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Motivating example
Goal: aerosol prediction.

Prediction using labelled bags :
bag := multi-spectral satellite measurements over an area,
label := local aerosol value.

Needed
similarity of bags (or probability distributions)!
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More generally: objects in the bags

Examples:
time-series modelling: user = set of time-series,
computer vision: image = collection of patch vectors,
NLP: corpus = bag of documents,
network analysis: group of people = bag of friendship graphs, . . .

Wider context (statistics): point estimation tasks.
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From similarity on Rd

On Rd : we have a natural measure of similarity ⇒ ‖·‖, ^.

R 3 〈x, y〉 :=
d∑

i=1
xi yi , x, y ∈ Rd .

Generalized inner product on objects in X (a.k.a. kernel ):

R 3 k(x , y) :=
〈
ϕ(x)︸ ︷︷ ︸

feature of x

, ϕ(y)
〉
H
, x , y ∈ X.

Notes

Examples: kP(x, y) = (〈x, y〉+ γ)p, kG (x, y) = e−γ‖x−y‖2
2 .

One can choose ϕ(x) = k(·, x).

RKHS: Hk =
{∑n

i=1 αi k(·, xi )
} spec−−→ polynomials, splines, Fourier

analysis, . . .
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Kernels exist on various objects

Few examples:
strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],
time series [Rüping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Király and Oberhauser, 2019],
trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],
groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],
sets [Haussler, 1999, Gärtner et al., 2002],
various generative models [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],
fuzzy domains [Guevara et al., 2017], or
graphs
[Kondor and Lafferty, 2002, Gärtner et al., 2003, Kashima et al., 2003,
Borgwardt and Kriegel, 2005, Shervashidze et al., 2009,
Vishwanathan et al., 2010, Kondor and Pan, 2016, Draief et al., 2018,
Bai et al., 2020, Borgwardt et al., 2020].
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Similarity of bags (or probability distributions)
Characteristic function:

P 7→ c(P) =
∫
Rd

ei〈·,x〉dP(x).

[other examples: I(−∞,·)(x), e〈·,x〉]

Mean embedding with k : X× X→ R:

P 7→ µk(P) =
∫
X
ϕ(x)dP(x).

Induced similarity: set kernel [Haussler, 1999, Gärtner et al., 2002]

〈µk(PN), µk(QM)〉Hk
= 1

NM

N∑
n=1

M∑
m=1

k(xn, x ′m).
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µk , MMD and friends

Applications :
two-sample testing
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005,
Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012, Jitkrittum et al., 2016],
and its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2018, Jitkrittum et al., 2017a] and goodness-of-fit
testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2017], causal discovery
[Mooij et al., 2016, Pfister et al., 2018],
domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2017],
change-point detection [Harchaoui and Cappé, 2007], post selection inference
[Yamada et al., 2018],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schölkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],
topological data analysis [Kusano et al., 2016],
distribution classification [Muandet et al., 2011, Lopez-Paz et al., 2015], distribution
regression
[Szabó et al., 2016, Zaheer et al., 2017, Law et al., 2018, Fang et al., 2019, Mücke, 2021],
generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2018, Klus et al., 2019], . . .
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Aerosol prediction = regression on labelled bags

Given:
labelled bags: ẑ =

{(
P̂i , yi

)}`
i=1, P̂i : bag from Pi , N := |P̂i |.

test bag: P̂.

Estimator:

f λẑ = arg min
f ∈HK

1
`

∑`

i=1

[
f
(
µk(P̂i )︸ ︷︷ ︸

feature of the i-th bag

)
− yi

]2
+ λ ‖f ‖2

HK
.

Prediction:

ŷ
(
P̂
)

= gT (G + `λI`)−1y,

g =
[
K
(
µk
(
P̂
)
, µk

(
P̂i
))]

,G =
[
K
(
µk(P̂i ), µk(P̂j)

)]
, y = [yi ].

Challenge
Consistent? How many samples per bag?
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ŷ
(
P̂
)

= gT (G + `λI`)−1y,

g =
[
K
(
µk
(
P̂
)
, µk

(
P̂i
))]

,G =
[
K
(
µk(P̂i ), µk(P̂j)

)]
, y = [yi ].

Challenge
Consistent? How many samples per bag?
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Performance measure, baseline

Quality of estimator, baseline:

R(f ) = E(µk (P),y)∼ρ[f (µk(P))− y ]2,
fρ = regression function (assume now: fρ ∈ HK ).

How many samples/bag to achieve the accuracy of fρ? Possible?

Blanket assumptions :
1 X: separable topological; k: bounded & continuous.
2 y : bounded; Y : separable Hilbert.
3 K : bounded, Hölder continuous.
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Result [Szabó et al., 2016]: Hölder exponent = 1 below
Known [Caponnetto and De Vito, 2007]: optimal rate

R
(
f λz
)
−R(fρ) = Op

(
`−

bc
bc+1

)
,

b – size of the input space, c – smoothness of fρ.

Let N = Õ(`a). N: size of the bags. `: number of bags.

Our result

If 2 ≤ a, then f λẑ attains the optimal rate.

In fact, a = b(c+1)
bc+1 < 2 is enough.

Similar result holds for the misspecified setting.

Set kernel is consistent in regression (17-year-old open): X

[Fang et al., 2019] (shorter proof; log-improvement),
[Zaheer et al., 2017] (deep net specialization), [Mücke, 2021]
(SGD), . . .
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Let N = Õ(`a). N: size of the bags. `: number of bags.

Our result
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Zoltán Szabó Distribution Regression and Beyond
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Known [Caponnetto and De Vito, 2007]: optimal rate

R
(
f λz
)
−R(fρ) = Op

(
`−

bc
bc+1

)
,

b – size of the input space, c – smoothness of fρ.
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Various research questions

Adaptivity & reduced memory footprint ; spectral methods
[Neubauer et al., 1996, Blanchard and Mücke, 2018, Lin et al., 2020]:

Kernel ridge regression: y = [yi ]i∈[n]

f λz (x) =
∑
i∈[n]

αi K (x , xi ), α = (K + nλIn)−1y.

This falls with gλ(σ) = 1
σ+λ under the umbrella

f λz (x) =
∑
i∈[n]

αi K (x , xi ), α = 1
n gλ

(
K
n

)
y.

Scaling :

RFF [Rahimi and Recht, 2007] exp. boost−−−−−−→ [Sriperumbudur and Szabó, 2015].
Novel applications .
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Novel applications .
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Thank you for the attention!

Zoltán Szabó Distribution Regression and Beyond



Bai, L., Cui, L., Rossi, L., Xu, L., Bai, X., and Hancock, E.
(2020).
Local-global nested graph kernels using nested complexity
traces.
Pattern Recognition Letters, 134:87–95.

Balasubramanian, K., Li, T., and Yuan, M. (2017).
On the optimality of kernel-embedding based goodness-of-fit
tests.
Technical report.
(https://arxiv.org/abs/1709.08148).

Baringhaus, L. and Franz, C. (2004).
On a new multivariate two-sample test.
Journal of Multivariate Analysis, 88:190–206.

Binkowski, M., Sutherland, D., Arbel, M., and Gretton, A.
(2018).
Demystifying MMD GANs.
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Székely, G. and Rizzo, M. (2004).
Testing for equal distributions in high dimension.
InterStat, 5:1249–1272.
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