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Task

Given:

k(x, y) =

∫

Rd

e iω
T (x−y)

dS(ω) =

∫

Rd

cos
(

ω
T (x− y)

)

dS(ω).

sp,q(x, y): Monte-Carlo estimator of ∂p,qk(x, y) using (ωj)
m
j=1

i .i .d.∼ S.
Goal: uniform large deviation inequality

P

(

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| ≤ ǫ

)

≥ 1− f (ǫ, d ,m,K).
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Why?

[Rahimi and Recht, 2007] = random kitchen sinks:

Existing proof: contains several errors.

O

(√
log(m)

m

)

rate: not optimal.

p = q = 0.

Wanted rate: O
(

1√
m

)

.

Connections: nonparametric EP, ∞-D exp. family fitting.

Interest in statistical learning theory, empirical processes.
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High-level proof

1 Empirical process form:

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| = sup
g∈G

|Sg − Smg | = ‖S− Sm‖G .

2 ‖S− Sm‖G concentrates by its bounded difference property:

‖S− Sm‖G - Eω1,...,ωm ‖S− Sm‖G +
1√
m
.

3 G is a uniformly bounded, separable Carathéodory family ⇒

Eω1,...,ωm ‖S− Sm‖G - Eω1,...,ωmR
(
G, (ωj )

m
j=1

)
.
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High-level proof

4 Using Dudley’s entropy integral:

R
(
G, (ωj )

m
j=1

)
-

1√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr .

5 G is smoothly parameterized by a compact set ⇒

√

logN (G, L2(Sm), r) ≤
f
(

(ωj )
m
j=1

)

√
r

⇒ Eω1,...,ωmR
(
G, (ωj )

m
j=1

)
-

1√
m
.

6 Putting together:

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| - 1√
m

+
1√
m

= O

(
1√
m

)

.
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Notations

For p,q ∈ N
d multi-indices and w ∈ R

d , let

|p| =
d∑

j=1

|pj |, ∂p,qg(x, y) =
∂|p|+|q|g(x, y)

∂xp11 · · · ∂xpdd ∂yq11 · · · ∂yqdd
, wp =

d∏

j=1

w
pj
j .
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Notations

For p,q ∈ N
d multi-indices and w ∈ R

d , let

|p| =
d∑

j=1

|pj |, ∂p,qg(x, y) =
∂|p|+|q|g(x, y)

∂xp11 · · · ∂xpdd ∂yq11 · · · ∂yqdd
, wp =

d∏

j=1

w
pj
j .

k → ∂p,qk(x, y) → sp,q(x, y): h0 := cos,

k(x, y) =

∫

Rd

h0

(

ω
T (x− y)

)

dS(ω),
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Notations

For p,q ∈ N
d multi-indices and w ∈ R

d , let

|p| =
d∑

j=1

|pj |, ∂p,qg(x, y) =
∂|p|+|q|g(x, y)

∂xp11 · · · ∂xpdd ∂yq11 · · · ∂yqdd
, wp =

d∏

j=1

w
pj
j .

k → ∂p,qk(x, y) → sp,q(x, y): h0 := cos,

k(x, y) =

∫

Rd

h0

(

ω
T (x− y)

)

dS(ω),

∂p,qk(x, y) =

∫

Rd

ω
p(−ω)qh|p+q|

(

ω
T (x− y)

)

dS(ω),
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Notations

For p,q ∈ N
d multi-indices and w ∈ R

d , let

|p| =
d∑

j=1

|pj |, ∂p,qg(x, y) =
∂|p|+|q|g(x, y)

∂xp11 · · · ∂xpdd ∂yq11 · · · ∂yqdd
, wp =

d∏

j=1

w
pj
j .

k → ∂p,qk(x, y) → sp,q(x, y): h0 := cos,

k(x, y) =

∫

Rd

h0

(

ω
T (x− y)

)

dS(ω),

∂p,qk(x, y) =

∫

Rd

ω
p(−ω)qh|p+q|

(

ω
T (x− y)

)

dS(ω),

sp,q(x, y) =

∫

Rd

ω
p(−ω)qh|p+q|

(

ω
T (x− y)

)

dSm(ω),

where hℓ = cos(ℓ), Eω∼S[|ωp+q|] < ∞.
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Step-1: empirical process form

Notation: Sg =
∫
g(ω)dS(ω), Smg =

∫
g(ω)dSm(ω) =

1
m

∑m
j=1 g(ωj ).
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Step-1: empirical process form

Notation: Sg =
∫
g(ω)dS(ω), Smg =

∫
g(ω)dSm(ω) =

1
m

∑m
j=1 g(ωj ).

Reformulation of the objective:

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| = sup
g∈G

|Sg − Smg | =: ‖S− Sm‖G ,

where

G = {gz : z ∈ K∆},
K∆ = K−K = {x− y : x, y ∈ K},
gz : ω ∈ supp(S) 7→ ω

p(−ω)qh|p+q|
(

ω
T z
)

∈ R.
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Step-2: bounded difference property of ‖S− Sm‖G

McDiarmid inequality: Let ω1, . . . ,ωm ∈ D be independent
r.v.-s, and f : Dm → R satisfy the bounded diff. property (∀r):

sup
u1,...,um,u′r∈D

∣
∣f (u1, . . . , um)− f (u1, . . . , ur−1, u

′
r , ur+1, . . . , um)

∣
∣ ≤ cr .

Then for ∀β > 0

P (f (ω1, . . . ,ωm)− E [f (ω1, . . . ,ωm)] ≥ β) ≤ e
− 2β2

∑m
r=1

c2r .

Zoltán Szabó Optimal Rate for Random Kitchen Sinks



Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣
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Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣

(∗)
≤ 1

m
sup
g∈G

∣
∣g(ωr )− g(ω′

r )
∣
∣
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Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣

(∗)
≤ 1

m
sup
g∈G

∣
∣g(ωr )− g(ω′

r )
∣
∣ ≤ 1

m
sup
g∈G

(
|g(ωr )|+

∣
∣g(ω′

r )
∣
∣
)
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Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣

(∗)
≤ 1

m
sup
g∈G

∣
∣g(ωr )− g(ω′

r )
∣
∣ ≤ 1

m
sup
g∈G

(
|g(ωr )|+

∣
∣g(ω′

r )
∣
∣
)

≤ 1

m

[

sup
g∈G

|g(ωr )|+ sup
g∈G

∣
∣g(ω′

r )
∣
∣

]

Zoltán Szabó Optimal Rate for Random Kitchen Sinks



Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣

(∗)
≤ 1

m
sup
g∈G

∣
∣g(ωr )− g(ω′

r )
∣
∣ ≤ 1

m
sup
g∈G

(
|g(ωr )|+

∣
∣g(ω′

r )
∣
∣
)

≤ 1

m

[

sup
g∈G

|g(ωr )|+ sup
g∈G

∣
∣g(ω′

r )
∣
∣

]

≤ 1

m

[
|ωp+q

r |+ |(ω′
r )

p+q|
]
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Step-2: bounded difference property of ‖S− Sm‖G

Our choice: f (ω1, . . . ,ωm) := ‖S− Sm‖G .

|f (ω1, . . . ,ωr−1,ωr ,ωr+1, . . . ,ωm)− f (ω1, . . . ,ωr−1,ω
′
r ,ωr+1, . . . ,ωm)| =

=

∣
∣
∣
∣
∣
∣

sup
g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj )
∣
∣
∣− sup

g∈G

∣
∣
∣Sg − 1

m

∑

j=1

g(ωj ) +
1

m

[
g(ωr )− g(ω′

r )
]
∣
∣
∣

∣
∣
∣
∣
∣
∣

(∗)
≤ 1

m
sup
g∈G

∣
∣g(ωr )− g(ω′

r )
∣
∣ ≤ 1

m
sup
g∈G

(
|g(ωr )|+

∣
∣g(ω′

r )
∣
∣
)

≤ 1

m

[

sup
g∈G

|g(ωr )|+ sup
g∈G

∣
∣g(ω′

r )
∣
∣

]

≤ 1

m

[
|ωp+q

r |+ |(ω′
r )

p+q|
]

≤ 2Sk,p,q
m

,

where Sk,p,q := sup
ω∈supp(S) |ωp+q|.
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Step-2: (*) = reverse triangle inequality with sup

Lemma: G: set of functions, a, b : G → R maps; then

∣
∣
∣
∣
∣
sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
∣
∣
∣
∣
∣



Step-2: (*) = reverse triangle inequality with sup

Lemma: G: set of functions, a, b : G → R maps; then

∣
∣
∣
∣
∣
sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
∣
∣
∣
∣
∣
≤ sup

g∈G
|b(g)|.
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Step-2: (*) = reverse triangle inequality with sup

Lemma: G: set of functions, a, b : G → R maps; then

∣
∣
∣
∣
∣
sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
∣
∣
∣
∣
∣
≤ sup

g∈G
|b(g)|.

Proof: combine

supg∈G |a(g) + b(g)| ≤ sup
g∈G

(|a(g)| + |b(g)|) ≤ sup
g∈G

|a(g)|+ sup
g∈G

|b(g)|,



Step-2: (*) = reverse triangle inequality with sup

Lemma: G: set of functions, a, b : G → R maps; then

∣
∣
∣
∣
∣
sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
∣
∣
∣
∣
∣
≤ sup

g∈G
|b(g)|.

Proof: combine

supg∈G |a(g) + b(g)| ≤ sup
g∈G

(|a(g)| + |b(g)|) ≤ sup
g∈G

|a(g)|+ sup
g∈G

|b(g)|,

sup
g∈G

|a(g)| = sup
g∈G

|a(g) + b(g)− b(g)|

≤ sup
g∈G

|a(g) + b(g)|+ sup
g∈G

|b(g)|.



Step-2: (*) = reverse triangle inequality with sup

Lemma: G: set of functions, a, b : G → R maps; then

∣
∣
∣
∣
∣
sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
∣
∣
∣
∣
∣
≤ sup

g∈G
|b(g)|.

Proof: combine

supg∈G |a(g) + b(g)| ≤ sup
g∈G

(|a(g)| + |b(g)|) ≤ sup
g∈G

|a(g)|+ sup
g∈G

|b(g)|,

sup
g∈G

|a(g)| = sup
g∈G

|a(g) + b(g)− b(g)|

≤ sup
g∈G

|a(g) + b(g)|+ sup
g∈G

|b(g)|.

⇒ ±
[

sup
g∈G

|a(g)| − sup
g∈G

|a(g) + b(g)|
]

≤ sup
g∈G

|b(g)|.

Our choice: a(g) = Sg − 1
m

∑

j=1 g(ωj ), b(g) =
1
m
[g(ωr )− g(ω′

r )].
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Step-2

Applying McDiarmid to f [D = supp(S), cr =
2Sk,p,q

m
; τ = e

− mβ2

2S2
k,p,q ]: with

probability 1− τ

‖S− Sm‖G ≤ Eω1,...,ωm ‖S− Sm‖G
︸ ︷︷ ︸

Step-3: bounding this term

+
Sk,p,q

√

log
(

1
τ2

)

√
m

.
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Step-3: bounding Eω1,...,ωm
‖S− Sm‖G

G = {gz : z ∈ K∆} is a separable Carathéodory family, i.e.

1 ω 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: measurable for ∀z ∈ K∆.

Zoltán Szabó Optimal Rate for Random Kitchen Sinks



Step-3: bounding Eω1,...,ωm
‖S− Sm‖G

G = {gz : z ∈ K∆} is a separable Carathéodory family, i.e.

1 ω 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: measurable for ∀z ∈ K∆.

2 z 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: continuous for ∀ω ∈ supp(S).
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Step-3: bounding Eω1,...,ωm
‖S− Sm‖G

G = {gz : z ∈ K∆} is a separable Carathéodory family, i.e.

1 ω 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: measurable for ∀z ∈ K∆.

2 z 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: continuous for ∀ω ∈ supp(S).

3 R
d is separable, K∆ ⊆ R

d ⇒ K∆: separable.
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Step-3: bounding Eω1,...,ωm
‖S− Sm‖G

G = {gz : z ∈ K∆} is a separable Carathéodory family, i.e.

1 ω 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: measurable for ∀z ∈ K∆.

2 z 7→ ω
p(−ω)qh|p+q|

(
ω

T z
)
: continuous for ∀ω ∈ supp(S).

3 R
d is separable, K∆ ⊆ R

d ⇒ K∆: separable.

Thus, by [Steinwart and Christmann, 2008, Prop. 7.10]

Eω1,...,ωm ‖S− Sm‖G ≤ 2Eω1,...,ωm [ R
(
G, (ωj )

m
j=1

)

︸ ︷︷ ︸

:=Eǫ supg∈G| 1
m

∑m
j=1 ǫjg(ωj )|

]

using the uniformly boundedness of G (sup
g∈G

‖g‖∞ ≤ Sk,p,q < ∞).
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Step-4: bounding R

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,
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Step-4: bounding R

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,

where

L2(Sm) = L2(Rd ,B(Rd ),Sm), ‖g‖L2(Sm) =
√

1
m

∑m
j=1 g

2(ωj),
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Step-4: bounding R

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,

where

L2(Sm) = L2(Rd ,B(Rd ),Sm), ‖g‖L2(Sm) =
√

1
m

∑m
j=1 g

2(ωj),

|G|L2(Sm) = supg1,g2∈G ‖g1 − g2‖L2(Sm),
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Step-4: bounding R

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,

where

L2(Sm) = L2(Rd ,B(Rd ),Sm), ‖g‖L2(Sm) =
√

1
m

∑m
j=1 g

2(ωj),

|G|L2(Sm) = supg1,g2∈G ‖g1 − g2‖L2(Sm),

N (G, L2(Sm), r): r -covering number.

r -net: S ⊆ G, for ∀g ∈ G ∃s ∈ S such that ‖g − s‖L2(Sm)
≤ r .

N : size of the smallest r -net of G.

Zoltán Szabó Optimal Rate for Random Kitchen Sinks



Step-5: bound on |G|L2(Sm)

|G|L2(Sm) = sup
g1,g2∈G

‖g1 − g2‖L2(Sm) ≤ sup
g1,g2∈G

(

‖g1‖L2(Sm) + ‖g2‖L2(Sm)
)

≤ sup
g1∈G

‖g1‖L2(Sm) + sup
g1∈G

‖g2‖L2(Sm)

∗
≤ 2
√

Sk,2p,2q,



Step-5: bound on |G|L2(Sm)

|G|L2(Sm) = sup
g1,g2∈G

‖g1 − g2‖L2(Sm) ≤ sup
g1,g2∈G

(

‖g1‖L2(Sm) + ‖g2‖L2(Sm)
)

≤ sup
g1∈G

‖g1‖L2(Sm) + sup
g1∈G

‖g2‖L2(Sm)

∗
≤ 2
√

Sk,2p,2q,

sup
g∈G

‖g‖L2(Sm) = sup
z∈K∆

√
√
√
√

1

m

m∑

j=1

g2
z (ωj)

= sup
z∈K∆

√
√
√
√

1

m

m∑

j=1

[

ω
p
j (−ωj)qh|p+q|

(

ω
T
j z
)]2

≤ sup
z∈K∆

√
√
√
√

1

m

m∑

j=1

ω
2(p+q)
j ≤

√

Sk,2p,2q.
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Step-5: bound on N (G, L2(Sm), r)

Let gz1 , gz2 ∈ G. We want to bound ‖gz1 − gz2‖L2(Sm). One term:

∣
∣
∣ω

p(−ω)qh|p+q|
(

ω
T z1

)

− ω
p(−ω)qh|p+q|

(

ω
T z2

)∣
∣
∣

=
∣
∣
ω

p+q
∣
∣

∣
∣
∣h|p+q|

(

ω
Tz1

)

− h|p+q|
(

ω
T z2

)∣
∣
∣

=
∣
∣
ω

p+q
∣
∣

∥
∥
∥∇zh|p+q|

(

ω
T zc

)∥
∥
∥
2
‖z1 − z2‖2

=
∣
∣
ω

p+q
∣
∣

∥
∥
∥h|p+q|+1

(

ω
T zc

)

ω

∥
∥
∥
2
‖z1 − z2‖2

≤
∣
∣
ω

p+q
∣
∣ ‖ω‖2 ‖z1 − z2‖2 ,

where zc ∈ (z1, z2), we used the convexity of K∆.
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Step-5: bound on N (G, L2(Sm), r)

Smooth parameterization:

‖gz1 − gz2‖L2(Sm) ≤

√
√
√
√

1

m

m∑

j=1

(∣
∣
∣ω

p+q
j

∣
∣
∣ ‖ωj‖2 ‖z1 − z2‖2

)2

= ‖z1 − z2‖2

√
√
√
√

1

m

m∑

j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

︸ ︷︷ ︸

=:c

.

r -net on (K∆, ‖·‖2) ⇒ r ′ = rc-net on (G, L2(Sm)).

M ⊆ R
d compact set: coverable by

[
2|M|
s

]d

s-balls

[Cucker and Smale, 2002].
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Step-5: bound on N (G, L2(Sm), r)
Thus, by |K∆| ≤ 2|K| and the compactness of K∆

N
(
G, L2(Sm), r

)
≤







4|K|
√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r
[+1]







d

.
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Step-5: bound on N (G, L2(Sm), r)
Thus, by |K∆| ≤ 2|K| and the compactness of K∆

N
(
G, L2(Sm), r

)
≤







4|K|
√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r
[+1]







d

.

Taking log(·), using log(u + 1) ≤ u

log
[
N
(
G, L2(Sm), r

)]
≤ d log







4|K|
√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r
+ 1







≤
4d |K|

√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r
.
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Step-5: bound on R

Combining the obtained

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,

|G|L2(Sm) ≤ 2
√

Sk,2p,2q,

log
[
N
(
G, L2(Sm), r

)]
≤

4d |K|
√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r

results
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Step-5: bound on R

Combining the obtained

R
(
G, (ωj )

m
j=1

)
≤ 8

√
2√
m

∫ |G|
L2(Sm)

0

√

logN (G, L2(Sm), r)dr ,

|G|L2(Sm) ≤ 2
√

Sk,2p,2q,

log
[
N
(
G, L2(Sm), r

)]
≤

4d |K|
√

1
m

∑m
j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22

r

results, we get [
∫ b

0 r−
1
2dr = 2

√
b]

R
(
G, (ωj )

m
j=1

)
≤ 64

√

d |K|(Sk,2p,2q)
1
4

√
m




1

m

m∑

j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22





1
4

.
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Step-5: bound on R

Recall

Eω1,...,ωm ‖S− Sm‖G ≤ 2Eω1,...,ωmR
(
G, (ωj )

m
j=1

) ?
= O

(
1√
m

)

.

Taking expectation [E = Eω1,...,ωm , R = R(G, (ωj )
m
j=1)] of the derived result

Eω1,...,ωmR ≤ 64
√

d |K|(Sk,2p,2q)
1
4

√
m

E




1

m

m∑

j=1

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22





1
4

︸ ︷︷ ︸

Q

,

Q ≤




1

m

m∑

j=1

E

∣
∣
∣ω

2(p+q)
j

∣
∣
∣ ‖ωj‖22





1
4

≤




1

m

m∑

j=1

Ck,2p,2q





1
4

= (Ck,2p,2q)
1
4 ,

using Jensen [f (u) = u
1
4 ], Ck,p,q := Eω∼S

[

|ωp+q| ‖ω‖22
]

.
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Step-6: finish

Putting together: with probability at least 1− τ

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| ≤

≤
128
√

d |K|(Sk,2p,2qCk,2p,2q)
1
4 + Sk,p,q

√

log
(

1
τ2

)

√
m

.
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Step-6: finish

Putting together with probability at least 1− τ

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| ≤

≤
128
√

d |K|(Sk,2p,2qCk,2p,2q)
1
4 + Sk,p,q

√

log
(

1
τ2

)

√
m

︸ ︷︷ ︸

=:ǫ

.

Equivalently

P

(

sup
x,y∈K

|∂p,qk(x, y) − sp,q(x, y)| ≤ ǫ

)

≥

≥ 1− e
− 1

2





ǫ
√

m−128
√

d|K|(Sk,2p,2qCk,2p,2q)
1
4

Sk,p,q





2

.
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Assumptions

Let Sk,p,q := sup
ω∈supp(S) |ωp+q|, Ck,p,q := Eω∼S

[

|ωp+q| ‖ω‖22
]

.

Assumptions:

k : continuous, shift-invariant.

Ck,2p,2q < ∞.

If [p;q] 6= 0: supp(S) is bounded.

K ⊆ R
d : convex and compact set.
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Assumptions

Let Sk,p,q := sup
ω∈supp(S) |ωp+q|, Ck,p,q := Eω∼S

[

|ωp+q| ‖ω‖22
]

.

Assumptions:

k : continuous, shift-invariant.

Ck,2p,2q < ∞.

If [p;q] 6= 0: supp(S) is bounded.

K ⊆ R
d : convex and compact set.

Notes:

If

p = q = 0: Sk,p,q = Sk,2p,2q = 1,
else: supp(S): bounded ⇒ Sk,p,q, Sk,2p,2q < ∞.

K: convex, compact ⇒ K∆ is so.
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Summary

We proved optimal rates for random kitchen sinks.

Slightly annoying assumptions:

supp(S): bounded,
compactness of K.

Other open questions:

metrizable LCA groups,
error propagation in specific tasks.
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Thank you for the attention!
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Support of a measure

Ingredients:

(X , τ): topological space with a countable basis.
B = σ(τ): sigma-algebra generated by τ .
S: measure on (X ,B).

Then

supp(S) = ∪{A ∈ τ : S(A) = 0},

i.e., the complement of the union of all open S-null sets.

Our choice: X = R
d .
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