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Recap

o Given:

k(x,y) = /Rd ei“’T(x_Y)dA(w) = /Rd cos (wT(x — y)) dA(w).

@ sPA9(x,y): Monte-Carlo estimator of 99k (x,y) using (w;)7, ESAY

Zoltdn Szabé Optimal Uniform and LP Rates for RFFs



Recap

o Given:

k(x,y) = / ei“’T(x_Y)dA(w) = / cos (wT(x — y)) dA(w).
RY RY
@ sPA9(x,y): Monte-Carlo estimator of 99k (x,y) using (w;)7, ESAY
o Last time:

VIK]
0Pk — 5p’q||L°0(J<) = Oass. <W .

Derivatives: 'supp(A) is bounded’ requirement.
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Main

Today: one-page summary

© Tighter L*° guarantee in terms of |X|:

Vlog ||
0Pk — 5p’q||L°<>(J<) = 0as. (W

= X can grow exponentially [|X,,| = e°(™] - optimal!
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Main

Today: one-page summary

© Tighter L*° guarantee in terms of |X|:

Vlog ||
0Pk — 5p’q||L°<>(J<) = 0as. (W

= X can grow exponentially [|X,,| = e°(™] - optimal!

@ Finite sample L" guarantees, r € [1,00).
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Main

Today: one-page summary

© Tighter L*° guarantee in terms of |X|:

Vlog ||
0Pk — 5p’q||L°<>(J<) = 0as. (W

= X can grow exponentially [|X,,| = e°(™] - optimal!
@ Finite sample L" guarantees, r € [1,00).

© Moment constraints on A are enough (example: RBF k).
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Dissemination

@ Theoretical foundations: Bharath K. Sriperumbudur, Zoltan
Szabd (contributed equally). Optimal Rates for Random
Fourier Features. In NIPS-2015, accepted [for spotlight
presentation - 3.65%)].
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Dissemination

@ Theoretical foundations: Bharath K. Sriperumbudur, Zoltan
Szabd (contributed equally). Optimal Rates for Random
Fourier Features. In NIPS-2015, accepted [for spotlight
presentation - 3.65%)].

o Infinite dimensional exponential family fitting
application: Heiko Strathmann, Dino Sejdinovic, Samuel
Livingston, Zoltdn Szabd, Arthur Gretton. Gradient-free
Hamiltonian Monte Carlo with Efficient Kernel Exponential
Families. In NIPS-2015, accepted.

Zoltdn Szabé Optimal Uniform and LP Rates for RFFs



L* guarantee

[Csorgé and Totik, 1983]'s asymptotic result:
@ K| = e°(™ is the optimal rate for a.s. convergence,

© For faster growing |X,|: even convergence is probability fails.
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L* guarantee

[Csorgé and Totik, 1983]'s asymptotic result:

@ K| = e°(™ is the optimal rate for a.s. convergence,

© For faster growing |X,|: even convergence is probability fails.
Goal:

@ finite sample L™ guarantee,

@ which implies this optimal rate.
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L* guarantee

We saw [h, = cos(?)]:

1
18Pk = P[50y 3 BarnwR (G, w1:m) + NG
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L* guarantee

We saw [h, = cos(?)]:

1079k — P9 oo (30 B EwopnR(Gs w1:m) +

Wi:m

1
vm’

1 m
Wi:m) ‘= Le — j j
R(G,w1:m) = Eesup mj§_1 ¢jg(wj)

geg
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L* guarantee

We saw [h, = cos(?)]:

1079k — P9 oo (30 B EwopnR(Gs w1:m) +

Wi:m

1
vm’

1 m
Wi:m) ‘= Le — j j
R(G,w1:m) = Eesup mj§_1 ¢jg(wj)

geg

1 [l92nm
< 2
< \/ﬁ/o VIog N (G, L2(A). r)dr,
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L* guarantee

We saw [h, = cos(?)]:

1079k — P 50y F By, R (G wiim) +

Wi:m

1
vm’

1 m
:R ‘m = EE J— . .
(G, w1:m) sup - jE_l €jg(w))

geg

1 1912,
3 /0 "\ Jlog N (G, L2(Am), P)dr,
G = {g(w) = wP(—w)¥hpiq(w'2) : z€ Ka},
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L* guarantee

We saw [h, = cos(?)]:

1079k — P 50y F By, R (G wiim) +

Wi:m

1
vm’

geg

1 m
:R ‘m = EE J— . .
(G, w1:m) sup - jE_l €jg(w))

1 1912,
3 /0 "\ Jlog N (G, L2(Am), P)dr,
G = {g(w) = wP(—w)¥hpiq(w'2) : z€ Ka},

d
N @) < (TR 1)
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L* guarantee

We saw [h, = cos(?)]:

1079k — P 50y F By, R (G wiim) +

Wi:m

1
vm’

geg

1 m
:R ‘m = EE J— . .
(G, w1:m) sup - jE_l €jg(w))

1 1912,
3 /0 "\ Jlog N (G, L2(Am), P)dr,
G = {g(w) = wP(—w)¥hpiq(w'2) : z€ Ka},

d
N(g’ L2(/\m), r) < <% + 1> ,

r

1 Q-] 206+ 2
Ap,q: EZ‘ (p+a) ‘||wj||2
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L* guarantee

Key observation:

m 2
)y [ A T 20 o

r

log [NV (G, L*(Am), r)] < dlog +1,

log(v + 1) < u was applied = |X|.
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- _ _ p+q
L*° guarantee: Tpﬂcl = SUD,esupp(A) “"’ ‘

L
\/m

R (g7 wl:m) <

2V szzq\/ 4|J<|qu 1>d

Zoltdn Szabé Optimal Uniform and LP Rates for RFFs



Main

- _ _ p+q
L*° guarantee: Tpﬂq = SUD,esupp(A) “"’ ‘

(@): r <2y/Top2q
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- _ _ p+q
L*° guarantee: Tpﬂq = SUD,esupp(A) “"’ ‘

(a): r <2y/Tap2q . (b): 2|K|Apq+/Top2q < (2/K| + \/T2p2q) (Apq+1).



Main

- _ _ p+q
L*° guarantee: Tpﬂq = SUD,esupp(A) “"’ ‘

+ 2\/ Top2q 108(Ap.q + 1)) .

(a): r <2y/Tap2q . (b): 2|K|Apq+/Top2q < (2/K| + \/T2p2q) (Apq+1).



L* guarantee

(a)
R (Q, wl:m) S

16v/2d L Byg+1
NG vV T2p.2q (/0 log % dr + y/log(Apq + 1)> ,

21X

AV T2p,2q

(a): change of variables, Bp q :=
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L* guarantee

(a) 16+/2d L Byga+1 PN
fR(g,wl:m) S \/m \/ T2p,2q (/0 |Og % dr + |Og(Ap7q + 1) s

2AX]_ (p):
AV T2p,2q' '
\/Iog de < /loga + 3 Ioga (a>1).

(a): change of variables, Bp q :=
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L* guarantee

(a) 16+/2d L Byga+1 PN
fR(g,wl:m) S \/m \/ T2p,2q (/0 |Og % dr + |Og(Ap7q + 1) s

(b) 16v/2d 1
< \/ T +
vm 2p2q log(Bp.gq+ 1)

log(Bp,q + 1) +

log (Ap,q + 1)

: ; . :
(a). change of variables, qu = (b):

\/Iog de < /loga + 3 Ioga (a>1). =
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L> result for p=q =0 (k)

Let k be continuous, 02 := [ |lw|* dA(w) < co. Then for V7 >0
and compact set X C R¢

. h(d,|X],0) + V2T _ .
A <Hk—kHLoo(9<)Z (. X].2) )Se ;

NG

h(d,|X|, o) := 32/2dlog(2|K| + 1) + 16

32/2d log(o + 1).

2d +
log(2|X| + 1)
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Main

Consequence-1 (Borel-Cantelli lemma)

A~ m—00 | NG
@ A.s. convergence on compact sets: k ——— k at rate %H.
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Main

Consequence-1 (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate log IX].

m
o Growing diameter:

° |og13<m| T2 0 s enough (i.e., |KXn| = eo(m)) o
s Our old result: |Xp| = o (v/m).
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Main

Consequence-1 (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate log IX].

m
o Growing diameter:
° % %% 0 is enough (i.e., K| = %)
s Our old result: |Xp| = o (v/m).
@ Specifically:
e asymptotic optimality [Csérgd and Totik, 1983, Theorem 2] (if k(z)
vanishes at 0o).
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Consequence-2: L" guarantee (1 < r)

Idea:
@ Note that

1
Ik = Kl = (//\kxy Koyl dxdy)

< [k — k]| oo ggeyvol (%),
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Main

Consequence-2: L" guarantee (1 < r)

Idea:
@ Note that

1
Ik = Kl = (//\kxy Koyl dxdy)

< [k — k]| oo ggeyvol (%),

o vol(K) < vol(B), where B := {x eR?: [|x|» < @}
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Main

Consequence-2: L" guarantee (1 < r)

Idea:
@ Note that

Ik = Kl = (//\kxy Koyl dxdy)

< [k — k]| oo ggeyvol (%),

@ vol(X) < vol(B), where B := {x eRY: x| < %}
@ vol(B) = N‘;/(ﬂ (t)= [ ut e du. =

Zoltdn Szabé Optimal Uniform and LP Rates for RFFs



L" guarantee

Under the previous assumptions, and 1 < r < co:

2/r
79/2|%K|d / h(d,|X|, o) + V271 .
<e .
29T (% +1) NG

A 1k = Kl sy > (
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L" guarantee

Under the previous assumptions, and 1 < r < co:

2/r
79/2|%K|d / h(d,|X|, o) + V271 .
<e .
29T (% +1) NG

A 1k = Kl sy > (

Hence,

1k = K|l () = Oas. ( m™ 2K\ /log [ X] ).

L™ (X)-consistency if =% 0
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L" guarantee

Under the previous assumptions, and 1 < r < co:

2/r
. d/2|qgc|d
A IIk—kIILf(x)Z<7T X ) h(d[X],0) Tv2r ) o

29r(4 + 1) Vm
Hence,
|k = Kllirx) = Ous.( m~21K[*4/"\/log K] ).
L™ (X)-consistency if =% 0
Uniform guarantee: |X,,| = e™<": now: W = 0= |Kn| = o(mﬁ),
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Main

Direct L" guarantee (proof after discussion)

Under the previous assumptions, and 1 < r < co:

2/r
R d/2 %|d c! /2
ANk = Kl > | mamrg d‘ | r YT <,
2dr(§ + 1) ml—max{§,7} vm

C/: universal constant; only r-dependent (not |X| or m-dep.).
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Main

Direct L" guarantee (proof after discussion)

Under the previous assumptions, and 1 < r < co:

2/r
R d/2 %|d c! /2
ANk = Kl > | mamrg d‘ | r YT <,
2dr(§ + 1) ml—max{§,7} vm

C/: universal constant; only r-dependent (not |X| or m-dep.).
Note: if 2 < r, then

o ml—max{%,%} — \/E [We got rid of |0g(5<)]:

@ [k — ki) 23 0§ |Km| = 0 (mﬁ) as m — co.
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Main

Direct L" result: High-level idea

© By the bounded difference property:

1k — Kllir(xy < By pllk = kll1roey + ol ()4 /=
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Direct L" result: High-level idea

© By the bounded difference property:

A A , 2T

Ik = kllLrxy < Bowoppllk = kll (s +vol?/ (X) '

@ By L' = (L)* (L + L =1), the separability of L"(X) and
symmetrization [van der Vaart and Wellner, 1996, Lemma 2.3.1]:

w1m||k kHL’ JC)< E‘-‘-’lm COS wlv _>)

L"(X)

=:(+)
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Direct L" result: High-level idea

© By the bounded difference property:

r

-

@ By L' = (L)* (L + L =1), the separability of L"(X) and
symmetrization [van der Vaart and Wellner, 1996, Lemma 2.3.1]:

Zs,cos wi, - — )

—(x)
© Since L"(X) is of type min(2, r) 3C/ such that

1
m )
(%) < C! (Z || cos({w;, - — >)HTrIFJ<2 r)> :

i=1

Ik = Kllir ey < Eanllk = K150y + vol* " (X)

‘-‘-’1m||k k”[_r J{) < E‘-‘-’lm

L"(X)
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Direct L" result: Step-1

flwi,...,wm) = |k— IA<||,_r(g<) has bounded difference:

A 1 1 -

ki(xy) = = 3 cos(w] (x — y)) + = cos(@] (x — y),
#i

sup [k = Kllirgy = Ik = Killur| <

(“"’I‘),"lp‘:’i

< sup ||’A<i—’A<||Lr(9<)

(wi);n:p‘:;i
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Direct L" result: Step-1

flwi,...,wm) = |k— IA<||,_r(g<) has bounded difference:

A 1 1 -

ki(xy) = = 3 cos(w] (x — y)) + = cos(@] (x — y),
#i

sup [k = Kllirgy = Ik = Killur| <

(“"’I‘),"lp‘:’i

o o 2
< sup [k = Kller) < —sup || cos({wis - =)l ()
Wi

(wi);lpa;i
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Direct L" result: Step-1

flwi,...,wm) = |k— IA<||,_r(g<) has bounded difference:

ixy) = 3 cos(ew] (x — y) +  cos(&] (x — y)).

JF#i
sup [k = Kllirgy = Ik = Killur| <
(“"’I‘),"lp‘:’i
P 2
< sup ki = Kkllorxy) < —sup || cos({wi, - — ))llLr(x)
(wi);lpa;i m Wi

2
< Zvol?"(K) =: e
m

= We can apply the McDiarmid inequality.
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Main

We write ||-||,, as a countable sup

Let 1 < r' < oc.
o Let (X, A, p), p(X) < oo, 2 +L =1. Then

[L"(X,A,u)r ={Fr:fel"(X,A,un)},
Filu) = | ufdn,

and [|[f]|; = Frll = supyg) , =1 [Fr(g)] =: (%).
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Main

We write ||-||,, as a countable sup

Let 1 < r' < oc.
o Let (X, A, p), p(X) < oo, 2 +L =1. Then

[L"(X,A,u)r ={Fr:fel"(X,A,un)},
Filu) = | ufdn,

and [|[f]|; = Frll = supyg) , =1 [Fr(g)] =: (%).

@ Moreover, since for X = X, L’/(IK) is separable [Cohn, 2013,
Prop. 3.4.5] = 3G C 5,//(4)(0,1) countable
[Carothers, 2004, Lemma 6.7]: (x) = sup,cg |Fr(g)l-
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Direct L" result: Step-2

By the previous rewriting

k=Kl = [Fece| = sup| [ etxy) k) = kGey)] dxdy1 = (+)

geg
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Direct L" result: Step-2

By the previous rewriting

[k — k|l rx) = HF"—’?H = sup
geg

[ etx) [kty) — kx)] axay| = 0
KxXK

| gley) [Kxy) = ki) axy
KxX
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Direct L" result: Step-2

By the previous rewriting

k=Kl = [Fece| = sup| [ etxy) k) = kGey)] dxdy1 = (+)

geg
| gley) [Kxy) = ki) axy
KxX

= [ et | [ coswT(x =y~ An)(e)]| axay
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Direct L" result: Step-2

By the previous rewriting

Ik = Kl = || Fes

= sup
geg

| elxy) [kxy) — kixy)] axay
KxX

[ etx) [kty) — kx)] axay| = 0
KxXK

0
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Direct L" result: Step-2

By the previous rewriting

Ik — IA<HLr(3<) = HF"—’A‘H = Zlég /xxxg(x,y) [k(x,y) — /;(x,y)} dxdy‘ =: (%)

/ng(x,y) [k(x,y) - l?(x,y)] dxdy
/Rd /ﬂ<xﬂ< Jcos(w (x —y))dxdy (A = Am)(w) =

=:8z(w): measurable <= dominated convergence

= sup [(A—=Anp)El,
2€G:={g;:g€G}

(%)
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Direct L" result: Step-2

By symmetrization [(a)] we get

Zag wj)

A (a)
IEWl:mHk - k”L’(fK) S 2}E‘—Ulzm}E sup
geg
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Direct L" result: Step-2

By symmetrization [(a)], & def. [(b)] we get

Zag wj)

ei / g(x.y) cos (w] (x—y)) dxdy
KxK

A ( )
IEWl:mHk - k”L’(fK 2}E‘—Ul mIE SUp

m

2
= —[E,., Ecsup
e nlBe SUp Z}

—
~
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Direct L" result: Step-2

By symmetrization [(a)], & def. [(b)] we get

1 m
- Z eig(wi)
i=1

A (a)
By llk = kllrxy < 2Ewy, Ee sup
geg

m

(b) 2 / T
= —[E,., Ecsup F g(x,y)cos (w; (x —y) ) dxdy
mEennBesup|3 e | g0xy) (wlx=))
2
Ew . Ee sup / g(x,y) €j COS (x—y dxdy
: geg JCXJC [Z ( )>
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Direct L" result: Step-2

By symmetrization [(a)], & def. [(b)] and L" = (L")* [(c)], we get

N (a)
IEWl:mHk - k”L’(fK) S 2Ewl;mEE sup
g

1 m
> (=) eig(wi)
e |Mia

m

(b) 2 / T
= —[E,., Ecsup F g(x,y)cos (w; (x —y) ) dxdy

mEennBesup|3 e | g0xy) (wlx=))

2

Ew . Ee sup / g(x,y) €j COS (x—y dxdy

: geg JCXJC [Z ( )>
c 2
© ; wimE ZE, cos({wij, - —-))
L(X)
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o
o
(D]
-+

Up)]

w
3
0
()
—

B

~

)
O
(]
=

()

sgn (sin (Y7s)) € L2[0,1]

Rademacher functions: r;(s)

Optimal Uniform and LP Rates for RFFs

Zoltan Szabé



Direct L" result: Step-3

Properties of Rademacher functions:
@ ONS in L2[0,1].
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Direct L" result: Step-3

Properties of Rademacher functions:
@ ONS in L2[0,1].
vector, where t ~ U[0,1] =
m

1 m
Be | oif| = [ [ o6 s
j=1

Jj=1

Zoltdn Szabé Optimal Uniform and LP Rates for RFFs



Direct L" result: Step-3

A (Z,]|-]) Banach space is of type g € (1,2] if 3C € R

m q

/ Z (s)fi||ds< C Zufuq Vm, V{fi}, € Z.
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Direct L" result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m 5

/ Z (s)fi||ds< C Zufuq Vm, V{fi}, € Z.

Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
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Direct L" result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m 5

/ Z (s)fi||ds< C Zufuq Vm, V{fi}, € Z.

Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
© V Hilbert space is of type 2.
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Direct L" result: Step-3

A (Z,||-||) Banach space is of type g € (1,2] if 3C € R

m q
/ Z (s)fil[ds < C Z 1619 ,Vm,v{f}, C Z.
Notes:
@ g choice: V (#) B-space is of type 1 (> 2).
© V Hilbert space is of type 2.

Q Z=1L"(X,A,pu)is of type g =min(2,r)
[Lindenstrauss and Tzafriri, 1979, page 73] =
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Direct L" result: Step-3

3¢/ such that

i cos({wj, - —

min(2,r)
min(2,r
<q (ZHCOS Wi, =) )H ( ) ()

L’(SK) i=1

@,
ZHcos Wi, — )||T,'(nj< N _
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Direct L" result: Step-3

3¢/ such that

1
min(2,r)
cos((wi =) < G (Zucos i >H”"'“(”> = ()
L’(SK) i=1
min(2,r)
chos o= NIE" = Yo | [ Jeostwl (=) axay
i=1 KxK —
<1
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Direct L" result: Step-3

3¢/ such that

1
min(2,r)
i COS(<(4J,', : < C, (Z H COS wla T )Hmm(z ' ) =: (*)
L’(SK) i=1
min(2,r)
(2, = r

Z leos((or = DT = 30| [ Jeostwl (x—y))[ dxay
i=1 KxK —
<1

min(2,r)

<m[vwlP(X)] " =
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Direct L" result: Step-3

3¢/ such that

1
min(2,r)
i COS(<(4J,', : < C, (Z H COS wla T )Hmm(z ' ) =: (*)
L’(SK) i=1
min(2,r)
(2, = r

Z leos((or = DT = 30| [ Jeostwl (x—y))[ dxay
i=1 KxK —
<1

min(2,r)

<m[vwlP(X)] " =

(*) S C’{mm:maX{%y%}VOIZ/r(g{)‘
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Guarantee on derivatives with unbounded supp(A)

Assumptions:
Q z+ V,[0P9%(z)]: continuous; X C R?: compact,
Ep,q = IEww/\|""'p—"_q‘ ”w”2 < 0.
Q@ dL>0,0>0

M! g2 M=2
2
f(z;w) = OP9k(z) — w"(—w)qh|p+q‘(w7—z).

Bl f(z; @)V < (VM > 2,Vz € Kp),
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Main

Guarantee on derivatives with unbounded supp(A)

Assumptions:
Q z+ V,[0P9%(z)]: continuous; X C R?: compact,
Ep,q = IEww/\|"‘)p—"_q‘ ”w”2 < 0.
Q@ dL>0,0>0

M| 2LM—2
Uf (VM > 2,z € Kp),

f(z;w) = 0P9k(z) — w"(—w)qh|p+q‘(w7—z),
Then with Fy := d-7h + dai

AT ([[6P 9k — $P9[ ooy > €) <

Eponlf(z;w)|M <

me? me2

4 omP
< pd-1g 8a2(1+—) L E = K|(Dp,q, + Epa) |77 . 8(d+1)a2<1+%)’
€

where DPJLK = Suszconv(iKA) HVZ [aPMk(z)]”z'



Comments

@ Proof idea: '[Rahimi and Recht, 2007]: Hoeffding
(boundedness!) + Lipschitzness' — 'Bernstein +
Lipschitzness'.
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Lipschitzness'.

@ Example: Gaussian kernel.
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Comments

@ Proof idea: '[Rahimi and Recht, 2007]: Hoeffding
(boundedness!) + Lipschitzness' — 'Bernstein +
Lipschitzness'.

@ Example: Gaussian kernel.

@ It gives the (slightly worse)

P9k — 5P| ) = Oy, (IX]/m~log m)

rate.
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Summary

Finite sample
o [®(K) guarantees —— |K | = e°(™ — optimall
@ L"(X) results (< uniform, type of L").

@ derivative approximation guarantees:

@ improved |X,,| growing — bounded spectral support.
@ handling unbounded spectral support.
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Research directions

@ Tighter derivative guarantees (unbounded empirical
processes).

@ Error propagation to prediction.

@ LCA/Mercer, ...extensions.
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Main

Thank you for the attention!
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Appendix

Borel-Cantelli lemma

@ Assume: Y o7 P(A,) < co.

@ Then P(co-ly many of them occur) = 0. Formally,

P <Iim sup An> =0,
n—oo

o0 o0
limsup A, == () | Ax.

n—00 n=1 k=n
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Appendix

McDiarmid inequality [Shawe-Taylor and Cristianini, 2004]

Let wi,...,wm € D be independent r.v.-s, and f : D™ — R satisfy
the bounded diff. property (Vr):

sup  |F(ur, . um) = Fur, U1, Uy U, Uum)| < 6
ut,...,Um,ul€D

Then for V5 > 0

282

P(f(wi,...,wm) — E[f(w1,...,wm)] > B) < e ZmiF

) . o _ 2 _ 2¢ — m
Note: specifically, if c = ¢, (Vr), 7 = = Se=cy/

gives P (f(X1,..., Xm) <E[f(X1,.... Xm)] + /) > 1—e".
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Bernstein inequality [Yurinsky, 1995]

Let (&)™, "X P, E¢,pléj] = 0, and assume that 3L > 0,5 > 0

m 21 M=2
kg [l] < M gy
j=1

Then for Vm € NT, v > 0,
P[> glzns) e TE.

Jj=1
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Appendix

Support of a measure

@ Ingredients:
@ (X, T): topological space with a countable basis.
@ B = o(7): sigma-algebra generated by 7.
@ A: measure on (X, B).

Then

supp(N) = U{A € 7 : A(A) = 0},

i.e., the complement of the union of all open A-null sets.
@ Our choice: X =R9.
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Appendix

L*°(X) is not separable

@ Assume that 0 € K.
o Take S := {lg(o,n}r>0 C L%(X).
@ |S| > countable, and for Vs; # s, € S: ||s1 — 52”Lo<>(3<) =1.
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