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MotivationsMotivations
E.g. Quantile RegressionE.g. Quantile Regression
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Learn the quantile :

,

θ ∈ (0, 1)

q  (x) =θ inf y ∈ R,P ({Y ≤ y∣X = x}) = θ{ }

Let  and  be two random variables taking values in  and .X Y X R

from i.i.d. training copies:

.S := ((X  ,Y  ))  i i i=1
n ∼i. i. d. (X,Y )

Objective:Objective:
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MethodMethod

[[ ; ; ]:]:koenker, 1978koenker, 1978 Takeuchi, 2006Takeuchi, 2006

Minimize the "pinball loss" in the function :h
q  =θ arg  R(h) :

h
min = arg  E max(θ(Y − h(X), (1 − θ)(h(X) − Y ))) .

h
min [ ]

arg  R  (h) =
h

min S arg    max(θ(Y  −
h

min
n

1

i=1

∑
n

i h(X ), (1 −i θ)(h(X  ) −i Y  ))) +i λΩ(h).
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https://www.jstor.org/stable/1913643?seq=1#page_scan_tab_contents
http://www.jmlr.org/papers/volume7/takeuchi06a/takeuchi06a.pdf
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Drawbacks:Drawbacks:

Not adapted to the structure of the problem,
No way to recover other non-learned quantiles,
Inefficient.
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SettingSetting

Learn problem with risk depending on hyperparameters
for all hyperparameters values.
 
Related work: [ ; ,

].
Takeuchi, 2013 Sangnier et al. 2016

Glazer et al 2013

Quantile level,
Density level sets,
Error sensitivity in classification.
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http://papers.nips.cc/paper/5213-parametric-task-learning.pdf
http://papers.nips.cc/paper/6239-joint-quantile-regression-in-vector-valued-rkhss.pdf
http://papers.nips.cc/paper/5125-q-ocsvm-a-q-quantile-estimator-for-high-dimensional-distributions.pdf


FrameworkFramework
A Functional ApproachA Functional Approach
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IdeaIdea

Learn Function-Valued Functions:

'input  (hyperparameter  output)'↦ ↦

In a nutshell ' '.x ↦ (θ ↦ y)

Given an input ' ' the model returns a function, with
suitable properties, that predict an output ' ' from an
hyperparameter ' '.

x ∈ X

y ∈ R
θ ∈ Θ
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The Infinite Task LearningThe Infinite Task Learning
FrameworkFramework

Remember:

arg   v  (h(x  ), y  ) +
h∈H
min

n

1

i=1

∑
n

θ i i λΩ(h)

e.g. pinball loss

In Infinite task learning:

arg     v  (h(x  )(θ), y  )dμ(θ) +
h∈H
min

n

1

i=1

∑
n

∫
Θ

θ i i λΩ(h)

Let .V (h(x), y) =  v  (h(x)(θ), y)dμ(θ)∫
Θ

θ

3 . 3



Finite Sample PropertiesFinite Sample Properties
How Do We Learn inHow Do We Learn in

Practice?Practice?
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Estimating The Integral TermEstimating The Integral Term

Replace V (h(x), y) =  v  (h(x)(θ), y)dμ(θ)∫
Θ

θ

with .(h(x), y) =V
~

 w  v  (h(x)(θ  ), y)
j=1

∑
m

j θ  j j

 cannot depend on ,
Quasi Monte-Carlo: low discrepency sequences
have error rate of ,
No overkill in precision.

θ  sj
′ h

O(m log(m))−1
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Handling Function-Valued FunctionsHandling Function-Valued Functions

The model  lives in a Vector-Valued RKHS [ ]h Pedrick, 1957

Hilbert space of functions with values in a Hilbert space.
Regularity property (continuous evaluation functional)
and inner product [ ].Carmeli et al. 2006

Take two scalar-valued kernels  and .
Construct

k  :X X × X → R k  :Θ Θ × Θ → R

K :  {X × X → L(H  )K  Θ

(x, z) ↦ k  (x, z)I  X H  k  Θ

Then .H  ≃K H  =k  ×k  X Θ  k  (⋅,x)k  (⋅, θ) ∣ ∀(x, θ) ∈ X × Θspan { X Θ }

4 . 3

https://kuscholarworks.ku.edu/handle/1808/18369
http://www.dima.unige.it/~devito/pub_con/vector_RKHS.pdf


A Representer TheoremA Representer Theorem

Representer Theorem:
 
Assume that the local loss function  is convex, lower semicontinous.
Then the solution for (1) exists, is unique an verifies for all 

,

 

,          (2)

 
for some .

v  θ

(x, θ) ∈
R ×d Θ

h (x)(θ) =∗
  α  k  (x, x  )k  (θ, θ  )

i=1

∑
n

j=1

∑
m

ij X i Θ j

α  ∈ij Rn×m

, with .          (1)h =∗ arg   (h(x  ), y  ) +
h∈H  K

min
i=1

∑
n

V
~

i i λ∣∣h∣∣  H  K

2 λ > 0

Plug back (2) in (1). We solved with L-BFGS. 
Smoothing or Keskar and Wächter (2017). 4 . 4
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Numerical StudyNumerical Study
Quantile RegressionQuantile Regression

&&

Cost Sensitive ClassificationCost Sensitive Classification

5 . 1



Quantile Regression:Quantile Regression:

Crossing PenaltyCrossing Penalty

Ω  (h) =nc λ    max −  (X)(θ), 0 dμ(θ)dP (X)nc ∫
X

∫
Θ

(
∂θ
∂h )

We have a representer theorem.
Zhou, D.-X. (2008)

Perspectives:
Christian Agrell (2019): https://arxiv.org/pdf/1901.03134.pdf 5 . 2
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Quantile Regression: Real DataQuantile Regression: Real Data
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Cost Sensitive ClassificationCost Sensitive Classification

V (h(x), y) =   − 1  (y)  max(1 −∫[−1,1] ∣∣ 2
θ+1

{−1} ∣∣ h(x)(θ)y, 0)dμ(θ)
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Statistical StudyStatistical Study
Generalization ErrorGeneralization Error
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-Stability-Stability

[[ ; ; ]]

ββ

Kadri et al., 2015Kadri et al., 2015 Bousquet et al., 2002Bousquet et al., 2002

Generalization Bound:
 
Let  be the unique solution of the Quantile
Regression or Cost Sensitive Classification problem with
Quasi Monte-Carlo sampling. Under mild assumptions
it holds,

 

.          (3)

h∗

R(h ) ≤∗
 (h ) +R

~
S

∗ O   +P  (X, Y ) (
 n

1 ) O  (
m

log(m))
Requires bounded random variable in Quantile Regression,
Indicates the potential tradeoff between ' ' and ' ',
Mild assumptions on the kernel.

n m
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http://www.jmlr.org/papers/volume17/11-315/11-315.pdf
http://www.jmlr.org/papers/volume2/bousquet02a/bousquet02a.pdf
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ExtensionsExtensions
Unsupervised TasksUnsupervised Tasks
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The One-Class SVM [The One-Class SVM [ ]]SchölkopfSchölkopf, 2000, 2000

Given  and , minimize for (x  )  i i=1
n ∼i. i. d.

X θ ∈ (0, 1) (h, t) ∈ H  ×k  X
R

J(h, t) =    −
n
1

i=1

∑
n

θ

max(0, t − h(x  ))i
t + ∣∣h∣∣  .H  K  X

2

Decision function

d(x) = 1  (h(x) −R  + t)

-property:
 
The decision function should separate the training data
into two subsets (normal / abnormal) with proportion 
of abnormal.

θ

θ
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http://alex.smola.org/papers/2000/SchSmoWilBar00.pdf


The The -OCSVM-OCSVM∞∞

Given  and , minimize for (x  )  i i=1
N ∼i. i. d.

X θ ∈ (0, 1) (h, t) ∈ H  ×k  X

R

J(h, t) =    −
n
1

i=1

∑
n

∫
Θ θ

max(0, t − h(x  )(θ))i
t(θ) + ∣∣h(⋅)(θ)∣∣  dμ(θ). (4)H  K  X

2

New regularizer

Again one can use Quasi Monte-Carlo or quadrature rules to
approximate the integral.
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A New Representer TheoremA New Representer Theorem

(weak) Representer Theorem:
 
The solution for (4) exists, is unique an verifies for all ,

 

,          (5)

,

 
for some  and .

(x, θ) ∈ R ×d (0, 1)

h (x)(θ) =∗
  α  k  (x, x  )k  (θ, θ  )

i=1

∑
n

j=1

∑
m

ij X i Θ j

t (θ) =∗
 β  k  (θ, θ )

j=1

∑
m

j b j

α  ∈ij Rn×m β  ∈j Rm

Weaker regularizer, coercivity is not trivial,
Convex problem with  parameters sloved
again with L-BFGS.

(n + 1)m
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Numerical IllustrationsNumerical Illustrations

The -property is approximately respectedθ
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ConclusionConclusion
Wrap-UpWrap-Up

New flexible setting functional multitask (multioutput),
Recover some settings as limit cases 
[Sangnier et al. 2016, Glazer et al. 2013],
New representer theorems and statistical guarantees,
Compares well to the state of the art.
https://bitbucket.org/RomainBrault/itl/
https://arxiv.org/pdf/1805.08809.pdf
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ConclusionConclusion
Future DirectionsFuture Directions

Investigate:

Further algorithmic and statistical guarantees,
Efficient solvers,
New regularization term ,
Other algorithms (LASSO, SVR, ...),
Scaling up with Random Fourier Features [Brault et al., 2016],
Deep architectures?

 ∣∣h(⋅)(θ)∣∣ dμ(θ)∫Θ
2
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