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A few days ago
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A few days ago

after a bit of formula manipulation

Hk —k <?
L#(D)
1
n n b
Ee || eifi|l < B (Z Hf,-up> :
i=1 i=1
where
@ e Rademacher sequence, P(¢; = £1) = 0.5, i.i.d.
O [l = [l sy, = min(s,2), fi = cos({wi, - = -))-

Zoltan Szabé The Khintchine Constant and Friends



Khintchine constant
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Parallelogram rule
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Parallelogram rule

o Statement: || +g|3+ If — I3 =2 (IFI3 + llgl3).
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Parallelogram rule

o Statement: ||f +gll3 + [If — gl3 =2 (1113 + llgl}3). Indeed

If +el5+IIf —gls=(fF+e.f+8),+(f—& &)
=2(IFI3 + lgll3) =2(f. &)

o We only used: R? is a normed space, ||f|| = \/(f,f).
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Example when the parallelogram rule fails

X = C[0,1] with ||h||., = max_|h(y)|:
y€[0,1]

fly)==1-y, gly) ==y,
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Main

Example when the parallelogram rule fails

X = C[0,1] with ||h||., = max_|h(y)|:
y€[0,1]

f(y) ::l_y) g(y) =Y,
2 2 2 2 2 2
IF+ellc +If gl =%+l -2y 15 =17+ 17 =2,

e[-1,1]
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Main

Example when the parallelogram rule fails

X = C[0,1] with ||h||., = max_|h(y)|:
y€[0,1]
f(y) ::l_y) g(y) =Y,
If + g%+ If — gll2 = L% + 111 =2y |3 = 1* + 12 =2,
——
e[-1,1]
2 (IF1% +llgl2) =211~y |2 +2] y % =2+2=4.
—— <~
€[o,1] €[0,1]
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Parallelogram rule < inner product

Results: An X
@ normed space is Euclidean < parallelogram rule (Vf, g € X).
@ Banach space is Hilbert < parallelogram rule (Vf, g € X).

We are interested in Banach spaces; today in L°.
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Deviation from the parallelogram rule

Randomized signs in the parallelogram rule (p = 2):

n
E €iXi

i=1

P
average
=+1
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Main

Deviation from the parallelogram rule

Randomized signs in the parallelogram rule (p = 2):

n n
E €iXi E €iXi
i=1

i=1

P
—E,

P
average
=+1
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Main

Deviation from the parallelogram rule

Randomized signs in the parallelogram rule (p = 2):

n n p 1
E €i X E €iXj = /
i=1 0

i=1

P
—E,

P
du,

n

Z r;(u)x,-

average
==+1 —
i=1
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Randomized signs in the parallelogram rule (p = 2):

P
du,

Z r;(u)x,-

/

p

n
E €iXi
=

p
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Hilbert space: randomized parallelogram rule

In a Hilbert space:

n
§ €;Xj
i=1

2
du

n

Z ri(u)x;

i=1

Ee

2 /1
0
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Main

Hilbert space: randomized parallelogram rule

In a Hilbert space:

n
§ €;Xj
i=1

2
du

n

Z ri(u)x;

2 /1
0 |i=1

<> z !
Jox /0 ri(u)ri(u) (i, ;) du

ij=1

Ee
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Main

Hilbert space: randomized parallelogram rule

In a Hilbert space:

n
§ €;Xj
i=1

2
du

n

Z ri(u)x;

2 /1
0 |i=1

<> z !
Jox /0 ri(u)ri(u) (i, ;) du

ij=1

Ee

n

) 1
ri: gNS / Z r,-(u)2 <Xi7Xi> du
0

=1 =1
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Main

Hilbert space: randomized parallelogram rule

In a Hilbert space:

n
§ €;Xj
i=1

2
du

n

Z ri(u)x;

2 /1
0 |i=1

<> z !
Jox /0 ri(u)ri(u) (i, ;) du

Ee

ij=1
1 n n
r ONS/ 2 2
= ri(u)” (x;, x;) du = || xi]]<
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Main

Hilbert space: randomized parallelogram rule

In a Hilbert space:

n
§ €;Xj
i=1

2
du

n

Z ri(u)x;

2 /1
0 |i=1

<> z !
Jox /0 ri(u)ri(u) (i, ;) du

Ee

ij=1
1 n n
r ONS/ 2 2
= ri(u)” (x;, x;) du = || xi]]<

Result: X Banach space is Hilbert < this rule holds (Vn, {x;}_; C X).
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Type-, cotype definition: Hilbert space < p=q =2

X Banach space is of
Q type p if Vn,V{x;}_; C X:

n 2 1
JEE Ze,-x; J/
i=1 0

@ cotype q if Vn,V{x;}]_; C X:

Relevant intervals: p € [1,2], g € [2, o0].

Zoltan Szabé The Khintchine Constant and Friends

n

Zr;(u)x,-

i=1

2 1
n P
du<B (Z ||x;||p> .

i=1

n

Z ri(u)x;

i=1

n

E €iXj

i=1
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Main

Classical Khintchine inequality: X =R

For Vs € (0,00), 3As > 0,Bs > 0 s.t. V{x;}/_; CR

s\ s
) < Bs |lx]l5-

n

§ €iXi

i=1

As lIxlly < (Ee
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Main

Classical Khintchine inequality: X =R

For Vs € (0,00), 3As > 0,Bs > 0 s.t. V{x;}/_; CR

s\ s
) < Bs |lx]l5-

n

§ €iXi

i=1

As lIxlly < (Ee

Interpretation:

n

@ R is of type 2, cotype 2 (simplest Hilbert space). s # 2 (too).
Z r;(u)x,-

s % 1 s % n
() - ([ o] o) - [
' 0 |i=1 i=1

Z €i Xi

i=1
o (r;) C L%[0,1] < (e) C ¢ basis.
@ As, Bs: Khintchine constants.

,l.e.
15[0,1]
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The exponent is irrelevant in the type/cotype definition

_conj hold I
s-conjecture holds genera, Kahane theorem: For Vs € (1,00) 3K s.t.
for every Banach space X, Vn, {x;}"_; C X:

1
n n S\ s n
Ee ZEiXi < (Ee ZE:‘X/ ) < KiEe Zﬁixi
i=1 i=1 i=1
2 _ 1 s—1
Note (proof =): Ks = <%> is good.
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X =L(Z,A,pn), s €[l,00): p=min(s,”), g=max(”,s)

S

Ee

g €jXj

i

LS
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Main

X =L(Z,A,pn), s €[l,00): p=min(s,”), g=max(”,s)

S

9 [k,
V4

LS

s

E. dp(2)

g €jXj

i

ZE,‘X,‘(Z)

1

() : |l def. /(—)Z
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X =L(Z,A,pn), s €[l,00): p=min(s,”), g=max(”,s)

S
9 [k,
V4

Zex,(z) du(z) < BS/ (Z [xi z)\2> (2).
s

‘= / ()5 du(2)
V4

Ee

g €jXj

i

() . def. /(—)Z  (b) [R-Khintchine]®
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X =L(Z,A,pn), s €[l,00): p=min(s,”), g = max(

S

V4

o[ Sersta| an CEL]) (Z'X' Z)‘2>
Ls

*—/u[x, I3 du(z) /n[x, Iz dyu(z

/ Z Ixi(z)[*du(z

Ee

g €jXj

i

() : |l def. /(—)Z . (b) [R-Khintchine®, (c): if s < 2

Ivll2 < Ivlls
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X =L(Z,A,pn), s €[l,00): p=min(s,”), g=max(”,s)

S

V4

Ze xi(z)| du(z) < BS/ <Z |xi Z)\2> (2),
Ls

*—/u[x, I3 du(z) /n[x, Iz dyu(z

:/ZZ\X,- 2)Fan(z) Y Il

Ee

g €jXj

i

(3), (d): [ o def. /(—)Z  (b) [R-Khintchine]*, (c): if s < 2

Ivll2 < Ivlls
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X =L(Z,A,pn), s €[l,00): p=min(s,”), g = max(

S

V4

o[ Sersta| an CEL]) (Z'X' Z)‘2>
Ls

*—/u[x, I3 du(z) /n[x, Iz dyu(z

/ S (o) ante “”ZH xilss

(%) E < Z (/ Ixi(z)[°dp z)> ZHX,HLS.
(a), (d): [ o def. /(—)Z  (b) [R-Khintchine]*, (c): if s < 2

Ivll2 < [v]s, (e): if s > 2, triangle ineq. to z — Y _ |xi(2)[*.

i

Ee

g €jXj

i
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Order of the Khintchine constant, L°

@ The R-Khintchine constants (As, Bs) appeared in L°!
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Order of the Khintchine constant, L°

@ The R-Khintchine constants (As, Bs) appeared in L°!
@ Optimal By is known [F(t) :/ utlem du}:
0

Bs =
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Order of the Khintchine constant, L°

@ The R-Khintchine constants (As, Bs) appeared in L°!
@ Optimal By is known [F(t) :/ utlem du}:
0

1 se(1,2],
B, =

s+1

A1) e

@ B; order (s — o0): [ ~! Stiring formula, 5 9 (Vs).
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Summary

@ L° guarantees: empirical processes, concentration, type.
@ Type:

@ analytical formula for L°.
@ Classical Khintchine constant (X = R):

s It bounds the L°-constant.
o lIts order & optimal value are known.
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Thank you for the attention!
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Contents

Relevant (co)type intervals.

L®: type-cotype, X — X™: type-cotype.
Kahane theorem: |.h.s.

Some additional (co)type properties.
Optimal As.

e & ¢ ¢ ¢
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Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)

/01 ZFI(U)XI du =t /01 ZH(U)

i i

du =: (%),
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Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)

/01 ZFI(U)XI du =t /01 ZH(U)

i i

A1v/n < (¥) < v/n (<= R-Khintchine) = (x) = O(v/n),

du =: (%),
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Board

Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)
1 (u)xi|| du VI 1 ri(u

[ s s[5 ot

A1v/n < (¥) < v/n (<= R-Khintchine) = (x) = O(v/n),

Z ri(u)x;

1

du =: (%),

P

1 n p 1
/0 du < B ;H‘i"}’ :O(np)
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Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)
1 (u)xi|| du VI 1 ri(u

[ s s[5 ot

A1v/n < (¥) < v/n (<= R-Khintchine) = (x) = O(v/n),

Z ri(u)x;

1

du =: (%),

P

n
du< B[S |bal” :o(n%);»pgz,
i=1 1

/
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Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)

/01 ZFI(U)XI du =t /01 ZH(U)

A1v/n < (¥) < v/n (<= R-Khintchine) = (x) = O(v/n),

Z ri(u)x;

n
du<B (1P :o(nz) = p<2,

du =: (%),

/

Q=

n

1
=AY 6] =0 ()
i=1 ]
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Relevant (co)type intervals

Let x; = x (Vi), where ||x|| = 1. Then (s =1)

/01 ZFI(U)XI du =t /01 ZH(U)

A1v/n < (¥) < v/n (<= R-Khintchine) = (x) = O(v/n),

Z ri(u)x;

n
du<B (1P :o(nz) = p<2,

du =: (%),

/

Q=

n

> A [l :O(n5>:>2§q.
i=1 ]
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L*°: type-cotype relation

x 1 1
o L[°(Z,A, pn): type p=min(s,2). L° (Z,A,p) (E + o= 1): cotype
q = max(2,s"). Observation:
1

1
Stg=t (1)
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L*°: type-cotype relation

x 1 1
o L[°(Z,A, pn): type p=min(s,2). L° (Z,A,p) (E + o= 1): cotype
q = max(2,s"). Observation:
1 1
Silo1 1
> T g (1)

@ More generally, if X is of type p = X™ is of cotype g satisfying (1).
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L*°: type-cotype relation

x 1 1
o L[°(Z,A, pn): type p=min(s,2). L° (Z,A,p) (E + o= 1): cotype
q = max(2,s"). Observation:

1 1
—+-=1 1
Pl (1)
@ More generally, if X is of type p = X™ is of cotype g satisfying (1).
@ Note (converse is not true): ¢ of cotype 2, (61)* = (> is not of
type p > 1.
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X: type p = X*: cotype g such that 1/p+1/g=1

For Ve > 0 and V{x'}"_; € X* 3{x}7y C X, |Ixill = 1t [Ix7]| < (1 + €)x(x).

(Z \x,-*u"> <o Zx,-*(x,-)q] @+l

i=1

. @) )
65 Gl = sue { 3" a (x) 2
a .
N————
(g)fol [Z: ri(“)X,'*] [ZJ rj(u)anj]du:(*)

( [ 1 . 1 -
() < ( /0 S (o) S r(w)ag

J
(a): dual of ||-[[,, (b): (r;): ONS, (c): Hélder inequality.

P\ »
du)
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X: type p = X*: cotype g

The remaining term:

1
1 i P (a) 1
/ Y n(wapg|| du| < K, / > r(u)ax| du
0 . 0 -
J

J

(b) 1
< Ap(; [la]|r)? 2 Ay [al|,-

<1

(a): exponent is irrelevant (Kahane-T.), (b): X is of type p, (c):
lapll = lagl il = laj| (Il = 1). At the end: ¢ — 0.
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Kahane theorem: |.h.s.

Ee

)

L1([0,1];B)

Z I’,'(U)X,'

i

E €jXj

i

g €iXi

i

Z ri(u)x;

i

Z ri(u)x;

-/ ,-
S VA T E

1 <ac< b <00 = ||f||La(Z,,u;B) < ||f||Lb(Z,u;B)’ if :U(Z) =1

du:‘

Z ri(u)x;

i

)

LP([0,1];B)

Proof: a:=1< b:=p, \([0,1]) = 1 gives the result.
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Further (co)type properties - 1

@ By triangle inequality & |ri(u)| = 1: always

S nto)x)| < S (o)l = el
> rilu)x

i

o Type p=1:

2 [l (u)xill = [l (%))

@ Cotype g = oo ‘

o (is of no type p > 1.

@ (™, ¢p: is of no cotype g < co.
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Further (co)type properties - 2

@ X is of type p (cotype q) =
@ X is of type p’ < p (cotype ¢’ > q).
@ all its subspaces are so.
s quotients are of type p (with the same constant).

@ Y: Banach of type py, cotype qy = L°(Z, A, u; Y) is of type
min(s, py ), max(s, gy ).
@ [ is of type 1 and cotype oo (r — oo: valid for cotype).

Zoltan Szabé The Khintchine Constant and Friends



Stirling formula

Order estimation for n!:

nl ~2xmn (2)’1
e
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Optimal A

2% s € (0, sp],

s+1 %
As = \/E[r(\/%)] s € (s0,2),
1 s € [2,00),

1
where sg is the solution of I <S—; > = g ons € (1,2),
so ~ 1.84742.
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