⟩)−α binomial kernel
on X compact ⊂ {x ∈ Rd : ∥x∥2 < 1}.

f (t) = (1− t)−α =
∑∞

n=0

(
−α

n

)
(−1)n︸ ︷︷ ︸

>0

tn (|t| < 1),

where
(b

n
)

=
∑n

i=1
b−i+1

i .
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Moments and cumulants on Rd ∋ X ∼ γ, i ∈ Nd

d = 1 d ≥ 1

moment sequence µ(γ) :=
(
µ(i)(γ)

)
i∈N

µ(γ) :=
(
µi(γ)

)
i∈Nd

moments µ(i)(γ) := E
(
X i) ∈ R µi(γ) := E

[
X i1

1 · · ·X
id
d

]
∈ R

m-th moment µ(m)(γ) µm(γ) :=
(
µi(γ)

)
deg(i)=m

and cumulants κ(γ) = (κi(γ))i∈Nd

∑
i∈Nd

κi(γ)θi

i! = log

∑
i∈Nd

µi(γ)θi

i!

 , θ ∈ Rd ,

where deg(i) := i1 + · · ·+ id , µ0(γ) = 1, i! = i1! · · · id !, θi = θi1
1 · · · θ

id
d .

Contents , moments and cumulants on R , motivation of cumulants



Moments and cumulants on Rd ∋ X ∼ γ, i ∈ Nd

d = 1 d ≥ 1

moment sequence µ(γ) :=
(
µ(i)(γ)

)
i∈N

µ(γ) :=
(
µi(γ)

)
i∈Nd

moments µ(i)(γ) := E
(
X i) ∈ R µi(γ) := E

[
X i1

1 · · ·X
id
d

]
∈ R

m-th moment µ(m)(γ) µm(γ) :=
(
µi(γ)

)
deg(i)=m

and cumulants κ(γ) = (κi(γ))i∈Nd

∑
i∈Nd

κi(γ)θi

i! = log

∑
i∈Nd

µi(γ)θi

i!

 , θ ∈ Rd ,

where deg(i) := i1 + · · ·+ id , µ0(γ) = 1

, i! = i1! · · · id !, θi = θi1
1 · · · θ

id
d .

Contents , moments and cumulants on R , motivation of cumulants



Moments and cumulants on Rd ∋ X ∼ γ, i ∈ Nd

d = 1 d ≥ 1

moment sequence µ(γ) :=
(
µ(i)(γ)

)
i∈N

µ(γ) :=
(
µi(γ)

)
i∈Nd

moments µ(i)(γ) := E
(
X i) ∈ R µi(γ) := E

[
X i1

1 · · ·X
id
d

]
∈ R

m-th moment µ(m)(γ) µm(γ) :=
(
µi(γ)

)
deg(i)=m

and cumulants κ(γ) = (κi(γ))i∈Nd

∑
i∈Nd

κi(γ)θi

i! = log

∑
i∈Nd

µi(γ)θi

i!

 , θ ∈ Rd ,

where deg(i) := i1 + · · ·+ id , µ0(γ) = 1, i! = i1! · · · id !, θi = θi1
1 · · · θ

id
d .

Contents , moments and cumulants on R , motivation of cumulants



Estimator for d (3)(γ, η) = ∥κ(3)
k (γ)− κ

(3)
k (η)∥2

H⊗3
k

, N = M

d (3)(γ, η) = ∥κ(3)
k (γ)∥2H⊗3

k
+ ∥κ(3)

k (η)∥2H⊗3
k
− 2⟨κ(3)

k (γ), κ
(3)
k (η)⟩H⊗3

k

⟨κ(3)
k (γ), κ

(3)
k (η)⟩H⊗3

k
≈ 1

N2

〈
Kxy ◦Kxy ◦Kxy − 3Kxy ◦Kxy ◦HKxy

− 3Kxy ◦Kxy ◦Kxy H + 6Kxy ◦Kxy H ◦HKxy

+ 3Kxy ◦Kxy

〈Kxy
N2

〉
+ 2Kxy ◦HKxy ◦HKxy

+ 2Kxy ◦Kxy H ◦Kxy H− 6Kxy ◦Kxy H
〈Kxy

N2

〉

− 6Kxy ◦HKxy

〈Kxy
N2

〉
+ 4

〈 K
N2

〉2
Kxy

〉
.

Note: Matrix multiplication takes precedence over the Hadamard one.
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Estimator for d (3)(γ, η) – continued

∥κ(3)
k (γ)∥2H⊗3

k
≈ 1

N2

〈
Kx ◦Kx ◦Kx − 6Kx ◦KxH ◦Kx

+ 4KxH ◦Kx ◦KxH + 3Kx ◦Kx

〈Kx
N2

〉
+ 6KxH ◦HKx ◦Kx − 12Kx ◦HKx

〈Kx
N2

〉

+ 4
〈Kx

N2

〉2
Kx

〉
.

∥κ(3)
k (η)∥2H⊗3

k
: similarly (change Kx to Ky ).

Contents , d2(γ, η) estimation



Bochner integral [Diestel and Uhl, 1977, Dinculeanu, 2000,
Steinwart and Christmann, 2008]

Given:
(X ,A, µ): σ-finite measure space,
f : (X ,A)→ H-valued function (note: Banach-valued f ✓).

For f =
∑n

i=1 ciχAi (Ai ∈ A, ci ∈ H) step functions∫
X

f dµ :=
n∑

i=1
ciµ(Ai) ∈ H.

f measurable function is Bochner µ-integrable if
∃ (fn)n∈N step functions: limn→∞

∫
X ∥f − fn∥H dµ = 0.

In this case limn→∞
∫

X fndµ exists, =:
∫

X f dµ.
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Bochner integral: properties

f : X → H is Bochner integrable ⇔
∫

X ∥f ∥H dµ <∞.

In this case ∥
∫

X f dµ∥H ≤
∫

X ∥f ∥H dµ. (’Jensen inequality’)
In our context :

µk(γ) exists iff.
∫

X ∥k(·, x)∥Hk︸ ︷︷ ︸√
k(x ,x)

dγ(x) <∞.

Specifically: for bounded kernel (supx ,x ′∈X k(x , x ′) <∞) ✓ .
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Bochner integral: properties – continued

If
S : B → B2: bounded linear operator,
f : X → B: Bochner integrable, then

S ◦ f : X → B2 is Bochner integrable and

S
(∫

X
f dµ

)
=
∫

X
Sf dµ.

In short
|
∫

f dµ| ≤
∫
|f |dµ and c

∫
f dµ =

∫
cf dµ generalize nicely.

Contents , mean embedding and friends
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Mean embedding: expected kernel trick

⟨µk(γ), µk(η)⟩Hk
(a)= ⟨µk(γ),

∫
X

k(·, y)dη(y)⟩Hk

(b)=
∫

X
⟨µk(γ), k(·, y)⟩Hk dη(y)

(c)=
∫

X
⟨
∫

X
k(·, x)dγ(x), k(·, y)⟩Hk dη(y)

(d)=
∫

X

∫
X
⟨k(·, x)k(·, y)⟩Hk dγ(x)dη(y)

(e)=
∫

X

∫
X

k(x , y)dγ(x)dη(y),

(a): µk definition

, (b): S (
∫

X f dµ) =
∫

X Sf dµ, S(z) = ⟨µk(γ), z⟩Hk , (c):
µk definition, (d): (b) with S(z) = ⟨z , k(·, y)⟩Hk , (e): reproducing
property.

Contents , MMD estimation
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(2016).
Learning theory for distribution regression.
Journal of Machine Learning Research, 17(152):1–40.
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