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Abstract

We introduce kernel integrated R?, a new meas-
ure of statistical dependence that combines the
local normalization principle of the recently intro-
duced integrated R? with the flexibility of repro-
ducing kernel Hilbert spaces (RKHSs). The pro-
posed measure extends integrated R? from scalar
responses to responses taking values on general
spaces equipped with a characteristic kernel, allow-
ing to measure dependence of multivariate, func-
tional, and structured data, while remaining sens-
itive to tail behaviour and oscillatory dependence
structures. We establish that (i) this new measure
takes values in [0, 1], (ii) equals zero if and only if
independence holds, and (iii) equals one if and only
if the response is almost surely a measurable func-
tion of the covariates. Two estimators are proposed:
a graph-based method using K -nearest neighbours
and an RKHS-based method built on conditional
mean embeddings. We prove consistency and de-
rive convergence rates for the graph-based estim-
ator, showing its adaptation to intrinsic dimension-
ality. Numerical experiments on simulated data and
a real data experiment in the context of depend-
ency testing for media annotations demonstrate
competitive power against state-of-the-art depend-
ence measures, particularly in settings involving
non-linear and structured relationships.

1 INTRODUCTION

Measuring the degree of dependence between two random
variables is a long-standing problem in machine learning
and statistics, and numerous methods have been proposed
over the years; see, for example, the recent surveys by Josse
and Holmes [2016]], [Han| [2021]], |Chatterjee|[2024]. Among
the most widely-used classical measures of statistical as-

sociation are Pearson’s correlation coefficient, Spearman’s
p, and Kendall’s 7. These coefficients are highly effective
for detecting monotonic relationships, and their asymptotic
behaviour is well understood. However, they perform poorly
when the underlying association is non-monotonic.

To overcome this limitation, many alternative measures
have been proposed, including the maximal correlation
coefficient [Hirschfeld, [1935] |Gebelein, [194 1| Rényil 1959,
Breiman and Friedman), |1985]], methods based on joint cu-
mulative distribution functions and ranks [Hoeffding, [1948]
Blum et al., 1961} |Yanagimoto, |1970, [Puri and Sen, [1971,
Rosenblatt, 1975 |[Csorgdl (1985, [Romano, |1988| [Bergsma
and Dassios, [2014} [Nandy et al.,[2016} [Weihs et al.| 2016,
Han et al., 2017, |Wang et al.| 2017, |(Gamboa et al., 2018|
‘Weihs et al.| 2018, [Drton et al., 2020} [Deb and Sen), 2023
Zhou and Miiller, 2025, entropy- and mutual information-
based measures [Linfoot, 1957, Kraskov et al., 2004, [Pal
etall,|2010} Poczos and Schneider, [2011}, Reshef et al.l 2011}
Kandasamy et al.,[2015]], copula-based coefficients [Sklar]
1959, |Schweizer and Wolff] (1981} Kirshner and Pdczos),
2008}, [Poczos et al.L 2010, Dette et al., 2013} |Lopez-Paz et al.,
2013}, |[Kong et al.l 2019, Zhang| [2019} \Griessenberger et al.,
2022]], measures based on pairwise distances [Friedman
and Raftsky, 1983} [Székely et al.l 2007, |[Székely and Rizzol|,
2009, Heller et al., 2013}, [Lyons}, 2013} [Pan et al., 2020], and
kernel-based methods [Gretton et al., 2005, 2008, [P6czos
etall, 2012} Sen and Senl 2014}, [Pfister et al.| 2018| Zhang
et all, 2018]). Notice that, while developed independently in
the machine learning and statistics communities, Hilbert-
Schmidt independence criterion (HSIC; |Gretton et al.[2005),
2008, based on kernels) and distance covariance (Székely
et all 2007, |Székely and Rizz0|2009, |Lyons|2013, based on
metrics) are now known to be equivalent [Sejdinovic et al.}
2013]).

More recently, (Chatterjee| [2021]] introduced a new correla-
tion coefficient (i) that is as simple to compute as classical
measures, (ii) yet serves as a consistent estimator of a de-
pendence measure (X, YY), (iii) it takes values in [0, 1], (iv)
it equals O if and only if X and Y are independent, and
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(iv) it equals 1 if and only if one variable is a measurable
function of the other. While £(X,Y") was already known
as the limit of a copula-based estimator when both Y and
X are continuous random variables [Dette et al.,[2013], the
simplicity, computational efficiency, and interpretability of
Chatterjee’s correlation have generated substantial interest,
leading to a rapidly growing literature on its theoretical
properties and extensions to more complex settings [Cao
and Bickel, [2020, Deb et al., 2020, |/Azadkia and Chatterjee,
2021}, |Griessenberger et al., 2022} [Shi et al.| 2022} [Bickel,
2022, |Gamboa et al., 2022, [Huang et al., 2022} |Lin and
Han, 2023, Zhang| 2023} /Auddy et al., 2024, |Lin and Han|,
2024 [Fuchs|, 2024} Han and Huang| |2024, |Shi et al., [2024,
Strothmann et al., [2024] Biicher and Dette}, [2024] Tran and:
Han, [2024), [Kroll|, 2025l |Ansari and Fuchs, 2025, |[Dette and
Kroll, 2025, |Zhang} |2025| |Yang et al., 2025, |Huang et al.}
2026].

In particular, Deb et al.|[2020] extended Chatterjee’s correl-
ation to allow handling random variables X and Y taking
values in topological spaces under mild conditionsm They
employ the kernel mean embedding [Berlinet and Thomas{
Agnar, 2004} Smola et al.,|2007]] and its conditional variant
[Fukumizu et al., 2007, Song et al.,|2009, Klebanov et al.|
2020, [Park and Muandet, [2020]], which permit mapping
(conditional) probability measures into a reproducing ker-
nel Hilbert space (RKHS; Aronszajn/{1950, Steinwart and
Christmann 2008, Paulsen and Raghupathi|2016) by using a
symmetric positive definite function, the kernel function. If
the mapping is injective, the kernel is called characteristic
[Fukumizu et al., 2007, |[Sriperumbudur et al.l [2010] and
the RKHS distance of mean embeddings induces a metric
on the space of probability measures, which underpins the
well-known maximum mean discrepancy (MMD; |Smola
et all[2007, \Gretton et al.|2012); it is also known as Hilbert-
Schmidt independence criterion [Gretton et al., 2005} |Quad{
rianto et all, [2009, Pfister et al., [2018] if applied to meas-
uring the distance of a joint distribution to the product of
its marginals. In this sense, the measure proposed by |Deb
et all [2020]] can be interpreted as the (normalized) average
(w.r.t. X) MMD distance of the distribution of Y and the
distribution of Y given X; the computational tractability
of RKHS methods allows estimating this quantity. Besides
rigorously analysing their proposed population quantity and
different families of estimators, |Deb et al.| [2020]] demon-
strated empirically that their extension can exhibit greater
power for detecting dependence than the original scalar-
based coefficient. Additionally, as, for example, kernels for
strings [Watkins}|1999, [Lodhi et al., 2002] or more generally
for sequences [Kirdly and Oberhauser, 2019], sets [Haussler,

"More precisely, Y must take values in a Hausdorff space
enriched with a characteristic kernel and the regular conditional
distribution of Y given X must exist. The latter can be guaranteed
if Y takes values in a Polish space. Additional assumptions depend
on the respective estimator; we do not recall these here and refer
to their article for more details.

1999, \Gartner et al.,|2002], rankings [Jiao and Vert, |2016],
fuzzy domains [[Guevara et al., 2017 and graphs [Borgwardt
etall,2020]] are known, their approach is broadly applicable.

Following the development of Chatterjee’s correlation, Aza{
dkia and Roudaki [2025]] recently introduced a new depend-
ence measure, denoted by (Y, X). This measure retains all
the desirable properties of Chatterjee’s correlation while ex-
hibiting enhanced sensitivity to dependence structures that
manifest in the tails of the distribution or display oscillatory
behaviour. However, the structural form of the measure and
its associated estimator restrict its applicability to settings
in which Y € R and X € R%.

Motivated by Deb et al.| [2020], we leverage the flexibility of
RKHSs to introduce a dependence measure that preserves
the core structural features of v(Y, X), while extending
the applicability beyond real-valued responses and (finite-
dimensional) Euclidean covariates. This extension presents
non-trivial technical challenges. Most notably, unlike |Deb
et all [2020]], our construction employs a local normaliz-
ation rather than a global one, which necessitates a more
delicate proof strategy. In particular, we make the following
contributions.

1. We introduce a kernel-based generalization of v(Y, X),
extending it beyond the setting of X € R and Y € R.
In particular, our population quantity is well-defined
if X takes values in a topological space and Y takes
values in a Polish space equipped with a continuous
characteristic kernel.

2. We prove that our proposed generalization has the prop-
erties expected of a dependence measure, that is, the
quantity takes values between 0 and 1, is 0 if and only
if (iff.) X and Y are independent, and is 1 iff. Y is
almost surely (a.s.) a measurable function of X.

3. Under mild additional assumptions, we present a graph-
based estimator using nearest neighbours, and an
RKHS-based estimator of our kernel-based quantity.
We provide consistency guarantees and convergence
rates for the graph-based estimator.

4. Experiments on synthetic and real-world datasets
show that independence tests using our estimators per-
form competitively w.r.t. the state-of-the-art, especially
when considering non-linear and structured associ-
ations.

The remainder of the paper has the following outline. In Sec-
tion[2] we introduce the main notations. Section [3]reviews
some closely-related measures of dependence. In Section 4]
we introduce our general measure of dependence, termed
“kernel integrated R?”. Section [5|presents two estimation
procedures, and Section@establishes theoretical guarantees,
including consistency and convergence rates. The empirical
performance of the proposed method is demonstrated in
Section[7} All proofs are collected in the appendix.



2 NOTATIONS

Next we introduce our notations used throughout the main
body of the article: [n], O, 14, 1, I,, AT, Tr(A), A~1, o,
M (2), supp(P), 8., O, Ep[], Ve(-), Ez[], Vz(-), Cov,
Px, Py, Pxy, Px ® Py, Py|x, Hi, k(:, 2), ptx, MMDg,
My, Ho.

General conventions. For a positive integer n € N =
{1,2,...}, [n] == {1,...,n}. For positive sequences
(an)nen and (by)nen, we write a,, = O(by,) if there ex-
ist constants C > 0 and N € N such that a,, < Cb,
for all n > N. We denote by 1,4 the indicator of a set
A: 1y(x) = 1ifx € A; 1a(z) = 0 otherwise. The n-
dimensional vector of ones is denoted by 1,,. The identity
matrix is I,, € R™*", For a matrix A € R"1*"2_its trans-
pose is written as AT € R™*™; the trace of a square
matrix A € R"*" is denoted by Tr(A); for a non-singular
matrix A € R™*", its inverse is denoted by A~! € R"*",
For two matrices A, B € R™*"2_ we write their Hadamard

productas A o B = [A”B”]:‘;:"f c Rmixnz,

Probability measures and conditioning. Let (Z,7z) be
a topological space and 3(7z) its Borel o-algebra. We write
M (Z) for the set of Borel probability measures on the
measurable space (Z,B(7z)). The support of P € M (2)
is denoted by supp(P); it is the set of points z € Z for
which every open neighbourhood of z has positive P meas-
ure. We write ¢, for the Dirac delta distribution at z € Z. A
distribution P € M7 (Z) is called degenerate iff. P = 4,
for some z € Z. For a sequence of random variables X,
and sequence of positive reals (an)nen, Xn = Op(ay)
means that X, /a,, is stochastically bounded, that is for any
€ > 0 there exists a finite M/ > 0 and a finite N > 0
such that P(|X,,/a,| > M) < e forall n > N. Let
(H, (-, -)2) be a Hilbert space, f : £ — H measurable, and
P e M{(2).1f [, [|f(2)]ln dP(z) < oo, the expectation
of f w.rt P is defined as Ep[f] := [, f(2)dP(z) € H,
where the integral is meant in Bochner’s sense. If addi-
tionally [ ||f(2)||3, dP(z) < oo, then the variance of f
wrt. Pis Ve(f) = [, | f(2) — Ep[f]||3, dP(z). When
P is the law of a random variable Z, we write Ez]]
and V() for Ep[] and Vp(-), respectively. The covari-
ance of two real-valued random variables Z; and Z5 with
joint law P and marginal laws P; and P5, respectively, is
Cov(Z1,Z2) = Ez,,2,[(Z1 — Ez,[21])(Z2 — Ez,[Z2))].
Let (X, B(rx)) and (), B(7y)) be measurable spaces and
(X,Y) a pair of random variables taking values in X’ x ).
We denote their marginal and joint laws by Px € M (X),
Py € M{(Y), and Pxy € M{ (X x ), respectively.
Their product distribution is denoted by Px ® Py. If )
is a Polish space, that is, a complete separable metrizable
topological space, a (regular) conditional distribution of Y’
given X exists, which we write as Py x.

Kernels and RKHS. Let H; be the RKHS on Z with
(reproducing) kernel k£ : Z x Z — R; it is the Hilbert
space of functions f : Z — R such that k(-, z) € Hy, and
(f k(- 2))u, = f(z) forall z € Z and f € Hy, where the
canonical feature map k(-, z) stands for 2’ — k(z’,z) € R
for fixed z and any 2z’ € Z. Throughout this manuscript, we
assume all kernels to be Borel measurable and bounded
(for a kernel £ : Z x Z — R, the latter property is
meant as sup, ¢z k(z,2') < o0). For P € M{(Z2),
the kernel mean embedding of P w.rt. k is ux(P) =
Sz k(-,2) dP(z) € Hy, where the integral is meant in Boch-
ner’s sense; the assumed boundedness of k ensures its exist-
ence. The maximum mean discrepancy of P, Q € M (2)
w.rt. kis MMDy (P, Q) = ||k (P) — 1 (Q) || 34, - A kernel &
is called characteristic if the map P — py, (P) is injective on
M (Z). In this case, MMDy, induces a metric on M7 (Z).
In the main text, we work with the RKHS Hy = Hy,,
induced by the kernel ky : Y x YV — R; for the RKHS-
based estimator (Section @]), we additionally use the RKHS
Hx = Hy, induced by the kernel ky : X x X' — R.

3 RELATED DEPENDENCE MEASURES

For a real-valued random variable Y € R and a random
vector X € R for d > 1,|Azadkia and Roudakil [2025]]
introduced (Y, X) to quantify the extent of dependence of
Y on X.If Y admits a continuous densityﬂ v(Y, X) can be

written as
Vx (E 1
u(Y,X):/ x (Eyx[Liy>nl)
x Vy(Liysy)

which is closely related to Chatterjees correlation coefficient
[Chatterjee, |2021]],

dPy(t), (D)

Vx (Byx[1iy>eg])
® Jo Vy (Lysay) APy (u)

While introduced for X,Y € R, £ can be extended to allow
handling X € R? [Azadkia and Chatterjee} 2021]. ]

EX)Y) = dPy ().

Although the difference between v and £ may appear mar-
ginal, in practice v is often more powerful for detecting
dependence. The distinction lies in the normalization of
Vx (Ey|x[l{y>e]). In v(Y, X), this quantity is normal-
ized pointwise by Vy (1 1y ~4}), so the conditional variation
of 11y ~yy given X is compared directly to its marginal vari-
ation, rather than to an average over all thresholds ¢ € R.

The continuous density ensures that (T is well-defined. For
the exact definition of v in the general case, see |Azadkia and
Roudaki [2025].

*Note that £(X,Y) measures the extent of dependence of
Y on X. Although similar measures are typically written with
arguments ordered as (Y, X), we retain the ordering (X,Y") for &
to remain consistent with|Chatterjee|[2021], where £ was originally
introduced.



As a consequence, even when Vy (1ty ) is small, the
dependence of 11y~ on X is not masked by averaging
over values of ¢ with larger marginal variability.

In a different line of work, |Deb et al.|[2020]] proposed 7y, ,
a general measure of association inspired by £(X,Y’), by
leveraging RKHS methods. Let Y and Y be conditionally
iid. given X, and let Y, Y7, and Y5 be marginally i.i.d.
Then the measure 7y, is defined as

Ex[Byy il kv (V) kv (V)

By, va|[y (- Y1) =y (-, Y2) |5, ]
2

dIP’X(x)

MhylY, X) = 1—

MMD} |, (Py|x—a: Py)
x Jy [y () =By [ky (-, Y)] 5, dPy (y)

An advantage of 7, over ¢ is that, by leveraging the RKHS
framework, it naturally extends to multivariate responses
Y and general data types such as graphs, manifolds, and
functional data. Moreover, an appropriate choice of kernel
allows domain knowledge about similarity to be incorpor-
ated into the measure. Note that for Y, X € R, and the
Brownian kernel ky (y1,y2) = |y1] + |y2| — |y1 — y2|, we
get ., (Y, X) = £(X,Y), hence 7, can be viewed as a
generalization of .

Motivated by the complementary strengths of v and 7y,,, we
combine the power of both approaches by introducing a ker-
nelized version of v, with the goal of further enhancing its
ability to detect dependence and to broaden its applicability.

In doing so, we tackle two key challenges. First, the denom-
inator of the integrand in v(Y, X) is Vy (1{y~¢}), which
can be small in the tails and therefore requires careful con-
trol. In contrast, 7, (Y, X) involves a single global normal-
ization term. When extending v(Y, X) to an RKHS-based
framework, one must therefore ensure uniform control of
the corresponding denominator.

Second, note that for i.i.d. random variables Z and Z’, we
have

V(Z) = %Em, [(Z - Z’)z} .

Therefore the numerator and denominator in (2) are related
to the conditional variance of Y given X and the variance
of Y, respectively. Hence, (2) shows that 7., (Y, X') can be
interpreted as the ratio of two variances in a Hilbert space.
By contrast, constructing a kernel analogue of v requires
considering the variance of conditional objects across the
range of values of the response variable, which does not
admit an immediate representation in an RKHS.

Finally, observe that the integrand in () can be interpreted
as the R? (coefficient of determination) from the linear

regression of 11y ~4) on X,
B2 Vx (Eyx[Liysel) 1 Ex[Vyx(Liy>ey)]
! Vy (Liysey) Vy (Lgyse)

Consequently, v(Y, X) = [ R7dPy (t) can be viewed as
an integrated R? over the thresholded responses 1 (Y>t)-
Motivated by this perspective, we introduce in the next
section a kernel-based analogue, which we refer to as the
kernel integrated R2.

4 KERNEL INTEGRATED R?

In this section, we introduce our measure of dependence, the
kernel integrated R?. We first state the set of assumptions
that we require for our measure to be well-defined.

Assumption 1. (i) X is a topological space and Y is a
Polish space. (ii) supp(Py ) = Y and Py is non-degenerate.
(iii) ky is continuous, characteristic, and there exists no
y € Y such that ky(-,y) isa constantfunctionﬂ

The following remark elaborates our assumptions.

Remark 1.

1. The assumption that ) is Polish ensures the existence
of regular conditional probabilities. [Dudley, 2004}
Theorem 10.2.2].

2. As ky is continuous and supp(Py ) = ), forany f €
Hy, we have f = 0 Py-a.e. iff. f = 0on )Y [Klebanov
et all, 12020, Assumption 2.1(f) and footnote 7].

3. The characteristic property implies that ky is point-
separating [[Bonnier et al.| 2025, p. 5], that is, y +—
ky (-, y) € Hy is injective for y € V]

Together, these properties pave the way to ensuring that the
following definition of our quantity of main interest satisfies
various natural requirements of a dependence measure, as
we elaborate in Theorem[I]

Definition 1 (Kernel integrated R?). Under Assumption
let
D(Y>X) = D(KX7ky>

[ Ex[Vyix[ky(Yiy)]]
=1 /y Vy Thy (Y. )

dPy (y). (3)

“This condition holds, for instance, if ) = R and ky is the
Gaussian kernel.
SThe point-separating property follows from the characteristic-

(char.)
ness as ky (- y) = pky (0y) # pry (8y) = ky (-, y") for any
distinct 7,y € V.



Remark 2.

1. When ignoring that ky must be a kernel, and when
X =R%, Y = R, then choosing ky(u,y) = Liusy}
we havd]

D(Y,X) =

1_/REX [Vyix[1yse]] dPy (1),

VY[]l{Y>y}]

which is formally equivalent to v(Y, X). In this sense,
D can be thought of as a “kernel” version of v.

2. ky(-,y) being non-constant for any y € Y and
supp(Py) = )Y ensure that the denominator
Vy [ky(Y,y)] is non-zero for all y € Y; we prove
this claim as part of the following Theorem|[l]

Our first theorem shows that D(Y, X) is well-defined and
satisfies the standard properties expected of a dependence
measure.

Theorem 1. Under Assumption D(Y, X) is well-defined
and

(i) D(Y,X) € [0,1],
(ii) D(Y,X) =0iff Y and X are independent, and

(iii) D(Y, X)) = 1 iff. there exists a Borel measurable func-
tion f : X — Y suchthatY = f(X) holds Pxy-a.s.

Note that D, like &, n,,, and v, is not symmetric in its
arguments; it can be advantageous to work with a directional
measure of dependence, for example, if X ~ N(0,1) and
Y = X2, then Y is a measurable function of X, but X
is not a measurable function of Y. This directionality sets
these measures apart from many classical or widely-used
symmetric measures of dependence, such as Spearman’s
p, mutual information, or HSIC. While kernel integrated
R? can be symmetrizedﬂ] many other measures, e.g., HSIC,
are intrinsically symmetric and do not encode a direction
of dependence. Table [I|summarizes key properties of D in
comparison with related measures.

Property § v o m D
Value in [0, 1] v v v v
0-independent v v v v
1-full dependence v v v v
Bijective invariance v ovoox X
Multivariate Y x x v Y
Kernel-endowed domain X, Y x X v oV

Table 1: Comparison of dependence measures and their
properties.

In the next section, we develop estimators for the population
quantity D(Y, X).

8The function ky is not symmetric, hence it is not a kernel.
"For example, when both directions are well-defined, one may
set D™ (Y, X)) :== max{D(Y, X), D(X,Y)}.

S ESTIMATION

In this section, we introduce two approaches for estimating
D(Y, X) from an i.i.d. sample (X;, Y;)"_ ;. Both estimators
follow the same general strategy. In estimating D(Y, X),
we can approximate the integral with respect to Py by an

average over the observed sample {Y;}7_,,

y

Vy [ky (Y, y)}
Ex [Vyx [ky(Y,Y))]]
*Z Vy [ky(Y,Y))]

“)

where the random part in each summand is Y and Y] is the
observed sample. Hence one needs to provide an estimate
for each summand.

While both estimators rely on (@), we emphasize that the
two estimators are fundamentally different in nature. The
first estimator relies on the nearest-neighbour graph struc-
ture induced by the X;’s and therefore requires X" to be a
metric space. The second estimator does not impose such
a requirement on X’ but rather assumes the existence of a
kernel k on X, and makes use of the conditional mean
embedding.

5.1 NEAREST-NEIGHBOUR ESTIMATOR

We begin by introducing an estimator based on approximat-
ing the conditional distribution Py x using the K -nearest
neighbours method. To formalize this construction, we im-
pose the following assumption.

Assumption 2. The space (X, dy) is a metric space.

Note that the numerator of (@) contains a conditional vari-
ance, which for any y € ) can be expressed as

Vy,1x; by (Y5, 9)]
1

= i]EYJYﬁXJ [(ky(yjay) - ky(}/j/7y))2:|a

where Yj’ is an i.i.d. copy of Y; conditional on X;. To es-
timate this quantity, we approximate Yj’ using a surrogate.
Given a sample {(X;,Y;)}?_,, for each Y;, we select Y},
as a surrogate for Y/ whenever dx (X, X; ) is sufficiently
small. To make the notion of “small” precise, we restrict
attention to those X that belong to the set of K-nearest
neighbours of X ;. More precisely, for distinct indices ¢ and

7, let ./\f]\z denote the set of the K nearest neighbours of X;
among { X4} j, with ties broken uniformly at random.



We let for each i € [n],

BN = (5)
1 2
T 2 2 (VYD) — ky(, )",
‘7#1 le_/\/’j\i
VTE;;NN — (6)

2

i

1
) > ky(Y;,Y5)
i

1 2
1 D R, Y:) -
J#i
be the estimators for Ex[Vy x[ky(Y,Y;)]] and
Vyky(Y,Y;)], respectively. Consequently, we con-
struct an estimator of D(Y, X) as follows.

Definition 2 (Nearest-neighbour estimator). Suppose that
Assumption[2 holds. Given an i.i.d. sample (X;,Y;)1, from
Pxy, let

. 1 O~ EXNN

K-NN — n,i

DY, X) =1- =3 e

=1 Myl

with ESYN and VXMW as in @) and (@), respectively.

We emphasize that the use of the K -nearest neighbours is
not essential to the construction. In principle, it may be
replaced by any geometric graph built on (X;)?_;; see Bhat{
facharyd [2019] for a general framework.

5.2 RKHS ESTIMATOR

Next, by interpreting the conditional expectations in (3)) as
conditional mean embeddings, we present an alternative
estimator of D(Y, X). We begin by introducing the key
additional assumptions and necessary notation.

Assumption 3. (i) X is separable, (ii) supp(Px) = X,
(iii) kx is characteristic and continuous, (iv) for
all ¢ € Hy there exists hy € Hx such that
Cov(hg(X) — f4(X), (X)) = 0 forall h € Hx, where
fo(@) = By|x=s[9(Y)] for x € X, and (v) k3, is charac-
teristic.

Notice that Assumption [3]features requirements for rigor-
ously handling the conditional mean embedding, as detailed
in [Klebanov et al.| [2020]. The characteristic property of
a kernel is a relatively mild assumption with various suffi-
cient conditions [Sriperumbudur et al.l [2011]]. We further
elaborate the assumptions in the following.

Remark 3. Suppose that Assumption[l|and Assumption
both hold.

1. The separability of X and ), together with the continu-
ity of kx and ky, imply the separability of Hx and
Hy, respectively [Steinwart and Christmann, |2008,
Lemma 4.33].

2. As in Remark[I{2), it holds for any f € Hx that f =
0 Px-a.e. iff f=0o0nAX.

3. Condition (iv) concerns the richness of Hx relative to
Hy. It corresponds to Assumption C of Klebanov et al.
[2020]] and is needed to ensure that for any x € X, the
conditional mean embedding

iy (Py|x=2) = By | x=o[ky (-, Y)] € Hy, (7)

can be realized via linear algebra involving covariance
operators [Klebanov et al.| 2020, Theorem 4.3].

4. To define (), [Klebanov et al] [2020, (2.4)] assign
ey (Py|x=z) = 0 for x € X\ Xy, with Xy =
{z € X | Ey|x=zlky(, V)5, < oo} In our case
Xy = X as the boundedness of ky implies that of
|y (s y) |2y for y € Y [Steinwart and Christmann,
2008, p. 124]; hence, this distinction is not needed.

Given an i.i.d. sample (X;,Y;)? ; from Pxy and €, > 0,
define the n x n matrices

Kx = [k/’X(Xian)]er'L,j:p KX =HKxH,
Ky = [ky(Yi, Y7 =1, ®)

M= KyK)((KX + nenIn)fl.

where H = 1,, — %lnll— € R™ ™ is the centering mat-
rix. Denote the j-th canonical basis vector by e; € R™.
With these notations in place, Ex[Vyx [ky(Y,Y;)]] and
Vy [ky(Y,Y;)] (i € [n]) can be estimated, respectively, via

1
ERKHS = 7<ei7 (KyOKy)]_n
n

n,:

+ (KYOKy)Kx(KX =+ nenIn)flln
1 2

— ~Ky1,1 Kye; — “Ky1,1/M'e;
n n

~MMe;),,.. ©)
2
1 1
an?ZKHS = E]_I(KyCKy)Ei — (n]_IKyel) . (]O)

The underlying idea is to use the linear algebraic formula-
tion of (/) to obtain a quantity which then permits plug-in
estimation. The first step relies on Assumption [T]and As-
sumption 3} see the formal justification in Appendix[A.2]

Using the above notations, we are ready to introduce the
following RKHS-based estimator of D(Y, X).

Definition 3 (RKHS-based estimator). Given a sample

(Xi7yi)1,,‘l:1 lfl\-(/i ny, €np > 0, and Kx, Ky, Kx, and

Mas in @), let
n RKHS
1 En,i

DFEIS(y, X) =1 —

n JRKHS

i=1 i

RKHS ;¢ RKHS
where E,"20 is as in Q) and V,;';*" as in (10).



5.3 COMPUTATIONAL COMPLEXITY

In this section, we establish the runtimes of the nearest-
neighbour estimator (Definition [2) and the RKHS-based
estimator (Definition [3).

Let us start with the nearest-neighbour estimator. Assume
that we are given access to a data structure that allows
retrieving the K nearest neighbours of any X point in
O(log n), for example, a vantage point tree has been set up;
the latter costs O(nlogn). Then, in the numerator (3)), the
computational cost consists of, for each j # i, retrieving the
K nearest neighbours and performing O(K ) elementary op-
erations in the inner sum, which adds up to O(n(K+logn)).
The computation of the denominator (@) has a cost of O(n).
The dominant cost of the nearest neighbour estimator is thus
repeating the computations in the numerator n times, which
yields a total runtime complexity of O(n?(K + logn)).

For the RKHS-based estimator, one must first compute the
matrices in (8)), costing O(n?) by the matrix multiplications
in M and by the cost of matrix inversion encountered in
practice. Next, to compute the numerator (9) for ¢ € [n],
notice that the second line in @]) is independent of 7; hence,
while its computation costs O(n?), it must only be com-
puted once. The remaining operations in (9) are matrix-
vector and vector-vector products, which have a cost of at
most O(n?). Similarly, the denominator has a compu-
tational cost of O(n?). Repeating these n times adds up to
a total complexity of O(n?) for the RKHS-based estimator.

While we expect that common approaches for accelerating
kernel machines (incomplete Cholesky decomposition [Fine
and Scheinberg, 2001, |Bach and Jordan, 2002]], random
Fourier features [Rahimi and Recht, 2007, [Sriperumbudur
and Szabd, 2015]], Nystrom sampling [Williams and See{
geit, 2001} Rudi et al.}|2015] |Chatalic et al.,|2022} [Kalinke
and Szabd, 2023|)) can readily be employed for accelerating
the RKHS-based estimator (see also Remark 4.5 and Ap-
pendix A.4 of Huang et al.|[2022]), their use in this setting
does not come with theoretical guarantees.

6 CONSISTENCY AND RATE OF
CONVERGENCE

In this section, we establish the consistency and convergence
rate of the nearest-neighbour estimator in Definition 2] under
the following assumptions.

Assumption 4. Given a sample {X;}!_,, let 60 = |{j :
0 € Nj}| for £ € [n] where Njj is the set of the K -nearest
neighbours of X; in {X;};; with ties broken at random.
There exists constants Cx > 0 such that §; < Cx K for all
L€ [n].

Assumption 5.

(i) There exists a finite constant C3 > 0 such that

5 (Vy (ky (Y, ) "2dPy (y) < Cs.

(ii) There exists an x* € X, and constants o, C1,Co > 0
such that for any t > 0 Px (dy(X,2%) >1) <
Cy exp(—Cat™).

(iii) There exist constants d > 0 and ¢y > 0 such that for
every radius T > 0, for all x € X withdy (z*,x) <
Tandallr > 0, Px (dx(X,z) < 1) > cori.

(iv) For y € Y and x € X, let myy(z) =
EY|X::Jc U{iy (Ya y)] and ma,y (.I) =
Ey|X:w[k§,(Y, y)]. Then there exist constants
L,B8 > 0 such that for any y € Y and for any
z, 2’ € X |myy(x) —my ()] < Ldi(m,x’), and
[ma,y () = may (2)] < Ldy (x, ).

We elaborate the assumptions in the following remarks.

Remark 4. Assumption|d|ensures that replacing (X, Yy)
for any £ € [n] by an i.i.d. copy (X;,Y)) affects only fi-
nitely many terms in EX ¥N. In Euclidean-like spaces, such
a condition follows from |Stonel [[1977|]; in more general
metric-space settings, analogous assumptions are commonly
used in graph-based asymptotic analyses, e.g.,\Bhattacharya
[2019)], Huang et al.|[2022)].

Remark 5. Assumption can be verified analytically in
simple settings. For example, suppose that Y = R, Py =
N(0,0%), and ky(y,y') = exp(=y(y — y')?) with v > 0.
If v < 1/(80?), then [, Vy[ky(Y,y)] 3 dPy(y) < oo
(proved in Lemma [B.3). Part can be interpreted as a
tail bound on X, while part|(iii)| asserts that the distribu-
tion of X is nowhere too thin, meaning that it is locally
d-dimensional and hence d can be viewed as the intrinsic di-
mension. Equivalently, parts|(ii) require well-behaved
tails and sufficient local mass of Px, so that nearest neigh-
bours are informative. We illustrate the dependence on the
intrinsic dimension in Appendix|[D| Part|(iv) assumes that
the first and second conditional moments of the canonical
feature maps depend smoothly on x. This is exactly what
ensures that replacing X ; by a nearby X, introduces only
an O(dg((Xj, X)) bias for the K-NN estimator. As noted
by Azadkia and Roudaki| [2025] Lemma 4] and |Deb et al.
[2020, Section 5], without regularity conditions of this type,
the convergence rate may be arbitrarily slow. Comparable
smoothness assumptions in related settings are imposed by
Dasgupta and Kpotufe| [2014)], Bhattacharyal[|2019], \Deb
et all [2020).

Under these assumptions, we obtain the following result on
the rate of convergence of the nearest neighbour estimator.

Theorem 2. Under Assumptions and
[DEM™(Y, X) = D(Y, X)| =

o (e ()" ).



Theorem shows that the rate of convergence of
DXNN(y, X)) adapts to the intrinsic dimension d of X . For
instance, the result guarantees, for suitable 3, faster conver-
gence if X = R% but X is only supported on a d < dj
dimensional hyperplane.

7 NUMERICAL ILLUSTRATIONS

In this section, we apply our proposed estimators to simu-
lated and real-world datasets. In real-world data analysis,
we also normalize each real-valued variable to have mean O
and variance 1.

7.1 SIMULATION STUDIES

We assess the performance of independence tests based
on DRKHS apnd DXNN penchmarking them against sev-
eral competitive tests based on the related dependence
measures discussed in Section [3] The competing statist-
ics are: Chatterjee’s &, (estimator of &) correlation coef-
ficient [[Chatterjee, [2021]], the T;, (estimator of & for the
case where X can be multidimensional) statistic [|Azadkia
and Chatterjee, 2021], the integrated R? dependence meas-
ure v, (estimator for v) [[Azadkia and Roudakil [2025]], and
the kernel measure of association in both its K -nearest-
neighbour form HX™N and its RKHS form /*KHS (estim-
ators for ny,,) [Huang et al., 2022]. These are computed
using the R packages XICOR, FOCI, FORD, and KPC,
respectively. Our proposed estimators are computed us-

ing the implementation provided in https://githubl

com/PouyaRoudaki/KernelIR, which also contains
the code for reproducing our experiments. The sample size
is n = 100; all p-values are obtained via 1000 independent
permutations, and power is estimated from 500 simulation
replications at the 5% significance level.

Euclidean data. We draw n i.i.d. samples (X;,Y;)"
from a distribution on R?, following the experimental
setup of |Chatterjee| [2021, Example 6.4(6)]. Indeed, X ~
Uniform|[—1, 1], the noise € ~ N(0, 1) is independent of X,
and the alternative hypothesis is Y = 3(o(X)(1—\) +A)e,
where o(X) = 1y x|<0.5) and the noise level A € [0, 1],
that is, we consider a heteroscedastic setting. The statistics
fK-NN pRKHS  HKNN g DRKHS 411 yse the Gaussian ker-
nel with the median of pairwise distances as bandwidth, and
their regularization is €,, = 10~*. The graph-based methods
use K = 5 nearest neighbours.

Non-Euclidean data. Following Huang et al.|[2022, Sec-
tion 6], we additionally consider the setting where Y takes
values in the special orthogonal group SO(3), the manifold
of 3 x 3 orthogonal matrices with determinant 1. We equip

SO(3) with the characteristic kernel ky (A, B) = Wg(slj) ,

where 6 € [0, 7] is defined by cos§ = (Tr(B71A) —1)/2,

=, T, vy @ QRKHS o AK-NN g PRKHS A PK-NN
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Figure 1: Comparison of power of independence tests for
the heteroscedastic (left) and SO(3) (right) alternatives as
a function of homoscedasticity (left) and the level of noise
(right).

so that V=1 are the eigenvalues of B~'A. Let R, ()
and Rs(z) denote rotations in the y — z plane and z — y
plane with angle x and z, respectively. The predictor is
X ~ N(0,I3). Let the independent noise variables be

£1,60 W N(0,1), the noise scale A € [0, 1], and the altern-
ative hypothesis is Y = R (X1 + Aeq) Ra (X2 X5+ Aeg) €
SO(3). For DRKHS the kernel ky is the Gaussian ker-
nel with the median of pairwise distances as bandwidth,
and their regularization parameter is set to ¢, = 107%.
Moreover, DXNN yges K = 5 nearest neighbours.

The results in Figure [1| show that DXNN and DRKHS ¢on-
sistently outperform all competing tests in both the Euc-
lidean and non-Euclidean examples. The kernel-based meas-
ures HXNN and HREHS already improve upon non-kernel
methods in the heteroscedastic case—owing to their greater
flexibility, as discussed in Section [3}—and naturally extend
to non-Euclidean data. Nevertheless, DXNN and DRKHS
achieve uniformly higher power while retaining the same
generality.

Runtime comparison. In this experiment, we compare
the runtimes of DXNN and DRKHS with that of closely-
related measures (elaborated in Section[3)). The right plot in
Figure [2|shows the average runtime of each estimator over
100 repetitions for sample size n ranging from 10 to 5000.
We observe the higher runtime of RKHS-based methods
compared to graph-based methods, in line with Section[5.3]

7.2 REAL DATA EXAMPLE

Million Song Dataset The Million Song Dataset [Bertin{
Mahieux et all, 2011]] contains 515,345 songs. Each song
is described by 90 features X and its year of release Y'; the
latter ranges from 1992 to 2011. The objective is to detect
statistical dependence between the features and the release
year. To assess empirical power as a function of the sample
size (ranging from 50 to 1500), we proceed as follows: for
each fixed sample size n, we draw 200 independent sub-
samples from the full dataset and estimate the power at


https://github.com/PouyaRoudaki/KernelIR
https://github.com/PouyaRoudaki/KernelIR

significance level 0.01. The p-values are computed using
200 permutations. For the RKHS-based estimators, we use
the Gaussian kernel with the median of pairwise distances as
the bandwidth, and the regularization parameter ¢,, = 10~4
(kept fixed for simplicity). For the graph-based estimators,
we consider K = 5 nearest neighbours. The kernel-based
methods are generally expected to provide greater flexibility
in capturing complex dependence structures and to achieve
higher power as it is showed in left plot of Figure [2} we
also observe in this example that the RKHS-based estimator
outperforms the graph-based approach.

T, Uy @ ,f]RKHS © ﬁK—NN A DRKHS A DK—NN

1.00

1e+01
0.75 le+00 -

le-014 |

Power
Runtime (s)

1e-02 4 $1

0.00 A 1e-03 7

T T T T T T
100 300 1000 10 100 1000
Sample Size (n) Sample Size (n)

Figure 2: (Left) Comparison of power of independence tests
for Million Song Data as a function of the sample size (n).
(Right) Comparison of time complexity of the compared
dependence measures as a function of the sample size (n).
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A PROOFS

This appendix collects our proofs. We prove Theorem|[I]in Appendix[A.T] derive the RKHS-based estimator (Definition [3)
in Appendix and prove Theorem [2]in Appendix

A.1 PROOF OF THEOREM

We prove the well-definedness and parts (i)—(iii) one by one.

Proof of well-definedness. By Assumption|[I] the kernel ky is continuous and by the blanket assumption in Section[2] it is
also bounded. Hence, ky (-, y) is Lebesgue-integrable for every y € ) and so is its square; therefore the numerator is finite.
It remains to show that the denominator Vy [k (Y, y)] is non-zero for all y € Y, which holds if k(Y y) is not a.s. constant.
We prove this in the following.

Indeed, it is known that a random variable is a.s. constant iff. its distribution is degenerate. Hence, it suffices to show that
the distribution of ky (Y, y) is non-degenerate for all y € ). Let us argue by contradiction, in other words, there exists a
y € Y such that the distribution of ky (Y, y) is degenerate, that is, for some r € R it holds that Py o k;, '(-,y) = 6,. Then
there exists u € ) such that ky (u, y) = r; indeed, assuming that k;l({r}, y) = 0 would mean that Py, o k;l({r}, y) =
0 # 6,({r}) = 1, which is a contradiction. Moreover, as by Assumption 1} ky(-,y) is non-constant, there exist v € ) and
s € R such that ky(v,y) =t s # r. As R is Hausdorff and r # s, we can find disjoint open sets R, S C R such thatr € R
and s € S. As ky is continuous, so is ky (-, y) [Steinwart and Christmann, 2008}, Lemma 4.29], which implies that also
U= k;l(S, y) C Y is open. Hence, by the assumed full support of Py, Py, (U) > 0. But then Py, o k;l(S’, y) > 0 while
0,(S) = 0, contradicting the assumption that Py, o k;l(-, y) = 0. O

Proof of (i). By the law of total variance and the non-negativity of variances, we have

Vy [ky(Y,9)] = Vx [Eyx [ky (Y, 9)]] + Ex [Vyx [ky(Y,9)] > Vx [Ey x[ky(Y,9)]] >0,

>0
implying that
Vy[ky(Y.y)] = Vx [Ey|x[ky(Y.y) | X]] > 0. (A.D)
The combination of (A1) and the alternative expression (B-26) in Lemma B.1]shows that D(Y, X) € [0, 1]. O

Proof of (ii). (<= ) We will show that in this case the numerator in (B.26) is zero, which implies that (B.26) itself is zero.
The claim then follows by the equivalence of (3) and (B.26), established in Lemma|B.1

Indeed, by the assumed independence of X and Y, for any y € ),

Ey | x[ky(Y,y)] = Ey[ky(Y,y)] = 9(v),
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and the numerator of (B.26) becomes

Vx [Eyix[ky(Y,9)]] = Vxlg(y)] =0,
proving the first direction.

(=) Assume that D(Y, X') = 0. Then, using the equivalence of (3)) and (B.26), we have that
Vx([Ey x[ky(Y,y)]] = 0 for Py-a.e.y,

as the integrand of (B.26) is non-negative. Hence, for Py -almost every y, Ey | x[ky (Y, y)] is Px-almost surely constant,
that is, there exists ¢(y) € R such that

c(y) = Ey|x[ky(Y,y)] Px-as.for Py-ae.y. (A2)

Integrating the last expression w.r.t. Px and using the tower property of expectations, we get

c(y) = Ex [Ey x[ky (Y. y)]] = Ey[ky(Y,9)] = pry (Py)(y), (A3)
for Py -almost every y. Notice that (A.2) can be written as
IEY\X [ky(Y, y)} = Ey|X[<ka(', Y)v ky(', y))Hy] = <EY\X U’Cy(', Y)]’ ky('v y)>Hy = Uky (PY\X)(:U)7 (A4)

by the reproducing property, Steinwart and Christmann|[2008| (A.32)], and the definition of conditional mean embeddings
with the reproducing property. As the Lh.s. of (A-2) and (A23) coincide, so do the r.h.s. of (A2)) and (A-4), which shows that

tky Py x)(y) = pey (Py)(y)  Px-as. for Py-ae. y,

which, by Remark (I[[2), implies that jix,,(Py|x) = fky, (Py) holds Px-a.s. (as pry, (Py|x) — piky, (Py) € Hy,, and
iy (Pyx)(y) — try (Py)(y) = 0 holds Px-a.s. for Py-a.e. ). Thus, using that £y is characteristic by Assumption

HDYIX = PY PX-a.S. (AS)
To conclude the proof of (ii), we now show that (A.5) implies the independence of X and Y. Indeed, let A := B x C €
B(X) ® B(Y) be arbitrary, where B(X) ® B(Y) denotes the product sigma-algebra of B(X’) and 5()’). Then A, B, and

C are measurable w.r.t. Pxy, Px, and Py, respectively. Using that 1 4 = 151, by the decomposition in/Dudley] [2004],
Theorem 10.2.1], we have

Povd) = [ LaepdPua) - / J TR NP
@/ / 14(z, y)dPy (y)dPx ( //113 )1e (y)dPy (y)dPx ()

~ [ 1a@0Px(@) [ 1o)Pr(y) = Bx(BIEV(O).
X Y
that is, the joint distribution of (X, Y") factorizes to the product of the marginals, showing the independence of X and Y. [

Proof of (iii). ( <= ) Suppose that Y = f(X) for some Borel measurable function f : X — ). Then, for any fixed
y € YV, ky(Y,y) = ky(f(X),y) is a Borel measurable function of X as the composition of measurable functions is a
measurable function. Then for any y € ), by the definition of the conditional variance in (a) and the properties of conditional
expectations in (b)

a b
Vyx by (Y, 1)) 2 By x (B3, 9)] — By oy (Y, )])2 L B3V, y) — k(Y 3) = 0 holds Px-a.s.

hence,
Ex[Vy x(ky(Y,y))] = Ex[0] = 0.
As y € Y was arbitrary, the numerator is zero everywhere, which implies that

B Ex [Vyx (ky(Y,y))]
DY, x) =1 /y Vy (ky (Y, 1))

dPy (y) = 1.



(== ) Our goal is to show that if D(Y, X') =1, then Y | X = x is a.s. constant for a.e. z € & This implies that Py|x—_,
is degenerate for a.e. z € X and an application of Lemma|C.2]then yields the claim.

Indeed, assume that D(Y, X') = 1 and let us show that then Y | X = x is a.s. constant for a.e. z € X. Rearranging D by
using linearity of the integral, and flipping the integrals (permitted by Tonelli’s theorem as all terms are non-negative), we
obtain

Jx Vy|x=zlky(Y,y)] dP(z) Vy|x=2[ky (Y, )] (Ass)
POx) =1 [ e R ) =1 - [ S R ) ap)

which shows that, given Py almost any z € X, Vy | x—,[ky (Y, y)] = 0 for Py-a.e. y. As the variance is zero, it must hold
that

)

Py | x—z(ky(Y,y) = c.(y)) = 1 for Py-a.e. y and for Px-a.e. z,
where ¢, (y) denotes a constant depending on y € Y and z € X. Notice that for Px almost any € X this defines a
function ¢, : ) — R for Py-a.e. y.

With this setup in place, we now show that Y | X = x is a.s. constant for a.e. z € X. Let us argue by contradiction, that is,
suppose that with positive Py probability there exists € X such that Y | X = z is not a.s. constant. Then there exist
distinct wy, wo in the preimage of Y | X = z satisfying y; = (Y | X = 2)(w1) # (Y | X = x)(w2) = y where y; and
y2 are elements in sets with positive Py x—,-probability. But then,

ky(y1,y) = ¢z (y) for Py-a.e. y, while also ky(y2,y) = cz(y) for Py-a.e. y,

thatis ky (y1,y) = ky(y2,y) for Py-a.e. y. Using the assumed continuity of ky and the full support of Py-, by Remark [1}2),
we obtain ky (y1,-) = ky(ya, -), contradicting the point-separating property of the characteristic ky. Hence, Y | X = z is
a.s. constant fora.e. z € X.

As indicated in the beginning of the proof of this direction, Y | X = x being a.s. constant for a.e. x € X implies that
Py |x =, is degenerate for a.e. z € X'. An application of Lemma@concludes the proof. O

A.2 DERIVATION OF THE RKHS ESTIMATOR IN DEFINITION

We start by introducing the additional notations and background used in this section only.

For a kernel k : Z x Z — R and a sample Z = (Z1,...,%,) € Z" with Z; ~ Pz € M{(Z) (i € [n]), denote
by Sk,z + Hr — R the sampling operator, which is defined by h — (h(Z;));;. It has adjoint S} , : R" — Hy,
a = (a;)f-y = Y1 aik(+, Z;) [Smale and Zhou, 2007]. Furthermore, it is known that Sy 7Sy , = [k(ZZ, Z; )]” =
Kz € R™ ™, The centered (cross-)covariance operator associated to Y and X (as defined in the main part) is given by

Cyx = /X 3}[ky(w y) =ty (Py)] @ [k (-, 2) — pien (Px)|dPxy (2, 9) € Hy @ Ha,

where, for f € Hy and g € Hx, f ® g : Hx — Hy denotes the rank-one operator defined by h — f(g, h)# . ; the operator
is an element of the tensor product RKHS Hy ® H . The centered covariance of X is its centered cross-covariance with
itself, that is,

Cx = Cxx = /X ke () = i (Bx)] @ [k (-, 2) — pi (Px)]dPx (2) € Hox @ Har.

For a bounded linear operator A, we write A~ for its (Moore-Penrose) pseudo-inverse; see, for example, [Engl et al.|[[1996]
Definition 2.2].

With the notation established, let us present the derivation. We tackle the denominator and the numerator separately.

* For the denominator, using that Vy [ky (Y, Y;)] = Ey [k3,(Y,Y;)] — (Ey [ky(Y, Y;)])” and replacing all expectations
with their empirical counterparts, we obtain that

1o 1 & 1 1 ?
Urlky (VY] ~ 2 SRR 70 — (Y ks | = 111Ky oKydes — (1Kye: ) = VS,
j=1 j=1

(A.6)



* To derive the expression for the numerator, we first observe that given Assumption [I]and Assumption[3] by Klebanovi
et al] [2020, Theorem 4.3], for Px-a.e. x € X

tiky (Py|x=2) = fiky (Py) + CyxCx (kx (-, x) — pir (Px)) -

Using the plug-in estimator and the definition of S;y’y for the first term and [Huang et al.{[2022, p. 48(bottom)] for the
second term, we obtain, for X = X (j € [n]), the estimator

~ 1 * * % % -1
iy (Pix=x,) = i, 1o + i, y Ko (KX n nenIn) e. (A7)

Let P X = % >, dx, be the empirical measure associated to the observed X;-s. Coming back to the quantity which
we want to estimate, notice that, for any 4, j € [n], we have

Yy x—x, by (Y, Y0)] = By px—x, [B(V. ¥)] —(Evix—x, [ky (Y. Y)])",

=ty =ty

and will therefore estimate
Ep  [Vyix=x, by (V. Y]] =B [t1] —Ep_ [t3];
we will use (A7) to approximate ¢; and to, respectively. Having obtained these approximations, we approximate the

expectation of 1 (resp. the expectation of #3) by plug-in estimation.

— Term t;. One has for i, j € [n] that

Eyix—x, [F5 (Y, Yi)] w Ey|x=x;, {Ufy('a Y), ky (-, Yi)ﬁ{y]

D By, [k (2 Y) @ ky (- V), ky (Y0 @ ky (5 Yy omy |

By o, by (V) @ by (5 V)] by (5 V) @ by (5 Y0)), o

-~

@ <Mky®]€y (]P)Y|X:XJ) ’ky<.75/;) ® ky(’ }/Z)>7.Ly®’}.[y ?

where the reproducing property implies (a), the properties of tensor products yield (b), and [Steinwart and
Christmann [2008| (A.32)] allows flipping the expectation and inner product in (c). We apply the definition of the
conditional mean embedding with the product kernel in (d); it is characteristic by Assumption[3]and continuous,
which allows the estimation by adapting (A27).

Indeed, replacing pig), ok, (Py|X:Xj) by fixy ok, (Py|X:Xj ) , we get

f A (e (Pypx=x,) k(5 Vi) © by (5 YD)y o ity (Pyx=x,)  Styehy.r €, oy
& <Sky®’fyvyﬂky®ky (Plesz) ’ei>Rn
@

1 * * V% (o -1
= <nsky®ky7YSky®ky,Y1n + Sky®ky,YSky®ky,YKX (KX + nenIn) €j;,e;
Rﬂ.

o /1 <. (R B
(:) <n(KY oKy)l,+ (Ky o Ky)Kx (KX + nEnIn> ejvei> ) (A-8)
RTL

by using the definition of the sampling operator in (a), the defining property of adjoint operators in (b), and
Sky@ky,yslt;;@kyy =Ky oKy in(c).

Let us now consider the outer expectation Ez of ¢1’s approximation. We sum (AZ8) over j € [n], divide by n,
and, by the linearity of the inner product and as % Z?Zl ej = %1,“ obtain

1 1 e -1
Es, [t]~ <n(Ky °Ky) 1, + - (Ky o Ky)Kx (KX + nenIn) 1., ei> (A9)
]Rn



— Term t5. We have for ¢, j € [n] that

Eyix=x, by (Y, Y0] © Eyixox, [(ky( V) by (Yo | € By o, iy (5 V)] ko (5 Y0,

© (piy (Py|x=x,) 7k/‘y(‘7Yi)>Hy ;

y

by using the reproducing property in (a), flipping the integral and the inner product using|Steinwart and Christmann
[2008], (A.32)] in (b), and by the definition of the conditional mean embedding in (c).

Again replacing fiy,, (]P’y| X= Xj) by its empirical counterpart fiy,, (]P’y| X=X, ), we obtain the approximation

ky (Py1x=x,) s ky (-, K‘))Hy @ (fiky (Py|x=x,) 7S;y7yei>7_ly

(i
© s

Q

to

ky ¥ iky (Py x=x,)  €)gn

>

.7

1 - - -1

' <n5ky,Y57§y,Y1n + Sky v ey v Kx (KX + n6n1n> €j, ez‘>

Rn

(0 /1 5 (2 -1 @ /1

9 ZKy1, + KyKy (KX + nenIn) ej o) L { Kyl +Mej,e;
n Rn n

~

R n

e) 1
9 ZeKyl, +e] Me;, (A.10)
n

—~

where (a) is by the definition of the sampling operator, (b) comes from the definition of the adjoint operator, and
in (c), we use that Sky,YS;y,Y = Ky, (d) comes from the definition of M in (8], (e) follows from the definition
and the linearity of the inner product in R™. Squaring (A.10) gives

1 2
2~ ﬁe;rKylne?Kyln + Ee;—Kylne;rMej + e Meje, Me;
1 2
= ﬁe;'—KylnlzKyei + ﬁe;rKylne;-rMTei + e;-rMeje;rMTei, (A.11)

where we use that a real number equals its transpose and the symmetry of Gram matrices.
To get the outer expectation, we sum (A.IT)) over j € [n], divide by n, and obtain

1 2 1
Es,  [t3] = ﬁeiTKylnlzKyei + ﬁeiTKylnl,,TLMTei + EeiTMInMTei. (A.12)
Hence, subtracting (A.12) from and rearranging, we have for the numerator

1 . - -1
ERHS — = (e, (Ky 0 Ky) 1, + (Ky o Ky)Kx (Kx +ne,L) 1
n (A.13)

1 2
~ CKy1,1 Kye; — “Ky1,1 MTe; MMTei>
n n RrR™

Combining the numerator (A.13)) and denominator (A.6) concludes the derivation.

A.3 PROOF OF THEOREM

Proof. In the sequel we let C' denote an absolute constant which may change from line to line, and we use the symbol <
to indicate weak inequality up to an absolute constant which again may change from line to line. We will also denote the
complement of an event A by A°. Finally, we recall that in the main text the kernel &y is assumed to be bounded and let
K = sup, ey ky(y,y’). For each i € [n], remember that

1
B = Kn—1) DY (ky(V3, Vi) - ky (Y1, V7)),
i e

VN = nil;kim,m - [L;mm,mf



Additionally for ¢ € [n] let
Vi = Vi [ky (Y, V)], E; = EYVY,  [ky (Y, Y3)], (A.14)

where (X;,Y;) is treated as a fixed observed value and the expectation is taken over (X, Y"). With this, let

Ex [Vyx [ky (Y, y)]] R 1 & EXWN ", EK-NN . 1« E;
dP = — L = =z =,
Q / VY k‘y Y y)] Y(y)a Q n ; V,,E;NN’ Z V ) Qn n ; V;
(A.15)
Note that [DENN — D| = |Q — Q,,|. Introduce the event
= 1
:ﬂ{|V7§;NN_Vi§2Vi}- (A.16)
i=1
Using triangle inequality, we have
Q= Qnl <1Q = Qn + Q1 — Q| +1Q7, — Qnl. (A.17)
Since VTI:;NN and V; are non-negative, (2, implies 1V; > VK NN for all i € [n]. Therefore, conditional on the event €2, it
holds that
1 EKN EKN EK-NN
A Arp K-NN K-NN _ K NN Vit . A
|Qn—Qn|— gZ(Vn,i _V)VvKNN = ZW VVKNN - Z| Vi2 = @n-

Therefore, for any § > 0 it holds that

P(|Qn — Q| > 5) P(1Q — Q| + Q1 — Q| + Q) — Qn| > 6| 2,)P(Qn) + P(25)
P(1Q — Q) + Q1 — Q] + Qn > 8) +P(Q5). (A.18)

In the following we bound each of the terms appearing in (A.T8)), where we frequently use the following equality:

E[|Z|] = /OOO P(|Z| > t)dt, (A.19)

which holds for any real-valued random variable Z. For the first term in (A-T8) observe that by the law of total variance, for
i € [n] we have E;/V; € [0,1]. Additionally E;/V; is an i.i.d. sequence. Therefore by Hoeffding’s inequality we have

P(IQr — E[Q4]| > ) < 2e7",
Moreover E[Q/] = 1 3" | E[E;/Vi] = Q. Therefore

EIQ — 0" = E|Q — E[Q"]] = / P(Q" — E[QV)] > t)dt < 2 / dts%

and by Markov’s inequality |Q — Q| = Op(n~/2). For the second term in (A.18), observe first that for each i € [n], due to

the boundedness of ky the statistic V,*;"" enjoys the bounded difference property (see Definition [C.29) with absolute finite

difference bounded from above by (n — 1)~! up to a multiplicative constant depending on «. Therefore, by Theorem
we have that

PV (|[VENN —EV[VENN] > 1) < 2exp(—Cnt?) ¥t > 0, (A.20)

where the term on the right does not depend on Y;. Additionally for fixed ¢ note that {ky (Y}, Y;)},; is anii.d. sequence of
bounded random variables. Therefore, by standard result, the bias of the estimated variance for each i € [n] is

1
n—1

BV VAN — V| = Vi < -, (A21)

3=



where the final inequality follows from the boundedness of ky. Consequently we have that

E[Qn] £ %zn: VK o Vl (A.22a)
_ iZ e Viz[VKNN] B -
So L (vl ran) arvw
% ZE{ / PV (IVENN — Vil > 0v?) ] (A.22b)
<= / (Vy ky Yy))) APy (y / / exp — Cnt? (Vy [ky (Y, 1)) )dtdIP’y( ) (A.22¢)
o+ 7)) Tar) s (A220)

In particular (A:22a) follows from the boundedness of Ef ;™ for all i € [n], which holds due to the boundedness of &y,

(A.22b) follows (A.19), (A.22c) follows from (A.20), and (A.22d) follows from part (i) of Assumption[5} Consequently it
holds that Q,, = Op(n~'/2). For term |Q/, — Q| using triangle inequality and then Jensen’s inequality we have

B
n~ wnll = T

[ENERN] — Ei|
V;

For the variance term, note that by Efron-Stein inequality we have

VN (BEIN) < 3 SB[ (BN - BENY)]
o+

where EXNN is calculated using sample {(X;, Y;)}ize U {(X}, Y/)}, such that (X}, Y/) is an i.i.d. copy of (X, Y;). Note

n,i,l

that in replacing (X¢,Yy) by the i.i.d. copy (X}, Y} ), observation £ appears in two roles:

1. Ascenter j = £: in this case all K terms in the neighbourhood ¢ can change which contributes to at most 8K x2 /2K (n—
1) =4k%/(n - 1),
2. As neigbour k£ = ¢: in this case by Assumption EI, X, is at most in the neighbourhood of C'K other X;’s and the
therefore the total contributed value of this change is 8C K x?/2K (n — 1) = 4Ck?/(n — 1).

Therefore

N B < P

Hence

W\ (EXIN) <

s |-

This gives us

. VA(EETN) oL
Vi ~n

For the bias term, note that

i K- i1 i
[EV[ESNN] - Ei| = |E 7 S ey (¥5,Y0) = ky(Vie, Yi))? = By [(By(V, V) = ky (Y7, ¥2))?] | |,
keN M



where Y and Y are i.i.d. conditional on X . Let

mi(z) =EVky(Y,Y;) | X =], ma(z) =E[k(Y,Y:) | X =a].

Then

BV [(ky(Y, Y2) = ky (Y, ¥2))? | X = | = 2V (ky (Y, i) | X = ) = 2(ma(w) — ma (2)?),
and

BV [(ky(Y;,5) = ky (Y, Vo)) | X5 = 2, X = @' | = ma(a) + ma(a') = 2ma ()ma (2!).
Let

A (w,a) = BV (ky (Y5, Y3) = ky(Ve, Y))? | ,@'| = BV [(hy (Y, Y5) = ky (V, Y0))" | X =«
= (ma(z') — ma(x)) — 2ma(z) (ma (') — mi(x)),
which gives us

A (z,2') | < [ma2(a’) — ma(2)] — 26|mi(2') — ma(2)] S da(z,2')’.

~

where the last inequality is by Assumption[5]. Then by taking average over all the neighbours and using Lemma [B.2]together
with Assumption 5] we have

| o\ Bl
VBN - Bl S BV | max (6, X0)| 5 | () +ntlogn)e)

keEN,)’ n
Consequently,
]E\'L EK'NN — F. K B/d 1 K B/d
E | ["";} i < [(n) +n"2(logn)?/* ]E{V]g (n) +n"2(logn)?/ | . (A.23)

Finally for P(Q2¢), we have that

- (v 1
P05 < 38 [P (175 - vl > i)
i=1

n
AN A DA 1
< DB P (1P - BN + BV - vi > 5|
=1

Note that by (A-21) we have

P (AN~ VTS + VSN - vl 2 3 ) < P (19 - BN 2 (5 - 5 ) W),
y ’ ’ ’ ? n —

therefore for n > 4 we can write

P(Q) <) E PV (Vé%NN E[V5™N| > 1%)] (A.252)
i=1 b 6
1 2
< nkE |exp —%C’nVi (A.25b)
1 [1 1
S —=E S — A2
~ \/* V;gil ~ \/ﬁ7 ( SC)

where (A.25b) follows from (A.20), and finally from e~* < 2~3/2 for 2 > 0, we have (A.25¢).



We already showed |Q — Q" | = Op(n=1/2), Q,, = Op(n~/2), and P(QS) < n~1/2, therefore by (A.23) we have
P(|Qn — QI > ) <P(Q = Qnl + Q% = Qnl + Qn > 0) + P(27)
. s - 1
SPQ —Qul > 0/3) +P(1Qy — Qul > 0/3) + P(Qn > 6/3) + —=

Vn
1({1 K\?/4
< Z B/a,,—2
N5<\/ﬁ+<n> + (logn)™n )’

A 1 K\ P/
ID*W(X,Y) - D(X,Y)|=0p | — + <> + (logn)ﬁ/anf2 ;
n

which gives us

N

and completes the proof. O

B AUXILIARY RESULTS

This section collects our auxiliary results, used in the proofs of the results stated in the main text.
Lemma B.1 (Alternative expression). In the setting of Definition[l} it holds that

[ Vx[Eyx[ky(Y,v)]]
by, ) —/y Vy Ty (Y, y)]

dPy (y). (B.26)

Proof. We have the chain of equalities
6] Ex[Vyx [ky(Y,y)]] (a) +Vy [ky(Y,y)] — Ex [ Vyx [ky(Y,y)] ]
DY, X)=1- dP =1
S /y Vy [ky (Y, )] v - /y Vy [ky (Y, y)]

() Vy [ky(Y,y)] — Ex [ Vyx [ky(Y;9)]] @ [ Vx[Byix ky(Y,y)]]
- +/y Vy [y (Y, y)] Prly) =1 = /y Ty () CEr(®):

where in (a), we add zero; in (b), we split the fraction and simplify; and in (c), we use that 1 — 1 = 0 together with

Vy[ky(Y,y)] = Ex [Vy|x [ky (Y, 9)]] + Vx [Eyx [ky (Y, )]

by the law of total variance (y € ). O

dPy (y)

Lemma B.2 (Nearest-neighbour distance). Let (X, dx) be a metric space and X1, . .., X, i.i.d. Let d; be the distance from
X to its K-th nearest neighbour among {X, : £ # j}, i.e.

d; = ]ché% dx( Xk, X;)
where N is the set of K -nearest neighbours of X; in { Xy, } ;. Assume:
(A1) There exist x* € X and o, C1, Cy > 0 such that for all t > 0,

P (dx(X1,2*) > t) < Cre” 2",

(A2) There exist constants d > 0 and c¢q > 0 such that for every radius T > 0, for all x € X with dx(x*,2) < T and all
r >0,

P(dx(X1,z) <7) > cor?

Let > 0. Thenforalln > 3and 1 < K <n/2,

B/d
@’ < (& / log n)?/on=2
[@j]s |~ ) +(ogn)™*n™%

where < hides constants depending only on o, 3,d, cg, C1, Cs.



Proof of Lemma([B.2] Fix § € (0,1) and define

By (A1) and a union bound,

P < max dy (Xg,x*) > Tn,é) < nCre~C2Tis = 6.

1<t<n
Introduce the event
Gs == { max dy (X, 2") < TnA5}~
1<t<n ’
Then P (Gs5) > 1 — 4. On Gs, for all sample points X; we have dx (X;,2*) < T, 5, hence for any j,
d; <275 5.
Therefore, we have
E[d]] = E[d] 1(g,)] + Eld] 1(g5] < E[d] | Gs] + E[d] Lggy)-
Note that
d; < 2lrél%xnd;((Xg,x )

Therefore

B [dfﬂ{gg}] < 9°E {m?xdﬁ(Xe,w*)ﬂ{gg}

Now using the tail bound on the maximum we have
]P’(méix dg( (X¢,2%)) < nCre 2",
which with our choice of T, 5 gives us
E[d?1;gey] < (logn)P/*s
g {95} ~ ogn .
Thus
B B B/ex
E[d;] S E[d; | G5] + (logn)™/*4. (B.27)
Now for fixed j, conditioning on X; = x and on G5 we have dx(z,z*) < T,, 5. For any r > 0, note that by (A2)
P(dx (X1, ) <71) > cord.

Let Ny == 3, Lidy(x,2)<r}- Conditional on X; = x, N, ~ Bin(n — 1, P(dx(X1,z) < r)) . The event {d; > r} is
exactly { N,. < K}. Therefore, for any r,

P(d; >r| X; =2) =P(N, < K).
Now choose 7, == (2K /co(n — 1))'/4, so we have

= E[N,,

Xj = 3:] = (n - I)P(dx(Xl,x) S 7‘*) 2 2K.

Using a standard multiplicative Chernoff bound for binomials,

P(Ny, < K) < exp(—p/8) < exp(—K/4).



More generally, for any u > 1, we have

E[Nyr, | X; = 2] > (n — Vcoutr? = 2Ku.

Using Chernoff bound again we have
P(dj > ury | X;j = 2) = P(Nyr, < K) < exp (—Ku?/4).
Note that these bounds hold for every x such that dx (z, 2*) < T,, 5, hence they remain valid under Gj.

Using this tail bound we have

E[df | Xj =a]= /0 Bri=P(d; > r | X; = ac)dr—|—/ Bri='P(d; > r | X; = x)dr

IN

(o)
1 —Ku
rf—f—ﬁrf/ WP te Ku qy
1

B/d
K
T*B - ()

n

uniformly for all z such that dx (z, 2*) < T, 5. Therefore

N

, K\ Bl
E[@ | Gs) < (n) . (B.28)
Finally combining (B.27) and (B.28), we have
B/d
K
E[d’] < <n> + (2T.4)7.

Choose § = n~2 and we get

d
E[d?] < (K)ﬂ/ + (logn)?/*n=2
jl e~ n g .

O

Lemma B.3 (Integrability of inverse cube of variance). Let Y = R, Y ~ N(0,02), and ky(z,y) = exp{—v(z — y)?},
wherey > 0. If v < gz, then [, Vy [ky(Y, y)]_3 dPy (y) < oc.

Proof. For y € R, we have that

Vy [ky(Y,)] = Ey [exp (—7(Y = 9)*)]” = [Ey [exp (—(¥ —9)*)]]”
_ 2%y _ 29y 2y2y 22 22 2y=y
(a) e 1+402y e 1+202y (b). e ca e e (;) e e B e ca

B /1+4O'2’Y B 1+20’2’y o \/a B Co \/a Co

_2u?y 1 1 (i) 0
= e c4 R — R
\/Cq Co

where (a) is by the properties of Gaussian integrals, we let ¢, = 1 + 402y and c3 = 1 + 202y in (b), and use that ¢ < ¢4 in
(c). Inequality (d) follows as

-1/2

N G50 = P < = <@ = 1+40%y < (14 20%)>

= 1+4+40%y < 1+40%y +40*y? = 0 < 40?42

1/2

Settingc:=c¢; '~ —cg ! and using the obtained lower bound on the variance in the expression of Assumption we

have that

/ v [k (Y )]—3dF ( ) < o3 / 6y2~ IP ( ) 5 / 632~ 1 B ?/22 d
’ ¢ e c4 =cC e ca e 20
v y(Ry (Y, Y Yy ¥ . vy (y i — y

R 25,
c3V2ro? Jr



which is finite for 6v/c, — 1/(202) < 0. Hence, solving for ~ yields that this is equivalent to

6y 1 6y 1 9 9 9 1
— K =S <= = 12 <1+4 <~ 8 1l <= < —. O
Cy4 < 202 1+ 402y < 202 R tay 7= TS go?

C EXTERNAL RESULTS

This section collects the external results that we use. Theorem [C.I|recalls McDiarmid’s bounded differences inequality.
Lemma|C.2]gives a condition for the existence of a Borel measurable function relating two random variables a.s.

Theorem C.1 (Bounded differences inequality; Boucheron et al.[2013). Let X be a measurable space. A function f : X™ —

R has the bounded difference property for some constants c1, . .., ¢y if, foreacht =1,...,n,
sup |f (z1,-- s Tio1, i Tig1, Tn) — f (21, .- 7$¢—1,$§,$i+1, comg)| < (C.29)
L1--yTn
zTLEX

Then, if X1,...,X, is a sequence of independently distributed random variables and (C.29) holds, putting Z =
f(X1,..., Xn)andv = 3 37| ¢, forany t > 0, it holds that

=1 "’
P(Z-FE(Z)>t)<e /),

Lemma C.2 (Remark A.2 Huang et al.[[2022). Let (2, A,P) be a probability space, (X,Tx) a topological space
with Borel o-algebra B(tx), (Y, Ty) a Polish space with Borel o-algebra B(1y), and X : (2, A) — (X,B(7x)) and
Y : (Q,A) — (¥, B(ry)) random variables. Denote the conditional distribution of Y given X by Py x. If Py|x—, is
degenerate for a.e. x € X, then there exists a Borel measurable function f : X — Y such thatY = f(X) a.s.

D ADDITIONAL EXPERIMENT: INTRINSIC-DIMENSION EFFECT IN THEOREM
Using the notation below Theorem |2} where d and dy denote the intrinsic and ambient dimensions, respectively, we
investigate the influence of the intrinsic dimension while keeping the ambient dimension fixed.

To isolate the effect of d, both X and Y are constructed to lie on a d-dimensional subspace of R% . Specifically, we generate
latent variables
ZXNN(O,Id), Zy:Zx+0.5E,

where ¢ ~ N(0,1,) is independent of Zx. Let Qx, Qy € R%*% be independent Haar-distributed orthogonal matrices,
and denote by Qg?), ngl ) € Réo%d their first d columns. The observed variables are

x=QWzx, v=0"zy.
Since Qg?) has orthonormal columns, it is an isometric embedding. Hence, for any two observations X; and X ;,

d
1Xi = Xjlleao = 1Q (Zx, = Zx,)lmao = 12, = Zx, [l

Consequently, the {-NN graph constructed from the observed data in R% is identical to that of the latent variables in R%.
The remaining dy — d coordinates therefore carry no geometric information, allowing us to isolate the effect of the intrinsic
dimension d on the estimator.

The population quantity D(Y, X) is approximated by averaging estimates obtained from 30 independent simulations, each
with a sample size of 10 000, yielding a highly accurate approximation of the population value.

Figure [3| shows that, with the ambient dimension fixed at dy = 20, the estimator becomes more accurate as the intrinsic
dimension decreases, in agreement with the dependence of the convergence rate on the intrinsic dimension established in
Theorem 2

'This remark appears in the arXiv version.
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Figure 3: Comparison of the estimation error for fixed ambient dimension dy = 20 and varying intrinsic dimension
d € {1,5,10}.
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