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@ Context.
@ Problem formulation.

@ Consistency guarantees.
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Context
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Regression on labelled bags:

@ ML: multi-instance learning [Haussler, 1999, Gartner et al., 2002].
@ Statistics: point estimation tasks.
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Regression on labelled bags:

@ Bag examples: aerosol prediction,

L, time series bl G
WIMAMM MM~
@ time-series modelling: user = set of time-series,

@ network analysis: group of people = bag of friendship graphs,
@ NLP: corpus = bag of documents.
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@ Question: How many samples/bag?
o Contributions:
© General bags: vectors, graphs, time series, texts, ...
© Computational-statistical tradeoff analysis.
© Minimax optimality.
© Well-specified & misspecified case.
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Problem formulation
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Regression on labelled bags

@ Given:
o labelled bags: 2 = {(lsi,y;)}f:l, P:: bag from P;, N := |P;].
@ test bag: P.
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Regression on labelled bags

o Given:

o labelled bags: 2 = {(ﬁ’,-,y,-)}e

P;: bag from P;, N := |l5,-|.

=1’
o test bag: P.
@ Estimator:
1 2 5
f{\ = argmin 7 Z,_l [f(,u,si) —y,-] + A Fll5 -
ferH = ~—

feature of P;
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Regression on labelled bags

o Given:
o labelled bags: 2 = {(P,,y,)} , Pi: bag from P;, N := |P|.
@ test bag: P.

@ Estimator:

2
£ = argmin = [ p. —y,-] +AF3
2 =argming 37 [l 115,

@ Prediction:

y(P) =g (G+ ANy,
g = [K(np:1p)] G = [K(up,1p)]:y =yl
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Regression on labelled bags

o Given:
o labelled bags: 2 = {(P,,y,)} , Pi: bag from P;, N := |P|.
@ test bag: P.

@ Estimator:

2
£ = argmin = [ p. —y,-] +AF3
2 =argming 37 [l 115,

@ Prediction:

y(P) =g (G+ oA ty,
g = [K(np:1p)] G = [K(up,1p)]:y =yl

Challenges

Q Inner product of distributions: K(Mﬁ,,ﬂfvj) =7
© How many samples/bag?
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Regression on labelled bags: similarity

Let us define an inner product on distributions [K(P, Q)]: ]

O Set kernel: A= {a;}N,, B= {bj}jN:l.
1 1o 1
K(AB) = 5 > Klaiby) = (£~ (@), 5 D w(by)).
ij=1 i=1 j=1
feature of bag A

Intuition:

Nt o M| (D,
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Regression on labelled bags: similarity

Let us define an inner product on distributions [K(P, Q)]: ]

O Set kernel: A= {a; ,N:1' B= {bj}szl-

1 N 1 N 1 N
K(A.B) = 5z O Kainby) = { 3 D w(a). 5 D o(by)).

ij=1 i=1 =1

—_——
feature of bag A

© Taking 'limit’ [Berlinet and Thomas-Agnan, 2004,
Altun and Smola, 2006, Smola et al., 2007]: a~ P,b~ @

K(P, Q) = Eq5k(a, b) = (Eap(a) , Engo(b) ).
~——
feature of distribution P=:pup
Example (Gaussian kernel): k(a,b) = e~lla=bl3/(20%),
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Regression on labelled bags: performance measure

Quality of estimator, baseline:

R(f) = E(/lp,y)w/)[f(/”/g) - )/]27

f, = best regressor.

How many samples/bag to get the accuracy of f,? Possible? J
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Consistency guarantee, optimal rate
(well-specified case)
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Well-specified case: optimal rate with P;-s

Having access to P;-s what rate can be achieved? )

@ Assume: f, € H(K).
@ Known [Caponnetto and De Vito, 2007]: best/achieved rate

R(E) = R(f) = O (£55),

b - size of the input space, ¢ — smoothness of f,.
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Well-specified case:

Let N = O(£?). N: size of the bags. £: number of bags.
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Well-specified case:

Let N = O(£?). N: size of the bags. £: number of bags.

@ If 2 < a, then f;‘ has optimal rate.
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Well-specified case:

Let N = O(£?). N: size of the bags. £: number of bags.

@ If 2 < a, then f;‘ has optimal rate.

b(c+1)
bc+1

@ Consequence: regression with set kernel is consistent.

@ In fact, a =

< 2 is enough.
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Well-specified case:

Let N = O (¢2).

o IF 4E) < a, then R (£) — R(f,) = 0 (£757).

bc+1
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Well-specified case:

Let N = O (¢2).

bc

o 1f 4D < 5 then R (£) ~R(F) = 0 (67557,

bc+1
ac

olf a < %M then R () —~R(£) =0 (g—c+1)_

Meaning:
@ smaller a: computational saving, but reduced statistical efficiency.
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Well-specified case:

Let N = O (¢2).

bc

bc+1
o If 2 < %H), then R (£) — R (f,) =0 (7).

o 1f 4D < 5 then R (£) ~R(F) = 0 (67557,

bc+1

Meaning:
@ smaller a: computational saving, but reduced statistical efficiency.

b(c+1) . .
® c > g decreasing: easier problems = smaller bags.
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Consistency guarantee: misspecified case
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Misspecified case:

Relevant setting: f, € L>\}. Results:

© Generally: 'richness’ of H is realizable.
Q If £, is s-smooth, then we also get rates.
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Misspecified case: generally

Let
o N=0(0),
@/ — 00, A= 0, \W{I— 0.

Our result (consistency)
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Misspecified case: s-smooth

Let N = O (¢%?). f,: s-smooth, s € (0, 1].

Our result (computational & statistical tradeoff)

o If 555 < 2 then R (£) ~R(£) =0 (¢,
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Misspecified case: s-smooth

Let N = O (¢%?). f,: s-smooth, s € (0, 1].

Our result (computational & statistical tradeoff)

o If 555 < o then R (£) ~R(£) =0 (7).

o If a < £, then R (£) ~R(f,) = O (€737,

Meaning:
@ Smaller a: computational saving, but reduced statistical efficiency.
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Misspecified case: s-smooth

Let N = O (¢%?). f,: s-smooth, s € (0, 1].

Our result (computational & statistical tradeoff)

o If 555 < o then R (£) ~R(£) =0 (7).

o If a < £, then R (£) ~R(f,) = O (€737,

Meaning:
@ Smaller a: computational saving, but reduced statistical efficiency.
@ Sensible choice: a < j‘i—% <%2=02a<%<2
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Misspecified case: s-smooth

Let N = O (¢%?). f,: s-smooth, s € (0, 1].

result (computational & statistical tradeoff)

o If 555 < o then R (£) ~R(£) =0 (7).

o If a < £, then R (£) ~R(f,) = O (€737,

Meaning:
@ Smaller a: computational saving, but reduced statistical efficiency.
@ Sensible choice: a < j‘i—% <%2=02a<%<2

o s .«:2+_52 is increasing: easier task = better rate.

o s — 0: arbitrary slow rate. s = 1: O£~ %) speed.
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Misspecified case: optimality

@ Our rate: r({) = =1
2s
@ One-stage sampled optimal rate: ro(¢) = ¢~ 2+1 [Steinwart et al., 2009],

@ s-smoothness + eigendecay constraint,
o D: compact metric, Y = R.
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Misspecified case: optimality

@ Our rate: r({) = =1
2s
@ One-stage sampled optimal rate: ro(¢) = ¢~ 2+1 [Steinwart et al., 2009],

@ s-smoothness + eigendecay constraint,
o D: compact metric, Y = R.

0.8
06 e
o o
< 0.4f o
o .
o2l /,' . —IogI ro(l)=25/(23+1)7
—-log, r(h=2s/(s+2)
O &

0O 02 04 06 08 1
Smoothness (s)
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s-smoothness: intuition

@ Assumption: f, € Im(C®), s € (0,1]. C = "uncentered covariance'.
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s-smoothness: intuition

@ Assumption: f, € Im(C®), s € (0,1]. C = "uncentered covariance'.
@ Imagine: C € R9%9 is a symmetric matrix,

C=UANUT
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s-smoothness: intuition

@ Assumption: f, € Im(C®), s € (0,1]. C = "uncentered covariance'.
@ Imagine: C € R9%9 is a symmetric matrix,

d
C=UNUT, Cv="> An(tn,v)up.
n=1
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s-smoothness: intuition

@ Assumption: f, € Im(C®), s € (0,1]. C = "uncentered covariance'.
@ Imagine: C € R9%9 is a symmetric matrix,

n-

d
C=UNUT, Cv=> An(tn,v)u

@ General C:
= Z)\n<unav>una
= ZAZ(U,,,V)U,,,

{Z Cnlln : ZC2A 25 < }

Larger s = faster decay of the ¢, Fourier coefficients.
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Summary

@ Task: regression with labelled bags.
9 Results:

@ consistency guarantees,
@ well-specified & misspecified case,
@ minimax rates.
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