
MONK – Outlier-Robust Mean Embedding Estimation by Median-of-Means∗
Matthieu Lerasle1,3, Zoltán Szabó2, Timothée Mathieu3, Guillaume Lecué4

1CNRS, Université Paris Saclay, France 2CMAP, École Polytechnique, Palaiseau, France 3Laboratoire de Mathématiques d’Orsay, Univ. Paris-Sud, France 4CREST ENSAE ParisTech, France

Quick Summary

• Mean embedding, MMD: information theory on kernel-enriched domains.
• Goal: their outlier-robust estimation.
• Contribution:
– Optimal sub-Gaussian deviation bound (minimal 2nd order assumption).
– Practical algorithms.

Target Quantities

• Mean embedding:

P 7→ µP =
∫
X

ϕ(x)︸ ︷︷ ︸
example: e〈·,x〉

dP(x) ∈ HK.

• Maximum mean discrepancy (MMD):
MMD(P,Q) = ‖µP − µQ‖HK

= supf∈BK
〈f, µP − µQ〉HK︸ ︷︷ ︸

Ex∼Pf (x)− Ex∼Qf (x)
.

Notes:
– Large number of applications; review [1].
– Numerous kernel-endowed domains. K(x, y) = 〈ϕ(x), ϕ(y)〉HK

, ϕ(x) = K(·, x).

Goal

• Design outlier-robust estimators.
• Interest: unbounded kernels
– exponential kernel: K(x, y) = eγ〈x,y〉.
– polynomial kernel: K(x, y) = (〈x, y〉 + γ)p.
– string, time series or graph kernels.

• Issue with average: A single outlier can ruin it.

Estimator

• Idea (MOM):
1. Partition: x1, . . . , xN/Q︸ ︷︷ ︸

S1

, . . . , xN−N/Q+1, . . . , xN︸ ︷︷ ︸
SQ

.

2. Compute average in each block:

a1 = 1
|S1|

∑
i∈S1

xi, . . . , aQ = 1
|SQ|

∑
i∈SQ

xi.

3. Estimate EX : medq∈[Q]aq.
• On MMDK: replace the expectation with MON

M̂MDQ(P,Q) = sup
f∈B

med
q∈[Q]

{
1
|Sq|
∑
j∈Sq f (xj)− 1

|Sq|
∑
j∈Sq f (yj)

}
.

• Code: https://bitbucket.org/TimotheeMathieu/monk-mmd

Numerical Illustrations

(a) Gaussian distribution, Nc = 0 (no outlier), RBF
kernel.

(b) Gaussian distribution, Nc = 0 (no outlier), quadratic
kernel.

(c) Gaussian distribution, Nc = 5 outliers, RBF kernel. (d) Gaussian distribution, Nc = 5 outliers, quadratic
kernel.

(e) Pareto distribution, RBF kernel. (f) Pareto distribution, quadratic kernel.

(g) Inter-class: EI-IE (h) Intra-class: EI-EI

Finite-Sample Bound for M̂MDQ(P,Q) (µ̂P: Similar)

Assume:
• Contamination: {(xnj, ynj)}

Nc
j=1, Nc ≤ Q(1/2− δ), δ ∈ (0, 1/2].

• Mild 2nd-order assumption: ∃Tr (ΣP), Tr (ΣQ).
Then, for any η ∈ (0, 1) such that Q = 72δ−2 ln (1/η) satisfies Q ∈(
Nc/

(
1
2 − δ

)
, N/2

)
, with probability at least 1− η

∣∣∣M̂MDQ(P,Q)−MMD(P,Q)
∣∣∣ ≤ 12 max

(√
(‖ΣP‖+‖ΣQ‖)ln(1/η)

δN , 2
√

Tr (ΣP)+Tr (ΣQ)
N

)
δ

.

Discussion

(i)N -dependence: O
(

1√
N

)
is optimal for MMD estimation [2].

(ii) Σ-dependence:
• Optimal sub-Gaussian deviation bound for mean estimation under minimal 2nd-
order condition even on Rd [3] – long-lasting open question.
• They rely on tournament procedure: numerically hard.
• Most practical convex relaxation [4]: O (N 24).
• After submission: [5]: O(N 4 + dN 2), d <∞.

(iii) δ-dependence:
• Larger δ means less outliers,
– the bound becomes tighter,
– one needs less blocks.
• optimal?

(iv) Breakdown point – asymptotic concept:
• median ⇒ Using Q blocks is resistant to Q/2 outliers.
• Q can grow with N , as (almost) N/2.
• Breakdown point can be 25%.

(v) Unknown Q:
• One choose Q adaptively by the Lepski method.
• Same guarantee but with increased computional cost.
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