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Motivation: dataset

You just received a set of 1
billion images.

What's the data like?

. 4

Tlllustrations are taken from Been Kim’s slides.
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Motivation: prototypes
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Motivation: prototypes
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Motivation: criticisms
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data

Zoltdn Szabé Criticism for Interpretability



Motivation: criticisms

¥ Observed
data
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Motivation: high-level summary
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e Given: dataset (say images).
e Goal:
e summarize: prototypes (majorities),
e criticize: atypical examples (minorities).

@ ldea: use kernel — mean embedding — MMD.
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Kernel, mean embedding, MMD
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Kernel, RKHS definition(s)

Given: X set.
o Kernel:

k(a,b) = (¢(a),p(b))s, T :some Hilbert space.
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Kernel, RKHS definition(s)

Given: X set.
o Kernel:

k(a,b) = (¢(a),p(b))s, T :some Hilbert space.
o Reproducing kernel of a J((ilbert) ¢ R¥:

k(-,b) € I, (f k(-, b))ac = f(b).
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Kernel, RKHS definition(s)

Given: X set.
o Kernel:

k(a,b) = (¢(a),p(b))s, T :some Hilbert space.
o Reproducing kernel of a J((ilbert) ¢ R¥:

k(-,b) € I, (f k(-, b))ac = f(b).

spec.

— k(a, b) = (k(-,a), k(-, b))g.
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Kernel examples on X =R9, 6 > 0

lla—bli3 _ lla=bll
kg(a, b) =e 207 ke(a7 b) =e 202 |
1 1
kc(a,b) = ———, ke(a,b) = —————,
14+ Hagzbllz 1+ |a— bl
la — bl

kp(a,b) = ((a,b) +0)", k(a,b) =1 — ——F=—,
p(2:0) = (2.6} + 07 ka.D) =1- 2

1

\/lla = bl + 62

— V3|la—b]|
N e e L

k,-(a, b) =

K

o
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Mean embedding: — mean trick

o Kernel: = (k(-, x (-,x’)>g{k, pp = k(-,x), P =d,.
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Mean embedding: — mean trick

o Kernel: = (k(-, x (-,x’)>g{k, pp = k(-,x), P =d,.
e Mean embeddlng (feature of P):
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Mean embedding: — mean trick

o Kernel: = (k(-, x (-,x’)>g{k, pp = k(-,x), P =d,.
e Mean embeddlng (feature of P):

,u]p—ZW, o xi) € Hy, P= ZW, i

i=1
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Mean embedding: — mean trick

o Kernel: = (k(-, x (-,x’)>g{k, pp = k(-,x), P =d,.
e Mean embeddlng (feature of P):

,u]p—ZW, o xi) € Hy, P= ZW, i

pp = Exoplk(-,x)] = /k(~,x)dP(x) € Hy.

Bochner integral
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Mean embedding: — mean trick

o Kernel: <k "X,)>3fk’ pp = k(-,x), P = 0.
e Mean embeddlng (feature of P):

,u]p—ZW, o xi) € Hy, P= ZW, i

i=1

pp = Exoplk(-,x)] = /k(~,x)dP(x) € Hy.

Bochner integral

o 3up < [ [lk(-;x)l3, dP(x) < co. Example: bounded k.
W

k(x,x)
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Maximum mean discrepancy (MMD): specific IPM

MMD(P, Q) = ||up — polls,
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Maximum mean discrepancy (MMD): specific IPM

MMD(P, Q) = ||up — polls,

= sup (f,pp — 1)y,
feBk::{f:Hng{kgl}
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Maximum mean discrepancy (MMD): specific IPM

MMD(P, Q) = ||up — polls,

= sup (f,pp — 1)y,
feBk::{f:Hng{kgl}

= sup []EXNPf(X) — EZN@f(Z)] .
feBk
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Using {xi}_; ~ P, {z}]2; ~ Q,

MMD2(P, ) = MMD? (£, 0)
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Using {xi}_; ~ P, {z}]2; ~ Q,

MMD2(P, Q) = MMD? (ﬁ”a@) = H“@ - “@H;
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Using {xi}_; ~ P, {z}]2; ~ Q,

MMD2(P, Q) = MMD? (ﬁ”a@) = H“@ - “@H;

2
m

R 1
= ;Zk(wxi)—azk(',zj)
i=1 j=1 W,

Zoltan Szabd Criticism for Interpretability



Using {xi}/_; ~ P, {7}, ~Q,

MMD2(P,Q) = MMD? (£,0) = |15 - “@H

1< 1 ¢
;Zk(-,xi)—azk(',zj)
i—1 =1

2

Hy

1 n n 1 m m
zszk(x,-,Xj)—l—jzzk(Zinj)
= =
n m

— % Z Z k(xi, zj).

i=1 j=1
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IPM representation — witness function of MMD

@ Recall:

MMD(P,Q) = sup (f, up — M@>}ck .
feBy
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IPM representation — witness function of MMD

@ Recall:

MMD(P,Q) = sup (f, up — M@>}ck .
feBy

@ Witness function

* IU’P_IU/Q
flo=—12HY o g
PO Nl — polly,
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IPM representation — witness function of MMD

@ Recall:

MMD(P,Q) = sup (f, pp — 1),
feBy

@ Witness function, empirical witness function:

o= __HP—HQ X pip — pig
L e — ngllag,
B ,UQ
£ X fip — [y
He HNJP v
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Local summary

o Kernel:

k(x, x") = ((x), 9(x)) 50

where ¢(x) 1= k(-,x), H = Hy.
@ Mean embedding, MMD, witness function:

Hp = EXNP[k('7X)]7
MMD(P,Q) = |lup — pqlls, -

fﬁi@ X pp — HQ-
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Summarization objective

o Given:
o X ={x}i,,
e m*: # of desired prototypes, m* < n.
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Summarization objective

o Given:
o X ={x}i,,
e m*: # of desired prototypes, m* < n.

@ Choose subset S by

min MMD? (X, Xs) .
Sc{1,...,n},|S|<m*
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Criticism objective

e Given:

e S: selected prototypes.
e c*: # of desired criticism samples, < n — m*.

Zoltan Szabd Criticism for Interpretability



Criticism objective

e Given:

e S: selected prototypes.
e c*: # of desired criticism samples, < n — m*.

@ Witness function:

. 1 < 1
X xs XX = bxs = > k(- xi) - 5] > k(- x).
i—1

Jes
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Criticism objective

e Given:

e S: selected prototypes.
e c*: # of desired criticism samples, < n — m*.

@ Witness function:

. 1 < 1
R o x = pixs = 1 > k() = 75 ) k(%)
i=1 Jjes

@ Objective function

max f* X
Cc{lvan}\s,cgc*eezc‘ XXS( Z)‘

criticise
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Criticism objective

e Given:

e S: selected prototypes.
e c*: # of desired criticism samples, < n — m*.

@ Witness function:

. 1 < 1
R o x = pixs = 1 > k() = 75 ) k(%)
i=1 Jjes

@ Objective function, K = [k(x;, x;)]:

maxXx Z
CC{L,n P\, Cl<c

fx x(xe)| + logdet K¢ c.
e S——

diversity of X¢

criticise
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Combinatorial optimization problems:

a F1(S) := —MMD? (X, Xs),
scit stz 1) (X, Xs)

max F(C):= fo v (xp)| + logdet K¢ .
Cc{l,...,n\S,|C|<ce 2(€) ZEZC|X’X5( Z)’ & .C
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Combinatorial optimization problems:

a F1(S) := —MMD? (X, Xs),
SC{l,..Tn})jS\Sm* 1( ) ( S)
F(C) = fx logdet K¢ ¢.
ccp e »(C) eeZC|X’XS(X£)’+ ogdetKc ¢
Idea:
o greedy optimization of F

Sty1:=5:U argmax F(5:U{u})
ue{l,...,n}\S;

1
gives <1 — e)—optimal S* if Fis...

———
~0.63
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@ normalized: F(0) = 0.
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@ normalized: F(()) =0.
@ monotone:

AC B = F(A) < F(B), VA, B.
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@ normalized: F(()) =0.
@ monotone:

ACB= F(A) < F(B), VA, B.
© submodular:
F(AUB)+ F(AnB) < F(A)+ F(B), VYA, B.

Example:
o F(A)=|A|
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@ normalized: F(0) = 0.
@ monotone:

ACB= F(A) < F(B), VA, B.
© submodular:
F(AUB)+ F(AnB) < F(A)+ F(B), VYA, B.
Example:

o F(A) = A
o F(A) = g(|A]) submodular < g: concave.
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Can we guarantee these conditions?

We focus on F;. Recall:

F1(S) = —MMD?(X, Xs)

n 2 n 1
_ _% > k(xi, %) + szk(xi,xj) GE > k(xi,xj) -

ij=1 i=1 jes ijes

=0ifS=90
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Can we guarantee these conditions?

We focus on F;. Recall:

F1(S) = —MMD?(X, Xs)

n 2 n 1
= —% > k(xi,x) + WZZ/‘(%XD ~ ISP > k(i)

ij=1 i=1 jes ijes

=0ifS=90

1 n
Fi(S) = — > k(xi,x) — MMD*(X, Xs).
ij=1

The new F; is normalized: Fi(0)) = 0.
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Towards monotonicity and submodularity of F;

2 n
Fl(S):mZZkX,,XJ \SPZ (xi, ;)

i=1 jes ijeSs

Observation: Fy is linear in K = [Kjj] = [k(x;, xj)] € R™"
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Towards monotonicity and submodularity of F;

2 n
Fl(S):mZka,,xj \5\22 (xi,x;) =1 ().

i=1 jes ijeSs

Observation: Fy is linear in K = [Kjj] = [k(x;, xj)] € R"™*",

=5 |ZZIesk Xiy X ) |5|2 Z lieslicsk(xi, x})

i=1 j=1 ij=1

Zoltan Szabd Criticism for Interpretability



Towards monotonicity and submodularity of F;

2 n
Fl(S):mZka,,xj \5\22 (xi,x;) =1 ().

i=1 jes ijeSs

Observation: Fy is linear in K = [Kjj] = [k(x;, xj)] € R"™*",

n| | Zzljesk X”XJ |S|2 Z IIESIJESk(XHXJ)

i=1 j=1 ij=1
n
2 1
=Y | —oilies — eglieshes | k(xi,x)
jesS > lies J€S> iy Xj
=1 ( n\S\ ’5’ N——

g
a;j(5)
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Towards monotonicity and submodularity of F;

2 n
Fl(s):mzzkx”xf ‘5‘22 (xis x;) =1 ().

i=1 jes ijeSs

Observation: Fy is linear in K = [Kjj] = [k(x;, xj)] € R"™*",

=5 |ZZIesk Xiy X ) |5|2 Z lieslicsk(xi, x})

i=1 j=1 ij=1
n 2 1
= Z m’jes - @’iesljes k(xi,x1) = (A(S),K).
ij=1

g
a;j(5)
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Monotonicity & submodularity of F(S, K) = (A(S), K)

o K= [K,J] (S Rnxn, 0< K,'J' < K, = maxij K,'J', 0 < K..
o E:=Ik_k, €{0,1}"" (‘diagonal’), E' =1 —E.
@ Assume

ofm m) = F(S,EY>0

If for V (i, ) such that (E'); =1, 0 <Vm < m*

! off-diagonal’

Kij < Kva(n, m), [K: 'diagonally dominant enough'’l

then S — F(S,K) is monotone.

Note: Similar condition = S — F(S,K): submodular.
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Monotonicity & submodularity of F;

Let K = [Kj]. If
@ Non-negative entries: 0 < Kj; (Vi,j).
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Monotonicity & submodularity of F;

Let K = [K;]. If
@ Non-negative entries: 0 < Kj; (Vi,j).
@ Equal, positive diagonal: 0 < K, := Kij; (Vi).
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Monotonicity & submodularity of F;

Let K = [K;]. If
@ Non-negative entries: 0 < Kj; (Vi,j).
@ Equal, positive diagonal: 0 < K, := Kij; (Vi).
© Diagonally dominance: ; ; Kij < Kij (Vi).
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Monotonicity & submodularity of F;

Let K = [Kj]. If
@ Non-negative entries: 0 < Kj; (Vi,j).
@ Equal, positive diagonal: 0 < K, := Kij; (Vi).
© Diagonally dominance: ; ; Kij < Kij (Vi).
© Off-diagonal entries are small enough:
K.

K < Vi ).
Y= m34+2n2—-2n—-3 (¥i #J)

then S — F1(S, K) is monotone and submodular.
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e X = {x;}"_;: disjunct points. k(x,y) = e x=yll2 4 > 0.

Zoltan Szabd Criticism for Interpretability



e X = {x;}"_;: disjunct points. k(x,y) = e x=yll2 4 > 0.
@ In this case:
o k(x;,x;) > 0: non-negative v/
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e X = {x;}"_;: disjunct points. k(x,y) = e x=yll2 4 > 0.
@ In this case:

o k(x;,x;) > 0: non-negative v/

e Diagonal =1, > 0.
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e X = {x;}"_;: disjunct points. k(x,y) = e x=yll2 4 > 0.
@ In this case:

o k(x;,x;) > 0: non-negative v/

e Diagonal =1, > 0.

e Diagonal dominance: disjunct x;-s.

Zoltan Szabd Criticism for Interpretability



o X = {x;}7_,: disjunct points. k(x,y) = e Ix¥l2 ~ > 0.
@ In this case:

k(x;,x;) > 0: non-negative v’

Diagonal =1, > 0.

Diagonal dominance: disjunct x;-s.

Small enough off-diagonal entries: disjunct x;-s =

1
m+2n2 —-2n—-3"

Ki(v) =50, <
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Proof: general theorem — monotonicity

e Goal: F(SU{u})—F(S) >0, VS, Vu.
o Idea:

e Construct F bounds.
e F is linear in K = K bounds are enough.
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Proof: monotonicity

e K bounds: using 0 < Kj;

K.E<K< K.E + vE' ., v:= max Kij.
(iJ)ek’

4
(
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Proof: monotonicity

e K bounds: using 0 < Kj;

K.E<K< K.E + vE' ., v:= max Kij.
~~ ~ (ij)eE’

maxg K maxgs K
e Propagation to F bounds: by linearity of K — F(S,K) = (A(S),K)
(A(S), KLE) < (A(S),K) < (A(S), K.E+vE') , 777
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Proof: monotonicity

e K bounds: using 0 < Kj;

K.E<K< K.E + vE' ., v:= max Kij.
~~~ ~ (ij)eE’

maxg K maxgs K
e Propagation to F bounds: by linearity of K — F(S,K) = (A(S),K)
(A(S), K.E) < (A(S),K) < (A(S), K.E + VE') , 777
<

F(S, K E) < F(S,K) < F(S,K.E+vE).
N——
K.F(S,E) K.F(S,E)+vF(S,E')
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Proof: monotonicity

e K bounds: using 0 < Kj;

K.E<K< K.E + vE' ., v:= max Kij.
~~~ ~ (ij)eE’

maxg K maxgs K
e Propagation to F bounds: by linearity of K — F(S,K) = (A(S),K)
(A(S), K.E) < (A(S),K) < (A(S), K.E + VE') , 777
<

F(S, K E) < F(S,K) < F(S,K.E+vE).
N——
K.F(S,E) K.F(S,E)+vF(S,E')

e Applying the F bounds, and using F(S,E’) > 0:

F(SuU{u},K) - F(S,K) > K.F(SU{u},E) — K.F(S,E) —vF(S,FE)
> 0?7
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Proof: monotonicity

e K bounds: using 0 < Kj;

K.E<K< K.E + vE' ., v:= max Kij.
~~~ ~ (ij)eE’

maxg K maxgs K
e Propagation to F bounds: by linearity of K — F(S,K) = (A(S),K)
(A(S), KLE) < (A(S),K) < (A(S), K.E+vE') , 777
<

F(S, K E) < F(S,K) < F(S,K.E+vE).
N——
K.F(S,E) K.F(S,E)+vF(S,E')

e Applying the F bounds, and using F(S,E’) > 0:
F(SuU{u},K) - F(S,K) > K.F(SU{u},E) — K.F(S,E) —vF(S,FE)
> 07 <
F(SU{u},E) - F(S.E)
v h F(S.E) ‘
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
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Consequence: idea

o K: diagonal dominant == E=1,E' =1 -1
o Recall: A(S) = [a5(S)]. 35(S) = oAy bes — sl
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a5(S)], 34(5) = s bes ~ sl
@ Relevant quantities:
2 1 2(n—1 m-—1
As).E =21 (as).E) =20 moL

n m n m
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a5(S)], 34(5) = s bes ~ sl
@ Relevant quantities:

2 1
n m

7 <A(S),E’>:2(n_1)—m_1,

n m

(A(S),E)

(m+1)[m(n—2)+ n

a(n,m) = (monotonicity),
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a;(S)], a;(S) = 7s;ljes — g liesles
@ Relevant quantities:

2 1 2(n—1) m-1

AS).E) =2~ (as),E)=2"D ML
a(n,m) = (m 1) [m(n —2) 7 1] (monotonicity),
B(n,m) = . (submodularity)

(m+1)[n(m?+3m-+1) —2(m?+2m)]
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a;(S)], a;(S) = 7s;ljes — g liesles
@ Relevant quantities:

2 1 2(n—1) m-1

AS).E) =2 () E) =" ML
a(n,m) = (m 1) [m(n —2) 7 1] (monotonicity),
B(n,m) = (m T D (m2 1 3m+ 1) = 2 (m2 5 2m)] (submodularity)
e m+— «a(n, m) decreasing, a(n,n) = ﬁ
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a;(S)], a;(S) = 7s;ljes — g liesles
@ Relevant quantities:

2 1 2(n—1) m-1

AS).E) =2~ (as),E)=2"D ML
a(n,m) = (m 1) [m(n —2) 7 1] (monotonicity),
B(n,m) = . (submodularity)

(m+1)[n(m?+3m+1) —2(m?+ 2m)]

e m+— «a(n, m) decreasing, a(n,n) =
e m+— [(n, m) decreasing, B(n,n) =

n2—1-
-1
n3+2n2—2n—3"
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Consequence: idea

e K: diagonal dominant = E=1,E' =1-1.
o Recall: A(S) = [a;(S)], a;(S) = 7s;ljes — g liesles
@ Relevant quantities:

2 1 2(n—1) m-1

AGS).E) =2~ (As)E)=2""1 T
n -
a(n,m) = (m 1) [m(n —2) 7 1] (monotonicity),
n :
B(n,m) = (m T D (m2 1 3m+ 1) = 2 (m2 5 2m)] (submodularity)
e m+— «a(n, m) decreasing, a(n,n) = ﬁ
e m— ((n, m) decreasing, 3(n,n) = m

e 3(n,n) < a(n,n)so Ky < K.3(n, n) is sufficient.
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F> quickly: criticism samples

max Fo(C) =) |fx x(xe)| +logdet K¢ ¢ .
Cc{1,...n}\S,|C|<c 2(€) Z;‘X,Xs( Z)} g c,C
submodular

additive

Notes: F» is submodular
@ additive = submodular,

@ submodular 4+ submodular = submodular.
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Numerical illustrations-1

Goodness of S (prototypes): nearest prototype classifier.
o Data: USPS handwritten digits, raw pixels.
@ It compares nicely to the state-of-the-art.

@ Especially good when m* is small (< 1000).

Prototypes Criticisms
nﬁll'iﬁlﬁl SSJ
@ Eﬂ AZIR T,
LSy N

\ '\-4.

IIIIIE!H .
J I —
DL QXS 75 TR
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Numerical illustrations-2

Goodness of S and C. ImageNet dataset:

o Features: 2048-dimensional vector embedding [He et al. 2015].
@ Demo:

s Prototypes

-

@ Human pilot study: best performance with S & C.
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@ Goal: find prototypes and criticisms.
@ Objective:

o relied on mean embedding.
e submodularity — greedy optimization.
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@ Goal: find prototypes and criticisms.
@ Objective:

o relied on mean embedding.
e submodularity — greedy optimization.

@ Practice:

@ good compression: 1NN prototype classifier.
@ useful for humans.
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Summary

@ Goal: find prototypes and criticisms.
@ Objective:

o relied on mean embedding.
e submodularity — greedy optimization.

@ Practice:

@ good compression: 1NN prototype classifier.
@ useful for humans.
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