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Motivation: 'classical’ information theory

@ Kullback-Leibler divergence:

KL (P,Q) = JRC, p(x) log [58] dx.
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Motivation: 'classical’ information theory

@ Kullback-Leibler divergence:

KL@&@):tkdp@)mg[Zgg]dx

@ Mutual information:
/@:M@@ﬁ@J
Properties:

Q /(P)>0.
Q@ I/(P)=0<P=a" P,

Alternatives: Rényi, Tsallis, L? divergence. .. Typically: 'X = R% . J
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From R to diverse set of domains, kernel examples

L, time series W’W
WAMAMM MM

o X =R9 ~>0: k(x,y) = {p(x); (¥))gc

kp(x7y) = (<X,y> + ’7)p, kG(X,Y) = e—7||X—YH§’
1

ke(xvy) = e_/YHX_yHZ’ kC(X7Y) =1+ 2
v lx=yl3
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o X = strings, texts:
e r-spectrum kernel: # of common < r-substrings.
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From R to diverse set of domains, kernel examples

L, time series W’W
WAMAMM MM

o X =R9 ~>0: k(x,y) = {p(x); (¥))gc

kp(XaY) = (<X,y> + ’7)p, kG(X,Y) = e—’Y||X—YH§’

1
ke(xvy) = e_/YHX_yHZ’ kC(X7y) =1+ 2
v lx=yl3

o X = strings, texts:
e r-spectrum kernel: # of common < r-substrings.

o X = time-series: dynamic time-warping.
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From R to diverse set of domains, kernel examples

| -
L, time series vl oy
WM MMM~ -
° X =R y>0: k(x,y) = {0(x), ()
kp(XaY) = (<X,y> + ’7)p, kG(X,Y) = e—’Y||X—YH§’
1
ke(xvy) = e_/YHX_yHZ’ kC(X7y) =1+ . 2
vlIx =yl
@ X = strings, texts:

e r-spectrum kernel: # of common < r-substrings.

X = time-series: dynamic time-warping.

X = graphs, sets, permutations, ...
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Distribution representation

P pp = {5 o(x)dP(x) .
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Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F[P(Z) = IE><~IP’X(—oo,z) (X)

@ Characteristic function:
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Rd
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Distribution representation

P pp = {5 o(x)dP(x) .
o Cdf:

P F]p(Z) = IE><~IP’X(—c>o,z) (X)

@ Characteristic function:

P cp(z) = f e’ @XdP(x).
Rd

@ Moment generating function:

P Mp(z) = f eZXdP (x).
Rd

p: on any kernel-endowed domain!
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@ Mean embedding:
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Objects of Interest

@ Mean embedding:

pi(P) = L{ o(x) dP(x) € Hy.
k(-,x)

@ Maximum mean discrepancy:

MMDy (P, Q) = ||k (P) — pk(Q) ]3¢, -
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Objects of Interest

"KL divergence & mutual information’ on kernel-endowed domains.

@ Mean embedding:

pi(P) = L{ o(x) dP(x) € Hy.
k(%)

@ Maximum mean discrepancy:

MMDy (P, Q) = ||k (P) — pk(Q) ]3¢, -

o Hilbert-Schmidt independence criterion, k = @Y_, ky,:

HSICk () = MMDy (P,@ﬁn”:lpm)
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Objects of Interest

"KL divergence & mutual information’ on kernel-endowed domains.
@ Mean embedding:
pi(P) = J o(x) dP(x) € Hy.
X ~——
k('7X)
@ Maximum mean discrepancy:
MMD (P, Q) = ||k (P) — 1k (Q)] 3¢, -

o Hilbert-Schmidt independence criterion, k = @Y_, ky,:

HSICk () = MMDy (IP’, ®M:1Pm) :

_ oM
= | oty B) = @hocastn )|,

~~
cross-covariance operator

MMD, HSIC: easy to estimate! )




RKHS intuition (X := X, k := ky)

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = {p(a), p(b))s.
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RKHS intuition (X := X, k := ky)

Given: X set. H(ilbert space).
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o Reproducing kernel of a 3 = R*:

k(-,b) € H, F(b) = {F k(- b)) .
—— y

l reproducing property
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RKHS intuition (X := X, k := ky)

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (), o(b))s.
o Reproducing kernel of a 3 = R*:

k(-,b) € H, F(b) = {F k(- b)) .
—— y

l reproducing property

k(a7 b) = <k(/ a)? k(v b)>9‘f

spec.
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RKHS intuition (X := X, k := ky)

Given: X set. H(ilbert space).
o Kernel:

k(a, b) = (), o(b))s.
o Reproducing kernel of a 3 = R*:

k(-,b) € H, F(b) = {F k(- b)) .
——

l reproducing property

T, k(a, b) = Ck(-2), k(-, b))se. [ = (D GKC )]

Zoltdn Szabé Independence via Cross-Covariance Operators



Mean embedding, MMD: & Review

@ Applications:

o two-sample testing [Borgwardt et al., 2006, Gretton et al., 2012],

o domain adaptation [Zhang et al., 2013], -generalization
[Blanchard et al., 2017],

o kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013]

e approximate Bayesian computation [Park et al., 2016], probabilistic
programming [Schélkopf et al., 2015],

o model criticism [Lloyd et al., 2014, Kim et al., 2016], goodness-of-fit
[Balasubramanian et al., 2017],

o distribution classification [Muandet et al., 2011, Lopez-Paz et al., 2015],
[Zaheer et al., 2017], distribution regression [Szabé et al., 2016],
[Law et al., 2018],

° [Kusano et al., 2016].

@ Review [Muandet et al., 2017].

Switching to HSIC ... J
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MMD =<, HSIC

MMD with k = @M k.

M
k (x,x’) = H Km (Xm,x,'n) ,

m=1

HSIC, (P) := MMD, (P,@Q{lem) :
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MMD £, HSIC

MMD with k = ®@M_ k,

M
Hkm me m7

HSIC, (P) := MMD, (P,@mzlﬂ”m) :

Applications :
@ blind source separation [Gretton et al., 2005],

e feature selection [Song et al., 2012], post selection inference
[Yamada et al., 2018],

@ independence testing [Gretton et al., 2008], causal inference
[Mooij et al., 2016, Pfister et al., 2017, Strobl et al., 2017].
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Central in applications:

e MMD: k is called characteristic [Fukumizu et al., 2008] if

MMD4(P,Q) =0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].
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Central in applications:

e MMD: k is called characteristic [Fukumizu et al., 2008] if

MMD4(P,Q) =0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].

o HSIC: k = ®M_, ky, will be called Z-characteristic if
HSIC,(P) =0 < P = QY _,P,,.

° ®ﬁ\n/’:1km: universal = characteristic = Z-characteristic.
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Central in applications: [Characteristic Property:

e MMD: k is called characteristic [Fukumizu et al., 2008] if
MMD(P,Q) = 0 < P = Q.

Injectivitity of P — up on finite signed measures: universality
[Steinwart, 2001].

o HSIC: k = ®M_, k, will be called Z-characteristic if

HSIC,(P) =0 < P = @M_,P,,.

° ®,’\,/,’:1km: universal = characteristic = Z-characteristic.

o Characteristic properties of @V_, k, _?
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Well-known: cont., bounded, [shift-invariant kernels on R

By Bochner’s theorem:

k(x,x') = ko(x — x') = f e X @ N (W)
Rd
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Well-known: cont., bounded, [shift-invariant kernels on R

By Bochner’s theorem:
k(x,x') = ko(x — x') = f e WA (w) =

Rd
MMD (P, Q) = |ep — gl 12(p) -
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Well-known: cont., bounded, [shift-invariant kernels on R

By Bochner’s theorem:

k(x,x") = ko(x —x') = f e W\ (W) =
Rd

MMD (P, Q) = |lep — coll2(n) -

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supp(\) = RY.
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Well-known: cont., bounded, [shift-invariant kernels on R

By Bochner’s theorem:

k(x,x") = ko(x —x') = f e W\ (W) =
Rd

MMD (P, Q) = |lep — coll2(n) -

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supp(\) = RY.

Example on R:

kernel name kg ko(w) supp(/?o)
. _ 2 o202

Gaussian e 22 ge” 2 R

Laplacian el \/gﬁ R

Sinc 75'"(;”) VS X[—o0) (W) [—0,0]
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013]:
k1&ko>: characteristic & ki ® k»: Z-characteristic.
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Well-known: V=2

e [Blanchard et al., 2011, Gretton, 2015]:
ki&kp: universal = ki ® ka: universal (= Z-characteristic).
e Distance covariance [Lyons, 2013, Sejdinovic et al., 2013]:
k1&ko>: characteristic & ki ® k»: Z-characteristic.

Extension to M > 2.

~
~

=z
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:

Pl —PQ # Oﬁ,u[pl_[% # 0.
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
Pl —PQ #0= HP;—P, # 0.
@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) = 0= H,J,FH?M > 0.
N —

finite signed measures on X
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
Pl —PQ #0= HP;—P, # 0.
@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) = 0= H,J,FH?M > 0.
N —

finite signed measures on X
o Witness construction :

IF € M(X)\{0} & F(X') = 0 for which |z [3, = 0.
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

@ Characteristic property:
P, —P, #0= pup,—p, #0.
@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF € Mp(X) \{0} & F(X) = 0= |ug|5, > 0.
—

finite signed measures on X
o Witness construction :

IF € Mp(X)\{0} & F(X) =0 for which |z]7, = 0.
v N— N
A:=(a;) eq1(A)=0 eqp (A)=0
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Discrete case: - e.g. ki, ko: char == ki ® ky: char.

o Characteristic property:
Py —P>#0= up,—p, #0.
@ Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

VF € Mp(X) \{0} & F(X)=0= \lw\@ck > 0.
——

finite signed measures on X
o Witness construction :

IF € Mp(X)\{0} & F(X) =0 for which |uz|3, =0.
|- ——

—_—
A:=(aj) eq1(A)=0 eq2(A)=0

Example: X = {1, 2}, km(x,x) = 205, — 1 (solvable for A +# 0).
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ki, ko, k3: characteristic BB ®3 _,kn,: Z-characteristic

o X, =1{1,2}, 7x, = P({1,2}), km(x,x') = 205 —1, M =3.
@ Then

o (km)3,_,: characteristic.
° ®?,,:1 km: is not T-characteristic. Witness:

. 1 . . 1 . 1
P1,1,1 = 57 P1,1,2 = 107 P121 = 107 P1,2,2 = 107
. 1 _ 1 . 1 _ 1
P2,1,1 = 5’ P2,12 = 10’ P221 = 10’ P222 = 10
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-7Z-characteristicity: analytical solution

Parameter: z = (2, z1, ..., 25) € [0,1]°.
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252

(1 1 1 1 1 1
We chose: z = (107 10° 10° 107 10° 10)-
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-7Z-characteristicity: analytical solution

Parameter: z = (2,21, ...,25) € [0,1]°. Example: p111 =

2+ 21+ 24+ 25 — 32021 — bzoz4 — bz124 — 2023 — 22029 — 22123 — 32525
—2z473 — 2120 — 32125 — 22420 — 42425 — 7329 — 2325 — ZpZ5 + 222212 + 222221
+ 4227 + 27524 + b2177 + 228z + 27520 + 22023 + 22022 + 27525 + 22773
+ 221252 + 221225 + 22520 + 224252 + 42325 — 222 — 212 — 3zf + 222 — 252
+ 0202124 + 2202123 + 2202423 + 2202120 + 4202125 + 4202429 + b212423
+ 6202425 + 2212420 + 6212425 + 2202320 + 2202325 + 2212329 + 2222025

+ 2212325 + 2242320 + 2242325 + 2212025 + 2242025

22070 — 21 — 224 — 23 — 2 — 225 — 2o + 22024 + 22124 + 22020 + 22123 + 22025

+ 22423 + 22125 + 22420 + bzpz5 + 22329 + 22325 + 22025 + 225 + 2252

L, (l 111 1 1 versality: helos?
We chose: z = (15, 75> 16> 15> 16+ 15) - [Universality: helps?
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ki, ko: universal, ks: char BB ®> _,kn: Z-characteristic

X ={1,2}, 72, = P({1,2}), M = 3.
ki(x,x") = ko(x,x") = dx x: universal.
k3(x,x") = 20y — 1: characteristic.
Different constraints & P(z) solution; same witness: useful.
1 1
P111 = E’ P112 = ﬁ, P1,21 = 10’ P122 = TO’
1 1 1 1
P211 = 5’ P2,12 = 10 P221 = 10’ P222 = 10
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

° ®n"f:1km: characteristic = (km)f‘n”:1 are characteristic.
° Bl [ Xn| = 2, km(x,X") = 20, v — 1]
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Results [Szabé and Sriperumbudur, 2018]

Proposition (characteristic property)

° ®n"f:1km: characteristic = (km)f‘n”:1 are characteristic.
° Bl [ Xn| = 2, km(x,X") = 20, v — 1]

Proposition (Z-characteristic property)

ki, ko: characteristic = ki ® ky: Z-characteristic.
<=: for VM = 2.

ki, ko, k3: characteristic =& ®?n:1km: T-characteristic [Ex].

ki, ko: universal, k3: char B8] ®3 _,km: I-characteristic [Ex]. )
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)

(km)M_,-s are characteristic < @Y_, ky,: T-characteristic <
®,’\,/,’:1 km: characteristic.
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Results: continued [Szabé and Sriperumbudur, 2018]

Proposition (X, = R k,.: continuous, bounded, shift-invariant)

(km)M_,-s are characteristic < @Y_, ky,: T-characteristic <
®,’\,/,’:1 km: characteristic.

Proposition (Universality)

®M_, km: universal < (km)M_, are universal.
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We studied the validness of HSIC. )

@ HSIC = product structure:
o Space: X = xM_ X, Kernel: k =@M_ kn,.
o =MMD(P, ®nPp) = |cross-cov. op.||s, -

o Complete answer in terms of kp,-s .

Zoltdn Szabé Independence via Cross-Covariance Operators



We studied the validness of HSIC. )

@ HSIC = product structure:
o Space: X = xM_ X, Kernel: k =@M_ kn,.
o =MMD(P, ®nPp) = |cross-cov. op.||s, -
o Complete answer in terms of kp,-s .
e ITE toolkit, JMLR:
https://bitbucket.org/szzoli/ite/

Z. Szabd, B. K. Sriperumbudur. Characteristic and Universal
Tensor Product Kernels. JMLR 18(233):1-29, 2018.
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Thank you for the attention!

Acks: A part of the work was carried out while BKS was visiting ZSz at
CMAP, Ecole Polytechnique. BKS is supported by NSF-DMS-1713011.
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